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Abstract: In this paper, the concept of connectedness and compact- 
ness on neutrosophic soft topological space have been introduced 
along with the investigation of their several characteristics. Some 
related theorems have been established also. Then, the notion of 


neutrosophic soft continuous mapping on a neutrosophic soft topo- 
logical space and it’s properties are developed here. 


Keywords : Connectedness and compactness on neutrosophic soft topological space, Neutrosophic soft continuous mapping. 


1 Introduction 


Zadeh’s [1] classical concept of fuzzy sets is a strong mathemati- 
cal tool to deal with the complexity generally arising from uncer- 
tainty in the form of ambiguity in real life scenario. Researchers 
in economics, sociology, medical science and many other several 
fields deal daily with the vague, imprecise and occasionally in- 
sufficient information of modeling uncertain data. For different 
specialized purposes, there are suggestions for nonclassical and 
higher order fuzzy sets since from the initiation of fuzzy set the- 
ory. Among several higher order fuzzy sets, intuitionistic fuzzy 
sets introduced by Atanassov [2] have been found to be very use- 
ful and applicable. But each of these theories has it’s different 
difficulties as pointed out by Molodtsov [3]. The basic reason 
for these difficulties is inadequacy of parametrization tool of the 
theories. 

Molodtsov [3] presented soft set theory as a completely 
generic mathematical tool which is free from the parametriza- 
tion inadequacy syndrome of different theory dealing with un- 
certainty. This makes the theory very convenient, efficient and 
easily applicable in practice. Molodtsov [3] successfully applied 
several directions for the applications of soft set theory, such as 
smoothness of functions, game theory, operation reaserch, Rie- 
mann integration, Perron integration and probability etc. Now, 
soft set theory and it’s applications are progressing rapidly in dif- 
ferent fields. Shabir and Naz [4] presented soft topological spaces 
and defined some concepts of soft sets on this spaces and separa- 
tion axioms. Moreover, topological structure on fuzzy, fuzzy soft, 
intuitionistic fuzzy and intuitionistic fuzzy soft set was defined by 
Coker [5], Li and Cui [6], Chang [7], Tanay and Kandemir [8], 
Osmanoglu and Tokat [9], Neog et al. [10], Varol and Aygun 
[11], Bayramov and Gunduz [12,13]. Turanh and Es [14] defined 
compactness in intuitionistic fuzzy soft topological spaces. 

The concept of Neutrosophic Set (NS) was first introduced 
by Smarandache [15,16] which is a generalisation of classical 
sets, fuzzy set, intuitionistic fuzzy set etc. Later, Maji [17] has 
introduced a combined concept Neutrosophic soft set (NSS). 


Using this concept, several mathematicians have produced their 
research works in different mathematical structures for instance 
Arockiarani et al.[18,19], Bera and Mahapatra [20], Deli [21,22], 
Deli and Broumi [23], Maji [24], Broumi and Smarandache [25], 
Salama and Alblowi [26], Saroja and Kalaichelvi [27], Broumi 
[28], Sahin et al.[29]. Later, this concept has been modified by 
Deli and Broumi [30]. Accordingly, Bera and Mahapatra [31-36] 
have developed some algebraic structures over the neutrosophic 
soft set. 

The present study introduces the notion of connectedness, 
compactness and neutrosophic soft continuous mapping on a 
neutrosophic soft topological space. Section 2 gives some pre- 
liminary necessary definitions which will be used in rest of this 
paper. The notion of connectedness and compactness on neutro- 
sophic soft topological spaces along with investigation of related 
properties have been introduced in Section 3 and Section 4, re- 
spectively. The concept of neutrosophic soft continuous mapping 
has been developed in Section 5. Finally, the conclusion of the 
present work has been stated in Section 6. 


2 Preliminaries 


In this section, we recall some necessary definitions and theo- 
rems related to fuzzy set, soft set, neutrosophic set, neutrosophic 
soft set, neutrosophic soft topological space for the sake of com- 
pleteness. 

Unless otherwise stated, F is treated as the parametric set through 
out this paper and e € F&, an arbitrary parameter. 


2.1 Definition [31] 


1. A binary operation * : [0,1] x [0,1] — [0,1] is continuous t - 
norm if « satisfies the following conditions : 


(1) * 1S commutative and associative. 
(ii) * 1S continuous. 


Tuhin Bera and Nirmal Kumar Mahapatra: On Neutrosophic Soft Topological Space 


(iii)ax1=1*a=a, Vaé [0,1]. 
(iv) axb<cxd if a<c,b<d with a,b,c,d€ [0,1]. 

A few examples of continuous t-norm are a * b = ab,a*b = 
min{a,b},a*b = max{a+b—1,0}. 


2. A binary operation © : [0,1] x [0,1] — [0,1] is continuous t - 
conorm (s - norm) if © satisfies the following conditions : 
(1) ©1is commutative and associative. 
(11) © 1S continuous. 
(iii) ao0 =0oa=<a, Va é [0,1]. 
(iv) aob<cod if a<c,b<d with a,b,c,d€ [0,1]. 
A few examples of continuous s-norm areaob = a+6— 
ab,aob = max{a,b},aob=min{a+}, 1}. 


2.2 Definition [15] 


Let X be a space of points (objects), with a generic element 
in X denoted by x. A neutrosophic set A in X is charac- 
terized by a truth-membership function 7'4, an indeterminacy- 
membership function /, and a falsity-membership function F’,. 
T(x), T4(a) and F'4(x) are real standard or non-standard sub- 
sets of ]~0,17|. That is T4,l4,F4 : X —]~0,17[. There 
is no restriction on the sum of T'4(x),I4(x), F'4(x) and so, 
—0 < sup T4(x) + sup I4(x) + sup F'4(x) < 37. 


2.3 Definition [3] 


Let U be an initial universe set and & be a set of parameters. Let 
P(U) denote the power set of U. Then for A C E, a pair (F, A) 
is called a soft set over U, where F' : A — P(U) is a mapping. 


2.4 Definition [17] 


Let U be an initial universe set and & be a set of parameters. Let 
NS(U) denote the set of all NSs of U. Then for A C E, a pair 
(F’, A) is called an NSS over U, where F : A > NS(U) isa 


mapping. 


This concept has been modified by Deli and Broumi [30] as 
given below. 


2.5 Definition [30] 


Let U be an initial universe set and & be a set of parameters. Let 
NS(U) denote the set of all NSs of U. Then, a neutrosophic soft 
set N over U is a set defined by a set valued function fy repre- 
senting amapping fy : EF — NS(U) where fy is called approx- 
imate function of the neutrosophic soft set NV. In other words, the 
neutrosophic soft set is a parameterized family of some elements 
of the set N.S(U) and therefore it can be written as a set of or- 
dered pairs, 


N= {(ent= £,T 5x (e)(£), Ley (ey (£), Fyn (ey (2) POLE U}) 
ec E} 
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where Tp, (c)(2), Ln (e)(£), Fen (ey() € [0,1], respec- 
tively called the truth-membership, indeterminacy-membership, 
falsity-membership function of fy (e). Since supremum of each 
T,I,F is 1 so the inequality 0 < Ty, (e)(%) + Tpy(ey(a@) + 
Fry (e)(@) < 3 is obvious. 


2.5.1 Example 


Let U = {hi,h2,h3} be a set of houses and E = 
{e1 (beautiful), e2(wooden), e3(costly)} be a set of parameters 
with respect to which the nature of houses are described. Let, 


fnu(e1) = {< hz, (0.5, 0.6, 0.3) >, < ha, (0.4, 0.7, 0.6) >, < 
h3, (0.6, 0.2,0.3) >}: 

fnu(e2) = {< hy, (0.6, 0.3,0.5) >, < ha, (0.7, 0.4,0.3) >, < 
h3, (0.8, 0.1,0.2) >}; 

fw(e3) = {< ht, (0.7, 0.4, 0.3) >, < ha, (0.6, 0.7, 0.2) >, < 
hs, (0.7; 0:2;015) Ss} 


Then N = {le1, fy (e1)], [e2, fu (e2)], [e3, fr (e3)] } 1s an NSS 
over (U, EF’). The tabular representation of the NSS N is as: 


Table 1 : Tabular form of NSS JV. 

fn (e2) fn (es) 
(0.6,0.3,0.5) (0.7,0.4,0.3) 
(0.7,0.4,0.3) (0.6,0.7,0.2) 
(0.8,0.1,0.2) (0.7,0.2,0.5) 


(0.5,0.6,0.3) 


(0.4,0.7,0.6) 
(0.6,0.2,0.3) 





2.6 Definition [30] 


1. The complement of a neutrosophic soft set N is denoted by 
N° and is defined by 


ae {(e, {= Dil pete) f= DE eh pth) ee 
U\):e€ EF} 


2. Let N; and N2 be two NSSs over the common universe (U, EF). 
Then JN, is said to be the neutrosophic soft subset of No if Ve € 
EandVa € U, 


Ty, (e)(@) S Thy, (2) (2) Lyn, (e) (2) 2 Ln, (ey (2), 
Ep eh) 2 dig ale) 


We write Ny C No and then No is the neutrosophic soft su- 
perset of N;. 


2.7 Definition [30] 


1. Let Ni and N2 be two NSSs over the common universe (U, F). 
Then their union is denoted by N; U Nog = N3 and is defined as : 


N3 = {(e, << DT pe (eh@) i Lp(a 2) Pgs (e)\2) > Fae bt co 
U}):e€ FE} 


where Lf x, (e) (x) — This (e) (x) ° Try, (e)(2)s Lite) = 
I py, (e) (©) * L py, (e)(£), Fn, (e) (2) = Foy, (e) (2) * Fey, (e) (2). 
2. Their intersection is denoted by Ny, M No = Ng and is defined 
as: 
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N4= {(e, 1 L,T py, (e) (©), 1 py, (e) (2), Fey, (e) () Pe ba ae 
U\):e€E 


where Tey, (e) (2) = Lo is (S(a) as Dp (ye), 4 pase) (x) = 
Les (e) (x) ¥ l fy, (e) (x), Fin, (e) (x) == Pty, (e) (x) Pty (e) (x). 


2.8 Definition [33] 


1. Let M,N be two NSSs over (U, E). Then M — N may be 
defined as, Vx € U, ec € EL, 


M—-N={< 2,T py, (e)(e) * py (eye): Lfu(ey(a) 9 A - 
Te GeV 2)) oF pypey ©). Pee) 


2. A neutrosophic soft set N over (U, E) is said to be null neu- 
trosophic soft set if T's, (e)(@) = 0, Tp, (e)(£) = 1, Fey (e)(@) = 
1,Ve € E,Va € U. It is denoted by dy. 

A neutrosophic soft set N over (U,E) is said to be ab- 
solute neutrosophic soft set if Ty. (e)(@) = IJ pycey(@) = 
0, Fry (e)(v) = 0,Ve € E, Va € U. It is denoted by 1,. 


Clearly, @%, = ly and 1%, = du. 


2.9 Definition [33] 


Let NSS(U, E) be the family of all neutrosophic soft sets over U 
via parameters in & and 7, C NSS(U,E). Then 7,, is called 
neutrosophic soft topology on (U, FE) if the following conditions 
are satisfied. 

4) d@y,lu € Te 

(ii) the intersection of any finite number of members of 7,, also 
belongs to Ty. 

(iii) the union of any collection of members of 7,, belongs to 7,,. 


Then the triplet (U, E’, 7,,) is called a neutrosophic soft topolog- 
ical space. Every member of 7,, is called 7,,-open neutrosophic 
soft set. An NSS is called 7,,-closed iff it’s complement is 7,,- 
open. There may be a number of topologies on (U, FE). If 7,,1 and 
Ty,2 are two topologies on (U, FE’) such that 7,,1 C 7,2, then 7,,1 is 
called neutrosophic soft strictly weaker ( coarser) than 7,,2 and in 
that case 7,,2 1s neutrosophic soft strict finer than 7,,1. Moreover 
NSS(U, FE) is a neutrosophic soft topology on (U, EF). 


2.9.1 Example 


1. Let U = {hy, ho}, E = {€1, €2} and Tu = 
{@us lu, Ni, No, N3, Na} where N,, No, N3, Na being NSSs are 
defined as following : 


iuitey) SS: Ae hig Oy 0) <a (050.1) Sy 
jules) =- 4 his (0, 1-0) = hs, (1,00) 
fn,(€e1) = {< hi, (0,1,0) >, < ho, (1,1,0) >}, 
ieee): =. x i On 1) Sa, (OL 


in,fei) = {<i 1) Sy < h5,.(0, 1,1) 3S}, 
jugles), = 4143 (0,10) So < fs; (0,11) >) 
iujlerv)> = {<4 1, 1,0) >< hs, 1, 1,0) Ss}, 
tule). = 4A (10,0) S:< ho; (0,11). Si 


Here Ni ON, = Ny, Ni No = Oy, Ny ON3 = N3, Ny ON, = 
N3,No1 No = No, No N3 = bu, No Na = No, N3M 
N3 = N3, N3 a Ng = N3, Na O Na = Na and Ni U Ny = 
Ni NeU Nie aN ON Ne NEU a be NS 
Ny NGO N SN NU NSN, NON EN NUN 
Na, NaU Na = Na; 

Corresponding t-norm and s-norm are defined as a * 6b = 
max{a + b— 1,0} andaob = min{a+b,1}. Then 7, is a 
neutrosophic soft topology on (U, EF) and so (U, FE, 7,) is a neu- 
trosophic soft topological space over (U, E). 


2 Let Uv = ee wie ce oS {€1, €2} and T, = 
{@u; lu, Ni, No, N3} where Ni, No, N3 being NSSs over (U, E) 
are defined as follow : 


fn, (e1) = {< 21, (1.0, 0.5, 0.4) >, < xo, (0.6, 0.6, 0.6) >, < 
+3, (0.5, 0.6, 0.4) >}, 

fn, (€2) = {< 21, (0.8, 0.4,0.5) >, < x9, (0.7, 0.7,0.3) >, < 
x3, (0.7, 0.5,0.6) >}; 

fn. (e1) = {< 1, (0.8, 0.5, 0.6) >, < x2, (0.5, 0.7, 0.6) >, < 
£3, (0.4, 0.7,0.5) >}, 

fx, (e2) = {< 21, (0.7, 0.6,0.5) >, < x9, (0.6, 0.8, 0.4) >, < 
x3, (0.5, 0.8,0.6) >}; 

inclei) HA < 24, (0-6,0.6, 0:7) <5; (0.4.0.8, 0.8) Sc 
13, (0.3, 0.8, 0.6) >}, 

fn, (e2) = {< £1, (0.5, 0.8, 0.6) >, < x2, (0.5, 0.9,0.5) >, < 
£3, (0.2, 0.9, 0.7) =f 


The t-norm and s-norm are defined as a « b = min{a, b} and 
aob= max{a, b}. Here Ni a Ni = Ni, Ni a No = No, Ni a 
N3 = N3, No M1 No = No, No 1 N3 = N3, N3 1 N3 = N3 and 
N, UN, = Ni,N,U No = Ni,N,UN3 = Ny,NoU No = 
No, No U N3 = No, N3 U N3 = Ng. Then 7, 1s a neutrosophic 
soft topology on (U, E) and so (U, FE’, 7,) is a neutrosophic soft 
topological space over (U, EF). 


3. Let NSS(U, FE) be the family of all neutrosophic soft sets over 
(U, EF). Then {¢,,1,} and NSS(U, E) are two examples of the 
neutrosophic soft topology over (U, EF’). They are called, respec- 
tively, indiscrete (trivial) and discrete neutrosophic soft topology. 
Clearly, they are the smallest and largest neutrosophic soft topol- 
ogy on (U, FE), respectively. 


2.10 Definition [33] 


Let (U, E,7,) be a neutrosophic soft topological space over 
(U, E) and M € NSS(U, E) be arbitrary. Then the interior of 
M is denoted by V/° and is defined as : 


M° = U{N, : Nj is neutrosophic soft open and N; c M} 


1.e., It is the union of all open neutrosophic soft subsets of /. 
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2.10.1 Theorem [33] 


Let (U, E,7.) be a neutrosophic soft topological space over 
(U, FE) and M, P € NSS(U, E). Then, 

i) M° Cc M and M° is the largest open set. 
QMcPsM°CP?. 

(111) (f° is an open neutrosophic soft set 1.e., M/° € T,. 

(iv) I is neutrosophic soft open set iff M° = M. 

(v) (M°)? = M°. 

(Vi)(Oy)? =O9 and. 17 = 14, 

(vil) (MNP)? = M°nP?. 

(vill) M°U P®° C (MUP)? 


2.11 Definition [33] 


Let (U, E,7,,) be a neutrosophic soft topological space over 
(U,E) and M ¢€ NSS(U, E) be arbitrary. Then the closure of 
M is denoted by / and is defined as : 


M= M{N, : Nj is neutrosophic soft closed and N; > M} 


1.e., it is the intersection of all closed neutrosophic soft super- 
sets of M/. 


2.11.1 Theorem [33] 


Let (U, E,7.) be a neutrosophic soft topological space over 
(U, FE) and M, P © NSS(U, E). Then, 

(i) M Cc M and M is the smallest closed set. 

Gi) CPSM CP. 

(iii) M is closed neutrosophic soft set i.e., M € Te 

(iv) M is neutrosophic soft closed set iff M = M. 

(v) M=M. 

(vi) du = ob, and Li Vie 

(vii) MUP=MUP. 

(viii) MNP CMOP. 








2.11.2 Theorem [33] 


Let (U, E,7,) be a neutrosophic soft topological space over 
(U,E) and M € NSS(U,E). Then, (i) (M)° = (M°*)? 
(ii)(°)° = (M°) 





2.12 Definition [33] 


1. A neutrosophic soft point in an NSS WV is defined as an element 
(e, fu (e)) of N, fore € E and is denoted by en, if fy(e) €¢ by 
and fy(e’) € du, Ve’ € EB — {e}. 

2. The complement of a neutrosophic soft point ey is another 
neutrosophic soft point eS, such that fy (e) = (fn (e))°. 

3. A neutrosophic soft point ey € M, M being an NSS if for the 
element e € E, fn(e) < fi(e). 
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2.12.1 Example 


Let U = {21, 22,23} and E = {e1, e2}. Then, 

ein = {< 21,(0.6,0.4,0.8) >,< 22, (0.8,0.3,0.5) >,< 
x3, (0.3, 0.7, 0.6) >} 

is a neutrosophic soft point whose complement is 

Cone Sig (0:8; 0:0;.0.0). =< 9300-5, 057,0.8) Ss 
x3, (0.6, 0.3,0.3) >}. 

For another NSS MM defined on same (U, £), let, 

fu(ei1) = {< 21, (0.7,0.4,0.7) >,< x2, (0.8,0.2,0.4) >, < 
x3, (0.5, 0.6,0.5) >}. 

Then, fr (e1) < far(e1) 1e., ern € M. 


2.13 Definition [33] 


Hausdorff space: Let (U, E, 7,) be a neutrosophic soft topo- 
logical space over (U,E). For two distinct neutrosophic soft 
points ex, eg, if there exists disjoint neutrosophic soft open sets 
M, P such thatex € M and eg € P then (U, E,7,,) is called T> 
space or Hausdorff space. 


2.13.1 Example 


Letty = (hy, ho}, .£-—= 4e} and ty, = { Oy; 14,M,P} where 
M, P being neutrosophic soft subsets of NV are defined as fol- 
lowing : 


fu(e) = {< hy, (1,0; 1) Ps ho, (0, 0, 1) >}; 
fp(e) = {< hi, (0,1,0) >,< he, (1,1,0) >}; 


Then 7,, is a neutrosophic soft topology on (U, E’) with respect 
to the t-norm and s-norm defined as a * b = max{a + b — 1,0} 
andaob = min{a+ 0,1}. Here ey € M and ep € P with 
ey #epand MMP = dy. 


2.14 Definition [33] 


Let (U,E,T.) be a neutrosophic soft topological space over 
(U, E) where 7,, is a topology on (U, EF) and M € NSS(U, E) 
an arbitrary NSS. Suppose ty, = {MON; : N; € 7}. Then 
Tu forms also a topology on (U, EF). Thus (U, FE, 72) is a neu- 
trosophic soft topological subspace of (U, EF, 7,,). 


2.14.1 Example 


Let us consider the example (2) in [2.9.1]. We define M € 
NSS(U, E) as following : 


fu (ei) = {< Gis (0.4, 0.6, 0.8) 9 DD (0.7, 0.3, 0.2) a 
#3, (0.5, 0.5,0.7) >}; 

fu (e2) = {< 21, (0.6, 0.3, 0.5) >, < xo, (0.4, 0.7, 0.6) >, < 
£3, (0.8, 0.3, 0.5) >}; 


We denote MM ¢o, = gy4,MON1, =1M,MNN = 
M,,M M1 No = My, M ze N3 = M3; Then M,, Mo, Mz are 
given as following : 
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fu, (e1) = {< #1, (0.4, 0.6, 0.8) >, < x2, (0.6, 0.6, 0.6) >, < 
£3, (0.5, 0.6, 0.7) >}; 

fu, (e2) = {< £1, (0.6, 0.4,0.5) >, < xa, (0.4, 0.7,0.6) >, < 
£3, (0.7, 0.5, 0.6) >}; 

fu,(e1) = {< #1, (0.4, 0.6, 0.8) >, < x2, (0.5, 0.7, 0.6) >, < 
#3, (0.4, 0.7,0.7) >}; 

fu,(e2) = {< #1, (0.6, 0.6, 0.5) >, < x2, (0.4, 0.8, 0.6) >, < 
£3, (0.5, 0.8, 0.6) >}; 

Julei) =1< ¢.(04, 0.6, 0.8) >, < 25;(0:4,0,8,038) >< 
£3, (0.3, 0.8, 0.7) >}; 

fu, (e2) = {< £1, (0.5, 0.8, 0.6) >, < x2, (0.4, 0.9, 0.6) >, < 
w 3. (0.2, 0.9, 0.7) >} 


Here M, Ms = Ms, M, 1 Ms = M3, Mo 1 Ms = M3 and 
M, U Ms = Ms, M, U M3 = M3, MoU M3 = M3. Then Try = 
{ou 1u,M1, M2, M3} is neutrosophic soft subspace topology 
on (U, E). 


2.15 Theorem [33] 


Let (U, E,7) be a neutrosophic soft topological space over 
(U, E) and M,N € NSS(U, E). Then, 

(i) If 8,, is a base of 7, then By = {BNM: B €B8,} isa base 
for the topology Ty). 

(ii) If @ is closed NSS in M and / is closed NSS in JN, then Q 
is closed in NV. 

(iii) Let Q Cc M. If Q is the closure of Q then QM M is the 
closure of Q in M. 

(iv) An NSS M e€ NSS(U, E) is an open NSS iff MM is a neigh- 
bourhood of each NSS WN contained in M/. 


2.16 Proposition (De-Morgan’s law)[33] 


Let Ni, N2 be two neutrosophic soft sets over (U, FE’). Then, 
(i) (NyUN2)o = NSO Nee Gi) (NN Ne) = NYOUNDS. 


3 Connectedness 


In this section, the concept of connectedness on neutrosophic 
soft topological space has been introduced with suitable exam- 
ple. Some related theorems have been developed in continuation. 


3.1 Definition 


Two neutrosophic soft sets NV,, Nog of a neutrosophic soft topo- 
logical space (U, EF’, T,,) over (U, E) are said to be separated if 


(i) Ni M No = by and (ii) Ni No = by or NiO No = ou. 


3.2 Definition 


Let (U, E,7) be a neutrosophic soft topological space over 
(U, FE). Then a pair of nonempty neutrosophic soft open sets 
N;, No is called a neutrosophic soft separation of (U, FE, 7) if 
1, = Ny U No and Ny 1 No = oy. 


In the Example (1) of [2.9.1], the pair N;, No is a neutrosophic 
soft separation of (U, EF, 7) as 1, = NyUN2 and NiO No = dy. 


3.3. Definition 


A neutrosophic soft topological space (U, E,7,) is said to be 
neutrosophic soft connected if there does not exist a neutrosophic 
soft separation of (U, EF, ™,). Otherwise, (U, E, 7,,) is called neu- 
trosophic soft disconnected. 


The topological space in the Example (2) of [2.9.1] 1s con- 
nected but (1) of [2.9.1] is disconnected. 


3.4 Theorem 


A neutrosophic soft topological space (U, E,7,) is said to be 
neutrosophic soft disconnected iff there exists a nonempty proper 
neutrosophic soft subset of 1,, which is both neutrosophic soft 
open and neutrosophic soft closed. 


Proof. Let M Cc 1,,M # ¢, and M is both neutrosophic soft 
open and closed. Then M° Cc 1,,M° 4 , and M° is both 
neutrosophic soft open and closed, also. Let P = M°. Then 
M = M and P = P. Thus 1,, can be expressed as the union 
of two separated neutrosophic soft sets M/, P and so, is neutro- 
sophic soft disconnected. 

Conversely, let 1,, be neutrosophic soft disconnected. Then 
there exists nonempty neutrosophic soft open sets N,, Nog such 
that 1,, = Ny U No and N,N No = ¢,. Then N; = NS 1e., Ny 
is closed, also. Similarly, Ng = Ny and so, No is closed. 


3.5 Theorem 


A neutrosophic soft topological space (U, FE, 7,) is said to be 
neutrosophic soft connected iff there exists neutrosophic soft sets 
in NSS(U, E) which are both neutrosophic soft open and neutro- 
sophic soft closed, are @,, and 1,. 


Proof. Let (U, E, 7, ) be a connected neutrosophic soft topologi- 
cal space. For contrary, we suppose that / is both neutrosophic 
soft open and closed different from ¢,,, 1,,. Then M/° is also both 
neutrosophic soft open and closed different from ¢,,,1,,. Also 
MO M* = ¢, and MU M*° = 1,,. Therefore M, M° is a neu- 
trosophic soft separation of 1,,. This is a contradiction. So, the 
only neutrosophic soft closed and open sets in NSS(U, E) are dy 
and 1,,. 

Conversely, let (7, P be a neutrosophic soft separation of 
(U, E,7,). Then M4 N ie., M = P*, otherwise M = 1, 
implies P = ¢,, a contradiction. This shows that / is both neu- 
trosophic soft open and neutrosophic soft closed different from 
dy, ly. This is a contradiction. Hence, (U, EF, 7,,) is connected. 


3.6 Theorem 


If the neutrosophic soft sets Ny, No form a neutrosophic soft sep- 
aration of (U, EF, 7,,) and if (U, E, 7)2) is aneutrosophic soft con- 
nected subspace of (U, E',7,,), then MC Ny or M C No. 
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Proof. Here N,,N2 € tT such that Nj; 1 No = oy, and 
N, U No = 1,,. Then Ni 1 M,NoMM € Ty as (U, E, 7M) 
is a neutrosophic soft topological subspace of (U, E', 7). Now 
(N,N M)N (Non M) = (Ny 1 N2)NM = Og iM = Dy and 
(N,N M)U (N29 M) = (N{UN2)NM =1,90M = M. 
Thus the pair Vy 1M, No M would constitute a neutrosophic 
soft separation of (U, EF’, 7), ), a contradiction. 

Hence, one of VN; 1 M and No MM is empty and so M is 
entirely contained in one of them. 


3.7 Theorem 


Let (U, E,7,,) be a neutrosophic soft topological subspace of 
(U,E,7T,). A separation of (U,E,7,,) is a pair of disjoint 
nonempty neutrosophic soft sets /y, M2 whose union is M/ such 
that M,N Mo = dy, and MoM M; = oy. 


Proof. Suppose M1, M2 forms a separation of (U, EF, 7.7). Then 
My, is both neutrosophic soft open and closed subset of M/ by 
Theorem [3.4]. The neutrosophic soft closure of M, in M is 
M, 9M by Theorem [2.19]. Since M, is neutrosophic soft 
closed in M then M, = M, MM. It implies M,N Mz = 
(M10 M)N Mz = M,N Mo = oy. Similarly, M2 My, = dy. 
Conversely, let M = My U Mo with M,N Mz = ¢, such that 
M,N Me = dy and My M, = ¢,. Then MO M, = oy, and 
Mn M2 = dy, => M,, M2 are neutrosophic soft closed in M. 
Also Md, = MS implies both are neutrosophic soft open in /. 


3.8 Theorem 


Let (U, E,7),) be a connected neutrosophic soft subspace of 
(U, E,7,). If (U, E,7p) be any neutrosophic soft subspace of 
(U, E,7,) such that M c P C M, then (U, E, 7p) is also neu- 
trosophic soft connected. 


Proof. Let the neutrosophic soft set P satisfy the hypothesis. 
If possible, let P;,, P2 form a neutrosophic soft separation of 
(U,E,7tTp). Then M C Pi or M C Py. Let MN Py = dy. 
So M c P and P¢ is closed NSS. It implies MC PC Mc 
PR =>PCPF => POP, = oy. This is a contradiction to the 
fact that P; U Py = P. Hence, (U, E, Tp) is neutrosophic soft 
connected. 


3.9 Theorem 


Arbitrary union of connected neutrosophic soft subspaces of 
(U, E,7,,) having nonempty intersection is also neutrosophic soft 
connected. 


Proof. Let {(U, E,7n,) : 7 € T} be a class of connected neutro- 
sophic soft subspaces of (U, E, 7,,) with nonempty intersection. 
Let Ty = U; (ty, ). If possible, we take a neutrosophic soft sep- 
aration P,Q of (U, E, 7,7). For each i, PM N; and QM N; are 
disjoint neutrosophic soft open sets in the subspace such that their 
union is N;. Since each (U, E, Tn, ) is connected, any of PN N; 
and () N; must be empty. Let PN.N; = dy > QNN; = Ni => 
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is empty, a contradiction. So, (U, E,7),) is neutrosophic soft 
connected. 


3.10 Theorem 


Arbitrary union of a family of connected neutrosophic soft sub- 
spaces of (U, FE, 7,,) such that one of the members of the family 
has nonempty intersection with every member of the family, is 
neutrosophic soft connected. 


Proof. Let {(U, E,7n,) : 7 € T} be a class of connected neu- 
trosophic soft subspaces of (U, EF’, 7,,) and N;, be a fixed member 
such that N,N; ~ by for each2 € I. Let M; = Nz U Nj. 
Then by Theorem [3.9], (U, FE, 7,4,) is a neutrosophic soft con- 
nected for each i € TI. Now, U;M; = U;(N, U Nj) = 
(N; UN) U(N, U No) U-+s = NU (NU NQU---) = UN; 
and 1;,M; = 1;( Nz U N;) = (Ni U Nj) a (Ni U N2) Geo 
NpU(NLON2N-++) F by. 


This completes the theorem. 


4 Compactness 


Here, the notion of compactness on neutrosophic soft topological 
space 1s developed with some basic theorems. 


4.1 Definition 


Let (U, E, 7) be a neutrosophic soft topological space and M € 
Ty. A family OQ = {Q; : 7 € T’} of neutrosophic soft sets is said 
to be acover of M if M C UQ;. 

If every member of that family which covers / is neutrosophic 


soft open then it is called open cover of MM. A subfamily of 2 
which also covers is called a subcover of M/. 


4.1.1 Definition 


Let (U, E, 7) be a neutrosophic soft topological space and M € 
T,. Suppose {2 be an open cover of M. If () has a finite subcover 
which also covers / then M is called neutrosophic soft compact. 


4.1.2 Example 


In the Example (1) of [2.9.1], 1, = WN So 
{.N1, No, N3, Na} is an open cover of (U, E,7,). Also, 1, = 
N, U No or ly = Ni U Ng. So (U, E, 7%) is neutrosophic soft 
compact topological space. 


4.2 Theorem 


Let (U, EF, 7,,) be a neutrosophic soft compact topological space 
and J be a neutrosophic soft closed set of that space. Then M 
is also compact. 


Proof. Let Q = {Q; : 7 © IT} be an open cover of M. 
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Then {Q;} U M® is an open cover of (U, E,7,), obviously. 
Since (U, EF, 7,,) is compact so there exists a finite subcover of 
{Q;}U M® such that 


1, =Q1UQ2U---UQ, UM* 
=> Mcl,=Q1,UQ.U::--UQ, UM* 
> MCcQ,UQ2U---UQ, as Mn M* = dy. 


Hence, has a finite subcover and so is compact. 


4.3 Theorem 


Let (U, E’, T,,) be a neutrosophic soft Hausdorff topological space 
and M be a neutrosophic soft compact set belonging to that 
space. Then M is a closed NSS. 


Proof. Let ex € M° be a neutrosophic soft point. Then for 
each eg € M, we have ex # eg. So by definition of Hausdorff 
space, there are disjoint neutrosophic soft open sets Nx, Ng so 
thatex € Nx andes € Ng. Let {Ns : eg € M} be a neu- 
trosophic soft open cover of M/. Since M is neutrosophic soft 
compact so it has a finite subcover, say, {Ns5,, Ns,,--- Ng, } 1.e., 
MCWNsg,UWNsg, U::-UNg, = P, say. Then P is neutrosophic 
soft open. 


Let Q = Nx, ONK,N-::-O Nx, where each Nx, is open 
NSS corresponding to ex, € M*°. Now, Ns, 1 Nx, = bu => 
Ns, 1Q = ¢, for each i. Then PM Q = (Nog, UNg, U--+U 
Ns,,) Q = (Ns, 1Q)U (Ns, NQ)U---U (Ns, 1Q) = gu. 
Since M Cc Pand PNQ = ¢,,80 MNQ = dy = Q C M* and 
( is open NSS. This implies /° is open NSS i.e., / is closed. 


4.4 Theorem 


A neutrosophic soft topological space is compact iff each family 
of neutrosophic soft closed sets with the finite intersection prop- 
erty has a nonempty intersection. 


Proof. Let (U, EF, T,) be a compact neutrosophic soft topological 
space. Consider 2 = {Q; : 1 € T'} be a family of closed NSSs 
such that 1;Q; = @,. We show {2 can not have finite intersec- 
tion property. Let A = {Q° : Q; € Q,7 € T'}. Then A is an 
open cover of (U, FE, 7,,) such that there exists a finite subcover 
{Qi, Qs; i Qs, Now M1 Q: ae Lu —(Q{UQSU- ; ‘UQ;,) a 
ly, —1ly = %y by Definition [2.8]. Hence, the ‘if part’ holds. 

Next assume that (U, E,7,,) is not compact. Then, a neutro- 
sophic soft open cover {Q; : 7 € T}, say, of (U, E, 7) has no 
finite subcover i.e., Q; U Qa U--- UQ, 4 1,. This implies 
QE NQ5N---AQ” F dy by Definition [2.8] and Proposition 
[2.16]. Thus {Q¢ : 7 € T'} has finite intersection property. Then 
by hypothesis, 1;Q¢ ¢ @, and U;Q; ¥ 1, which is a contradic- 
tion. Hence, (U, FE, 7,,) is compact. 


5 Neutrosophic soft continuous map- 
pings 


In this section, first we define neutrosophic soft mapping, then 
define image and pre-image of an NSS under a neutrosophic soft 
mapping. In continuation, we introduce the notion of neutro- 
sophic soft continuous mapping in a neutrosophic soft topologi- 
cal space along with some of it’s properties. 

In rest of the paper, if (7 be an NSS over U via parameter set F, 
we write (V7, EF), an NSS over U i.e., (M, E) = {< e, far(e) >: 
ec FE}. 


5.1 Definition 


Let, op : U — V andy: E — E be two functions where F is 
the parameter set for each of the crisp sets U and V. Then the 
pair (vy, w) is called an NSS function from (U, FE) to (V, FE’). We 
write, (y,w): (U, EF) > (V, E). 


5.1.1 Definition 


Let (M, E) and (N, FE) be two NSSs defined over U and V, 
respectively and (y,w) be an NSS function from (U, E) to 
(V, E). Then, 

(1) The image of (M,E) under (y,w), 
(y, w)(M, E), is an NSS over V and is defined as : 


(~,2)(M, EF) = (9(M), WE) = 1< ¥@); fou (W(@)) >: 
a € FE} where Vb € wW(E), Vy € V. 


denoted by 


= MaXp(x)=y WMlAXy(g)=b ta (x)], i bag yp *(y) 
Phocaay(o) )={ 0 , otherwise. 


_ MIN, (7)=y MiINy(a)=b it ae (x)], i oe yp *(y) 
Ff ocan(b) \={ 1 , otherwise. 


, Otherwise. 


Foca (bs) (Y) = Ming(2)=y MiNy(a)=s [Fpy(a)(@)], if € e~*(y) 
e(M) 1 


(2) The pre-image of (N,F) under (y,w), denoted by 
(vy, w)~'(N, E), is an NSS over U and is defined by : 


(pw) t(N,E) = (pg '(N),v71(£)) where Va € 
wy i(E), Var €U. 
torte) (2) Thy (b(a)) ((2)) 
Fp ayy (a) (@) T px (p(a)) ((2)) 
Ly Gigs) (x) F's, (b(a)y) (P(&)) 


If ~ and yy are injective (surjective), then ((, ~) is injective (sur- 
jective). 


5.1.2 Proposition 


Let, (y,w) : (U, E) > (V, E) be a neutrosophic soft mapping 
and (Mj, FE) and (Mz, E) be two NSSs defined over U. Then 
the followings hold. 
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(1) (M1, E) C (y, a ‘[(y, 4) (Mi, E)] 

(2) [(y, )(My, E)|e C oo E)°, if w is surjective. 

* Ba EB) U (M2, E)| = (p,w)(M1, EF) U 
@ (O01Ah,B) 0 (MB) = (ew\(0h,B) 0 
(y, p) (Mo, E) 

Proof. 

(1) (v,v)*[(y,b)(Mi, E)]) = (y,¥)~*[p(M 1); p(E)) = 
Lp *(e(M1)), P+ (W(B))]. Then for a € y~*(W(E)) and 
x € U, we have, Ty san @(2) = Thay (a) Y(@)) = 
MAX (7) MaXy(q) perre Gale Now, da) (x) < 


MAX y(n) MAXy(a)[T'fy,(a)(@)] = Tha ocas,y(@) 


Similarly, I7,,(a)(@) = tna) and F'y,,(a)(£) 
Fs, 1 (pcan) (@) )- 
Hence, (M,, &) C 


IV 


(y, wy)" ICD, w) (M1, F)|. 
(2) Suppose, y is surjective mapping. Here, |(y, w)(M1, F)|° = 


(e(M1)) P(E) and (9,0), F)S = [e(My), Y(F)]. 
For b € w(F) and y € V, we have, Ti cas cs) = 


Froany®)Y) = Miny(a)=y MiNy(a)=olFfy,, (a)(x)|- But 
Procarey(t)Y) = MAX y(a)=y MAXy(a)=01[T fy,e(a)(X)] = 
MaXy(7)=y Maxy(a)=olF fy, (aye). Thus, Lie Y) 
PP cre) eer ere (i) 

Similarly, Taps yy) = 


\ 


IA 


Fp carey (6) (Y) ee ee 
Finally;: (Ipecac): “Se Al Dp cy) 

1 ming(s)=y Miny(a)=o[Lfy, (a)(@)] and Tp, are,(6)(Y) 
MiNg(x)=y MIN (a)=d[L Fyre (a) (Z)] = MINg(x)=y MINy(a)=o[1 — 


I paz, (a) (£)). 


This shows, If. ¢4,,5)0(b) (Y) 2 Lee) re (iii) 
This completes the 2nd part. 
(3) Let, (M,, F) U (Mo, EF) = (M, E). 
Then, (9, ¥)[(Mi,&) U (M2,F)) = (y,¥)(M,E) = 


lp(M), w(E)]. So, for b € w(E) and y € V, we have, 


max max /T’r (4)(£ 
pean tase FOF] 
= max max 
p(x)=y w(a)=b 


EF) VU (y,¥)(Mb,E) = 
|P, b(E)], say. Then, 


Tp cney (b) (Y) 


P(e) 2) S71 fs Gi) 


Next, 7 v)(M, lp(M) U 


p(M2), p(E)| = 
T'¢5(b) (Y) 
TG) US Lp iO) 

[Trx,,(a)(v)]@ max max |T 


BP ax, Max, Ehaaa (a) (2) 
kee (a) (x) ° Lh (a) (x)| 


= max max 
y(x)=y w(a)=b 


= max max 

p(x)=y ¥(a)=b 

Thus, Ty -4,)(6)(Y) = Typco(y). Similar results also hold for 
_F. 


This completes the proof of part (3). 


Tuhin Bera and Nirmal Kumar Mahapatra: 


Neutrosophic Sets and Systems, Vol. 19, 2018 


(4) Let, (M1, £)N (Mo, FE) = (M, E). 
Then, (y,%)[(M1,£) 9 (Mo, £)) = (vy, v)\(M,E) = 
lp(M), w(E)]. So, for b € ~)(E) and y € V, we have, 


max max |T’r (4)(x 
docu dans IMO) 


= “Max: max Ts wae) Te la 
Reem eel Paty ( )( ) fiutg ( )( )I 


Ts ens (bY) 


Next, (9,0)(M1,F) 1 (y,P)(Mo,F) = [y(M) 
p(M2),v(£)] = [Q, (£)], say. Then, 
Tfo(b) (y) 
= LeU) | fae oy) 
= max max [T¥,, (a)(v)]* max max [T',,, (a)(2)| 


y(x)=y w(a)=b 


= max max 
y(x)=y w(a)=b 


y(x)=y w(a)=b 
IT hx4, (a) (©) * Thay, (a) (2) 


Thus, T’5 | .4,.(b)(Y¥) = Tyo) (y). Similar results also hold for 
I,F 
This ends the last part. 


5.1.3. Proposition 


Let, (y,w) : (U, E) > (V, E) be a neutrosophic soft mapping 
and (N,, £) and (No, E) be two NSSs defined over V. Then the 
followings hold. 


(1) (y, Ye, p)-* (M1, E)] ie); if (y, () is surjective. 


(2) [(y, b)~ cae E)|° = (9, _. (Min) 

(3) (Y, oe HOM, E) U (No, F)) = (y,~)7*(M1,£) U 
(p, wy) (Na, E) 

(4) (¥, ay) ‘(Nin 2) 0 (NaF) = (eb) WN, 2) 1 
(y, p)~* (No, E) 


Proof. We shall prove (2) and (3), only. The others can be proved 
similarly. 


(2) Here, [(y, )~ 
fora € y'(B), 


(N1, BE\® = (et ‘(E)]. Then, 


xe u, 


))p 


Pyhg—rewyye(a) (2) = 


Pra cyy(a) (2) = Fev (ay (P(®)), 
Figg-tenye(a(@) = 1 — i yin) (a) ) = 


= 1— Tgy (yay (P(e), 


ae ~1¢nyye(a) (@ x) = 1 tg eha) a) = Try (p(a)) (P(x x)). 
Next, (y, )~*(M1, £)° = [p-* (Nr), ¥)* (B)]. Then, 
Th a yey(a)(#) = Tye (a(t) = Fpy (w(ay) ((*)): 
Tp a yey(a)(#) = Lpye(a)(#) = 1 — L py (a) (Y(#)): 
Ps a yey(a)(@ t) = Ppgetaye = Tr(a) (Y(2))- 
Hence, the result is proved. 
(3) Let, (Ni, £) U (No, FE) = (N, £). 
Then, (y, p)*[(M1, EB) U (No, E)| = (y, p)*(N, E) = 


'(E) and x € U, we have, 


lp *(N),w~1(E))]. So, for a € 7 


Ty (w(a)y) (P(£)) 
Try, (w(a)) (Y(L)) & Tn, (b(a)) (P(Z)) 


Py, -1¢n)(a) (@) 
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Next, (y,~)~*(N1, £) U (YP, w)1(No, FE) = [py 1(M1) U 
yp 1(No),w71(E)| = [R, 71 (E)], say. Then, 
Thr(a)(®) i ge (x) © TG @) (x) 


Try, (w(a)) (Y(2)) © Ty, (b(a)) (P(Z)) 


Thus, Fe eG) (x) 
I,F 
This completes the proof of part (3). 


= Ty,(a)(x). Similar results also hold for 


5.2 Definition 


Let (y,w) : (U,E,T) — (V,E,7,) be a mapping where 
(U, E,7,) and (V, E,7,) be two neutrosophic soft topological 
spaces. 

(1) For each neutrosophic soft open set (/, E) € (U, E,7,,), if 
the image (y, ~)(M, FE) is open in (V, E, 7,) then (vy, w) is said 
to be neutrosophic soft open mapping. 

(2) For each neutrosophic soft closed set (Q, FE) € (U, E, 7), if 
the image (y, w)(Q, FE) is closed in (V, EF, 7,) then (y, a) is said 
to be neutrosophic soft closed mapping. 


5.3. Theorem 


Let, (U, E, ™,) and (V, E, 7,) be two neutrosophic soft topolog- 
ical spaces and (y,w) : (U, E,T) — (V, £,7,) be a mapping. 
Then, 

(1) (y,w) is a neutrosophic soft open mapping iff for each 
neutrosophic soft set (M,E) € (U,E,7,), there be hold 
(9, P)(M, E)° c [(e, b)(M, B)I°. 

(2) (y,w) is a neutrosophic soft closed mapping iff for each 
neutrosophic soft set (Q,F£) € (U,E,7.), there be hold 


(ye, Y)(Q; E)] C (v, ¥)(Q, F). 


Proof. (1) Let (y,w) is a neutrosophic soft open mapping and 
(M,E) € (U,E,t%). Then (M, E)° is a neutrosophic soft 
open set and (M,E)° Cc (M,E). Since (y,y) is a neutro- 
sophic soft open mapping, (vy, ~)(M, E)° is neutrosophic soft 
open in (V,E,7,). Then (y,w)(M,E)° Cc (y,¥)(M,E). 
But [(y,w)(M, E)|° is the largest open NSS contained in 
(p, U)(M, E). Hence, (p, )(M, B)? c [(y,b)(M, B)]? is ob- 
tained. 

Conversely, suppose (/, FE) be an open NSS in (U, E,7,,) 
such that the given condition holds. Then (VM, EF) = (M, E)° 
and so (p, b)(M, E) = (9,¥)(M, EY? c [(e,0)(M, BD)? c 
(o, U)(M, E). Henee, [(p,)(M, B)|” = (g,)(M, E). This 
ends the proof. 





(2) Let (y,w) is a neutrosophic soft closed mapping and 
(Q,E) © (U,E,7,). Then (Q,F) is a neutrosophic soft 
closed set and (Q,F) Cc (Q,E). Since (y,w) is a neutro- 
sophic soft closed mapping, (y, ~)(@, E) is neutrosophic soft 


closed in (V,E,t,). Then (y,¥)(Q,£) C (¥,¥)(Q, £). 
But [(y,w)(Q, )| is the smallest closed NSS containing 
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(y,4)(Q, E). Hence, [(y,¥)(Q, F)] ¢ (~,0)(Q, E) i 


tained. 
Conversely, suppose (Q, £) be a closed NSS in 
such that the given condition holds. Then (Q, FE 


and so (y,Y)(Q,E) C [(v,¥)(Q,F)] Cc 
(~,~)(Q,E). Hence, |(y,y)(Q, F)] = 


completes the proof. 








5.4 Definition 


Let, (U, E,7,,) and (V, £, 7) be two neutrosophic soft topolog- 
ical spaces. Then (y,w) : (U, E,T,) — (V, E, Ty) is said to be 
a neutrosophic soft continuous mapping if for each (N, FE) € Ty, 
the inverse image (y, 7)~1(.N, E) € 7, i.e., the inverse image of 
each open NSS in (V, E, 7,) is also open in (U, E, 7). 


5.4.1 Example 


For two neutrosophic soft topological spaces (U, E,7,,) and 
(V, E, Ty), let (vy, w) : (U, E,T) - (V, E, T) be a mapping. 
(1) If 7, is the neutrosophic soft indiscrete topology on V, then 
(y, w) is a neutrosophic soft continuous mapping. 


(2) If 7, is the neutrosophic soft discrete topology on U, then 
(y, w) is a neutrosophic soft continuous mapping. 

(3) Let, U = {u1, U2, U3}, V = {U1, V2, U3}, EE. = 
{€1, €2}, Ty — {Pu5 ly, (M1, E), (No, E)}, Tu 
{Pus Lig (M,, EF), (Mo, E), (Ms, Ej}, where (Ni, Ey); (No, E) 
are as follows : 


fn, (e1) = {< v1, (0.8, 0.5, 0.6) >, < vo, (0.5, 0.7,0.6) >, < 
v3, (0.4, 0.7, 0.5) >}: 

fn, (e2) = {< v1, (0.7, 0.6, 0.5) >, < vo, (0.6, 0.8, 0.4) >, < 
v3, (0.5, 0.8, 0.6) >}; 

fn,(e1) = {< v1, (0.6, 0.6, 0.7) >, < ve, (0.4, 0.8, 0.8) >, < 
v3, (0.3, 0.8, 0.6) >}; 

fn. (€2) = {< v1, (0.5, 0.8, 0.6) >, < ve, (0.5, 0.9,0.5) >, < 
U3, (0.2, 0.9, 0.7) Se 


and (M,, EF), (M2, FE), (M3, EF) are given as followings : 


fu, (e1) = {< ut, (0.8, 0.4, 0.5) >, < ua, (0.7, 0.5, 0.6) >, < 
u3, (0.7, 0.7, 0.3) >}; 

fr, (e2) = {< ur, (1.0, 0.5, 0.4) >, < ua, (0.5, 0.6, 0.4) >, < 
u3, (0.6, 0.6, 0.6) >}: 

fup(e1) = {< 1, (0.5, 0.8, 0.6) >, < tt, (0.2, 0.9, 0.7) >, < 
u3, (0.5, 0.9, 0.5) >}; 

fu, (e2) = {< ut, (0.6, 0.6, 0.7) >, < ua, (0.3, 0.8, 0.6) >, < 
u3, (0.4, 0.8, 0.8) >}; 

Fister) 4 < is 0. 7036.05) y= tto;,( 0.0, 08,06) = 
u3, (0.6, 0.8, 0.4) >}; 

fu, (e2) = {< ur, (0.8, 0.5, 0.6) >, < ua, (0.4, 0.7,0.5) >, < 
u3, (0.5, 0.7, 0.6) >}: 


The t-norm and s-norm in both 7,, 7, are defined as a * 6 = 
min{a, b} and ab = max{a, b}. Consider the mapping (y, w) 
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as : y(ur) = V1, p(ua) = v3, p(usz) = = and wer) — 
€2,p(e2) = e1. Then (iy, »)~* (M1, E), (pv, wy)" (No, E) € Tu. 


For convenience, the calculation of (vy, ~)~1(Nj, E) is pro- 
vided for one parameter. The others are in similar way. 


y(ur)) = 
p(u oe 


aN 


Tp acy) (er) U1) = Thy, (b(er)) 
Ty acy, (er) (Ut) = Lm, Wer)) 


FF -tcw,y(er) (ua i= _ Fry, (w(er)) (P(u i)) = 


LN 


= diy (w(e1)) (plu 2)) = 


(v1) =0 
(v1) =0 
(v1) =0 
Fp 1c (€1) (U2) (v3) = 0 
= Try (w(er)) (Y(u2)) = Lpn, (er) (v3) = 9. 
(v3) =0 
(v2) =0 
(v2) =0 
(v2) =0 


Ff acy.) (ex) (U2) 


Fr acy) (e1) U2) = Fn, (w(er)) (P(U2)) = 


Fy sae ste 3) = Lig (w(e1)) (P(us)) a 


5.4.2 Proposition 


Let (oy) (U,E,T) 2 (V,E,T,) be a_neutro- 
sophic soft continuous mapping. Then for each e € BE, 
(y, w) (U,To) — (V,7£) is a neutrosophic continuous 
mapping. 

Proof. Let, (N,E) € Ty. Since (y,w) 
soft continuous mapping, so (y,~)7'(N,E) € Ty. It 
implies (y,w)1({< e,fw(e) >: e € E}) € Ty ie, 
(p,w)*(< e,fw(e) >) € Te for < e, fn(e) >€ TS. This 
follows the theorem. 


be a neutrosophic 


But the converse does not hold. The following example shows 
the fact. 
Let, U = {U1, U2, U3}, V = 
{€1;€9}, 7% am {00s Loss 
1 Os Tis (MM, #), (Mo, E), (Ms, 
are as follows : 


{v1, V2, U3}, EB = 
E),(No,E)};tu = = 
E)}, where (Nj, E), (No, E) 


fn, (€1) = {< v1, (0.8, 0.5, 0.6) >, < v2, (0.5, 0.7, 0.6) >, < 
v3, (0.4, 0.7, 0.5) >}; 

fn, (€2) = {< v1, (0.7, 0.6, 0.5) >, < vo, (0.6, 0.8, 0.4) >, < 
v3, (0.5, 0.8, 0.6) >}; 

fn, (e1) = {< v1, (1.0, 0.5, 0.4) >, < v2, (0.6, 0.6, 0.6) >, < 
v3, (0.5, 0.6, 0.4) >}: 

fn, (e2) = {< v1, (0.8, 0.4, 0.5) >, < v2, (0.7, 0.7, 0.3) >, < 
v3, (0.7, 0.5, 0.6) >}; 


and (M,, EF), (M2, E), (M3, E) are given as follows : 


fr, (e1) = {< u1, (0.6, 0.6, 0.6) >, < ue, (0.5, 0.6,0.4) >, < 
1g(1:0; 005,04) S\ 

fr, (€2) ={< tt, (0.7, 0.7, 0.3) >, < ue, (0.7,0.5,0.6) >, < 
u3, (0.8, 0.4, 0.5) >}; 

fu,(e1) = {< ut, (0.5, 0.7, 0.6) >, < ug, (0.4, 0.7,0.5) >, < 
u3, (0.8, 0.5, 0.6) >}; 
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fu, (e2) = {< ut, (0.5, 0.9, 0.5) >, < ug, (0.2,0.9,0.7) >, < 
u3, (0.5, 0.8, 0.6) >}; 

fr, (e1) = {< ur, (0.5, 0.6, 0.6) >, < ug, (0.4,0.7,0.4) >, < 
u3, (0.9, 0.5, 0.5) >}: 

fu, (e2) = {< uz, (0.6, 0.8, 0.4) >, < ug, (0.5, 0.8,0.6) >, < 
u3, (0.7, 0.6, 0.5) >}: 


The t-norm and s-norm in both 7,,,7, are defined as a * 6 = 
min{a,b} and a ob = max{a,b}. Define a neutrosophic soft 


mapping (, w) as: y(ui) = v2, p(u2) = v3, (uz) = v1 and 


w(e,) = e1, W(e2) = eg. We now calculate (vy, 7)~1(Nj, E). 
Tp a cy,y(er) (41) = Lym, (p(er)) (P(r) = Thy, (ex) (V2) = 0.5 
Tp acy, (er) Ut) = L pn, (ery) (9 (M1) = Lp ny (e1) (v2) = 0.7 
Fp acy, (er) (U1) = Fy, (y(er)) (P(t) = Fy, (ex) (V2) = 0.6 
Tp 1 cy.) (er) (U2) = Tym, ((er)) (O(a) = Thy, (ex) (U3) = 0-4 
Tp acy, y(ex) (U2) = Lyn, (ery) (Y(U2)) = Lp ny (e1) (v3) = 0.7 
Fp a cy,)(er) (U2) = Fy, (w(er)) (P(U2)) = Fry, (er) (v3) = 0.5 
Tp -1cy,y(er) (U3) = Thy, (w(er)) (P(us)) = Thy, (e1) (V1) = 0.8 
Tp acy, (ex) (U3) = Lyn, ((ery) (G(Us)) = Lpy, (e1) (v1) = 0.5 
Fp a cy,)(er) (U3) = Fy, (y(er)) (P(U3)) = Foy, (ex) (11) = 0.6 
Tp ay.) (e2) (U1) = Dyn, (ea) (P(t) = Thy, (ex) (V2) = 0.6 
Tp vey, y(er) (U1) = Thy, (ater) (G(M1)) = Lp, (e2) (v2) = 0.8 
Fp acy, (ea) (U1) = Fy, (p(e2)) (P(t) = Foy, (en) (V2) = 0.4 
Typ acy.) (e2) (U2) = Dyn, (b(e2)) (P(U2)) = Thy, (er) (03) = 0.5 
Tp acy, (er) (Ua) = T pn, (leo) (Y(U2)) = Lp, (e2) (v3) = 0.8 
Fp acy) (e2) (U2) = Fy, (p(ea)) (P(U2)) = Fey, (en) (v3) = 0.6 
Tp 1¢y,)(e2) (U3) = Thy, (y(e2)) (P(us)) = Ty, (e2)(v1) = 0.7 
Tp acy, y(e2) (U3) = Lyn, (d(eo)) (9 (Us)) = Lpy, (e2) (v1) = 0.6 
Fp a cy,)(e2) (Us) = Fy, (w(eo)) (P(u3)) = Fry, (e2) (11) = 0.5 


Thus (Y, wy) (Nj, E) ¢ Tu though (y, W)~* (No, E) — 
(M,, E). So (vy, ~)~* is not neutrosophic soft continuous. Now, 


a -_ {(0, 1,1), (1,0,0), fas, (e1), fas, (er), fu (e1)}; 
tT” = {(0,1,1), (1,0,0), fas: (€2), Sts (C2), fats (€2) }: 
tT = 4(0,1,1),(1,0,0), fir, (er), fave (er) fs 
Ty? = 4{(0,1,1),(1,0,0), fry, (e2), fr, (e2) $3 
Then, (y, wv) (U,7%!) — (V,7£1) is neutrosophic con- 
tinuous mapping because (y, w)~![ fn, (e1)] = fr,(e1) and 
(y, »)~* [fn (e1)] = tu, (e1). 


(U,752) — (V,752) is neutrosophic con- 
(y, b) "fn, (e2)| = fu, (€2) and 
= Iu, (e€2). 


Similarly, (y,w) : 
tinuous mapping as : 


(Y, yp) lf Nn (e2)| 
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5.5 Theorem 


For two neutrosophic soft topological spaces (U, E,7,) and 
(V,E,7,), let (vy, wv) : (U,E,t%) - (V,E,T,) be a neu- 
trosophic soft mapping. Then the following conditions are 
equivalent. 


(1) (y, w) is neutrosophic soft continuous mapping. 

(2) The inverse image of a closed NSS in (V, EF, 7,) is closed in 
(Oa) 

(3) For each (M, EF) 
(9, »)(M, E). 

(4) For each (N, EF) 
(p,p)~*(N, E). 

(5) For each (N,E) € NSS(V,E), (v,v)7(N,E)? Cc 
(py, Y)*(N, BE)’. 


Proof. (1) = (2) 

Let, (Q,E) be a closed NSS in (V,E,7,). Then 
(Q,E)° € Tt, and so by (1), (y,¥)"(Q, E)° € Tt. But 
(p, 1) -(Q, EB)” = ((p,)-(Q, E))*. So (9,8) (Q, E) is a 
closed NSS in (U, E, 7). 


E€ NSS(U,E), (y,w)(M,E) Cc 


E NSS(V,E), (gy, w)1(N, EF) Cc 

















(2) = (3) 
Let, (M,E) € NSS(U,E). Since (M,E) Cc 
(9,1) *((¢,~)(M, E)) and (y,4)(M,E) Cc (y,¥)(M, B), 
we have (M,E) Cc (v,b)*((y,0)(M,E)) oC 
(p,0)"((¢,¥)(M,E)). Obviously, (y,)(M, FE) _ is 
closed in (V,E,7,). Then by (2), (y,w)7~1((y, w)(M, E)) 
is closed in (U,E,7,). But, since (M,E) Cc (M,E) 
and (M,F) is the smallest closed NSS, so (M,E) Cc 
(ME) Cc (o,¥)"(@,WGLB)). This. implies 
(p,Y)(M,E) Cc (pv)l(y.d) (Ce, o)(M, E))] ie. 
(y, Y)(M, E) C (y, p)(M, E) is obtained. 

(3) => (4 
Let, (N,E) € NSS(V,E) and (y,W)1(N,E) = 
(M,E). Then (y,~)-(N,F) = (M,E). — But by 
(3), we have (M,E) Cc (y,¥)"*(~,¥)(M,£)) ie. 
(p,b)(N, BE) Cc (pb) "((e.)(M, B)). This shows 
YWINE) C WIA PY, PY) 1W, £))) ie. 
(9, b)“1(N, BE) C (yp, b)1(N, BE). 

(4) = (5) 





applying (4), we have (y,~)-1(N, E)° Cc (y,p)7*((N, E)°) 
ie, [YY TU(N, ED Cc [ye T(N,E)]s. By 











Theorem (ii) of [2.15.2], since (N,E)° = [(N,E)¢]°, 
so (YW), = (pe W)((N, E))° = 
(py, bp)" ((N, E)*)|° C (ve, WON, E)e1° = 
(p, b)*(N, BE)’. 
(5) = (1) 

Let, (N,E) be an open NSS in (V,E,7,). Then 
(N,E)Ye = (N,E). Since [(y,W)1(N,E)]? Cc 
(QP) (NE) = (WN, BY? Cc [¥,~)7*N, 2), 


so [(y,W)7*(N, E)|? = (y,w)71(N, E) is obtained. Thus, 
(y,w)—'(N, E) is an open NSS in (U, E,7,,) and so (y, w) is 
neutrosophic soft continuous mapping. 
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5.6 Theorem 


Let, (U, E,7,) and (V,E,7,) be two neutrosophic soft topo- 
logical spaces. Also let, (y,w) : (U,E,T,) > (V,E,T,) be 
a continuous neutrosophic soft mapping. If (/, £) is neutro- 
sophic soft compact in (U, F,7,,), then (y,w)(M, FE) is so in 
(Vi Eas), 


Proof. Let {(N;, £) : « € T'} be a neutrosophic soft open cov- 
ering of (y, )(M, E) we., (y,v)(M, FE) C U;(Ni, FE). Since, 
(y,w) is neutrosophic soft continuous, {(y, 7)~!(N;, E) 
1 € I} is a neutrosophic soft open cover of (M,F). But, 
(/, F) is neutrosophic soft compact. So, there exists a fi- 
nite subcover {(y,W)71(N;,E) : 1 < i < k} such that 
(M, E) c U*_1(y, v)71(N;, E) hold. Hence, (y, 7)(M, E) c 
(o, (UE, (pb) -1(Mi, B) - 
Ui-1(¥, ¥)[(y, 0)" (Ni, E)] -_ Weal NB): 

This shows that (vy, w)(M, EF) is covered by a finite number 
of member of {(N;,£) : i © T}. Hence, (y,w)(M, E) is 
neutrosophic soft compact also. 


5.7 Theorem 


Let, (U, E,7,) be a neutrosophic soft topological space and 
(V, E,T,) be a neutrosophic soft Hausdorff space. Then, a neu- 
trosophic soft function (y, ) : (U, FE, 7%)  (V, E, Ty) is closed 
if it is continuous. 


Proof. Let (Q,E) be any neutrosophic soft closed set in 
(U, E,7,). Then by Theorem [4.2], (Q,E) is compact NSS. 
Since (y,w) is continuous neutrosophic soft function then 
(y,w)(Q, E) is compact NSS in (V,E,7,). As (V,E,7,) is 
neutrosophic soft Hausdorff space, so (vy, w)(Q, E) is closed by 
Theorem [4.3]. 


6 Conclusion 


Topology is a major sector in mathematics and it can give 
many relationships between other scientific area and mathemati- 
cal models. The motivation of the present paper is to extend the 
concept of topological structure on neutrosophic soft set intro- 
duced in the paper [33]. Here, we have defined connectedness 
and compactness on neutrosophic soft topological space, neutro- 
sophic soft continuous mappings. These are illustrated by suit- 
able examples. Their several related properties and structural 
characteristics have been investigated. We expect, this paper will 
promote the future study on neutrosophic soft topological groups 
and many other general frameworks. 
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Abstract. The main objective of this research is a simple 
attempt to suggest three new logical connectors and es- 
tablish an equation a chart of truth for each of them. Sec- 
ondly, and using the logical operations of these three 
connectors, we seek to show how comprehensive and 


widespread and effective is the Neutrosophic logic (NL) 
compared to any other logic, taking into account the 
Fuzzy Logic (FL) as well as the classical logic (CL) as a 
comparative model. 


Keywords: Logical Connectives , Logical Operations , Truth Table , Classical Logic , Fuzzy Logic , Neutrosophic Logic. 


1 Introduction: 


To begin, it is known that the eight known logical 
connectors are nothing but conjunctive characters and tools 
in the natural language which are used to link between two 
sentences or more in order to form a meaningful speech. 
Also, it is obvious that by searching through the logic’s 
history and as the specialists strived to build an artificial 
language that would be alternative for expressing reality 
more precisely, the thing that pushed them to make these 
characters and tools take the form of mathematical 
symbols used to link between two cases or more to build a 
compound case that can be judged to be truthful or false. 
But, since the day the American Philosopher C. S. Peirce 
(1839,1914) established the double negation logic that was 
named after him: Peirce’s connector, we have not 
encountered any attempt to establish any other connector, 
and it has become common in the logic and mathematic 
media the use of these eight logic connectors only, which 
means that the natural language has only eight conjunctive 
characters and tools, but the truth 1s that it has more than 
that; there are also other conjunctive tools and characters 
which need to be mathematically written and symbolized. 
From this logic and the following neutrosophic mottos: 
“All is possible, the impossible too!; Nothing 1s perfect, 
not even the perfect!”[1], we have questioned why don’t 
we try to write some of the other conjunctive characters 
and tools in the natural language mathematically in 
addition to the other eight known characters and tools. 
From that, we have attempted to create three logical 
connectors that we named as_ follows: probability 


the 


connector, duplex probability connector, and 
falsification connector. We have then chosen the dual- 
value classical logic and the fuzzy logic as comparative 
models. Our second aim is to attempt a research for other 
conjunctive characters and tools in the natural language 
and establishing it as symbolic logical connectors. 


2 The three new logical connectors : 
2.1 Probability connector (P) : 


We can define the probability connector in one word: 
probability or maybe and that can be deduced from our 
saying: the professor came x and the professor’s probabil- 
ity y, or maybe the teacher y , which means that the prob- 
ability of the professor coming y ends as soon as the pro- 
fessor comes X so if the professor comes x and the teacher 
came y is truthful, and if the professor came x and the pro- 
fessor did not come y is also truthful. What matters is that 
the professor x came and it can be false only if the profes- 
sor xX does not come. Whether the professor ‘y came or did 
not come, because x is what is important in this case. x , 
however, 1s secondary and we can see the truth chart of 
this logical connector in the classical logic, the fuzzy logic 
and the neutrosophic logic as follows: 


2.1.1 Classical Logic : 


The result of the probability connector between the two 
classical propositions (A) and (B) : 


CL(APB) = CL(A) = (A - (({1} - B) - {4} - B))) 
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The result of the probability connector between the two 
classical propositions (A) and (B) in the following truth 
table : 





2.1.2 Fuzzy Logic : 
The result of the probability connector between the two 
fuzzy propositions (A) and (B) : 
(T — ({1} - Ts) - {1} - 75))), 
(F, — (({1} - Fg) - (13 - Fe))) 
The result of the probability connector between the two 


fuzzy propositions (A) and (B) in the following truth ta- 
ble : 


FL(APB) = FL(A) = ( 





2.1.3 Neutrosophic Logic : 
The result of the probability connector between the two 
neutrosophic propositions (A) and (B) : 
(T, © (({13 © Ts) © ({1} © Ts))), 
NL(APB) = NL(A) =| (1, © (({1} 6 Ip) © (13 Ole), 
(F, © (({1} © Fx) © ({1} © Fa))) 


The result of the probability connector between the two 
neutrosophic propositions (A) and (B) in the following 
truth table : 


A 
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professor x and professor y come. Which means that both 
professor x and professor y coming is probable. So if they 
both come together, it is truthful and if they both don’t 
come, it is truthful as well. But if one comes and the other 
does not, it is still truthful. What matters is that all 
expected cases of them coming together or not coming at 
all, or even having only one of them come are expected 
cases and are always truthful. We can see the truth chart of 
this logical connector in the classical logic, the fuzzy logic 
and the neutrosophic logic as follows: 


2.2.1 Classical Logic : 


The result of the duplex probability connector between 
the two classical propositions (A) and (B) : 


CL(APPB) = ((A + ({1} — A)) x (B + ({1} - B))) 


The result of the duplex probability connector between 
the two classical propositions (A) and (B) in the following 
truth table : 





2.2.2 Fuzzy Logic : 


The result of the duplex probability connector between 
the two fuzzy propositions (A) and (B) : 


Cee, T, + ({1}-Ts))), 
nuanon-(4 decent ti scale “ 


((F, + ({1} - Fa) x (Fe + ({1} - Fp) 


The result of the duplex probability connector between 
the two fuzzy propositions (A) and (B) in the following 
truth table : 


(1,0,0) (1,0,0) 
(0,0,1) 
(0,0,1) 





(0,0,1) 
(0,0,1) 


2.2.3 Neutrosophic Logic : 


The result of the duplex probability connector between 
the two neutrosophic propositions (A) and (B) : 





((Ta ® ({(1} © Ta)) © (Te ® ({1} © Ts))), 
NL(APPB) =| ((l4 ® ({1} © la) © (le @ {13 © Ia))), 
((F ® (13 6 Fy) © (Fe ® ({1} © Fe))) 


2.2 Duplex probability connector (PP) : 


We can also refer to the duplex probability connector 
simply in word: probability or maybe, but this time at the 
beginning of the sentence, like saying: the probability that 
the professor x and the professor y come, or maybe the 


The result of the duplex probability connector between 
the two neutrosophic propositions (A) and (B) in the fol- 
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lowing truth table : 2.3.3 Neutrosophic Logic : 


A APPB The result of the falsification connector between the two 
neutrosophic propositions (A) and (B) : 
-~ -— — NL(AOB) =| |4,O CUCL) 6 le © (13 6 IDL 


Fs 8 C1} © Fy) © IFp © CU © Fa)! 


The result of the falsification connector between the two 
neutrosophic propositions (A) and (B) in the following 


truth table : 





In fact, the falsification connector is simply like us 


saying: I do not believe in Quantum physics or relative 
physics, or saying: I totally disapprove of science’s results 
or the philosophical ones, and more precisely, this 
connector 1s what is approved of like the right to veto in — _— ~~ 

the United States, i.e. the right to disapprove or falsify any 
case no matter how truthful or false it is and we can see 
that in the truth chart of this in the classical logic, the fuzzy 
logic and the neutrosophic logic as follows: 





3 Conclusion : 

From what has been discussed previously, we can 
ultimately reach two points: 
2.3.1 Classical Logic : 3.1 We see that the logical operations of the neutrosophic 
logic (NL) are different from the logical operations of the 
fuzzy logic (FL) in terms of width, comprehensiveness and 
effectiveness. The reason behind that is the addition of 
CL(AOB) = (|A — ({1} — A)| — |B — ({1} — B)])) professor Florentine Samarkendah of a new field to the real 
values; the truth and falsity interval in (FL) and that is 
what he called “the indeterminacy interval” which is 
expressed in the function I, or Ip in the logical operations 
of: (NL) as we have seen, and that is what makes (NL) 
gives the closest and most precise image of the hidden 
logical structure of the universe like it was mentioned 
previously. 
3.2 We see from our attempt to create three new logical 
connectors starting from the idea that the natural language 
has more than eight connecting characters and tools that 
need to be written in the form of symbols, that the 
2.3.2 Fuzzy Logic : difference in natural languages means a difference and an 
availability of connecting characters and __ tools. 
Consequently, we should not quote connecting characters 
or tools from a single language like French or English, but 
IT, — {1} -—T,)| -— ITs — (13 - ) we should take all the languages into consideration. For 
Pals == Fe C1) =F) example: the Chinese language has 47035 characters and 
that number keeps increasing. So, the best decision is to 
collect different connecting characters and tools from the 
different international natural languages and give these 
connectors a form of symbols. Only then will the artificial 
language evolve progressively compared to how it 1s today. 


The result of the falsification connector between the two 
classical propositions (A) and (B) : 


The result of the falsification connector between the two 
classical propositions (A) and (B) in the following truth 
table : 





The result of the falsification connector between the two 
fuzzy propositions (A) and (B) : 


FL(AOB) = ( 


The result of the falsification connector between the two 
fuzzy propositions (A) and (B) in the following truth ta- 
ble: 


AOB 


(1,0) (1,0) (0,0) References : 

(1,0) (0,1) (0,0) [1] Florentin Smarandashe , Salah Osman , Netrosophy in Ara- 
(0,1) (1,0) (0,0) bic Philosophy , Renaissance High Press, 2007, p 18. 

(0,1) (0,1) (0,0) 
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Abstract. The main goal of this paper is to construct Bé- 
zier surface modeling for neutrosophic data problems. 
We show how to build the surface model over a data 
sample from agriculture science after the theoretical 


structure of the modeling is introduced. As a sampler ap- 
plication for agriculture systems, we give a visualization 
of Bézier surface model of an estimation of a given yield 
of bean seeds grown in a field over a period. 


Keywords: Neutrosophic logic, neutrosophic data, neutrosophic geometry, Bézier surface, geometric design 


1 Introduction 


The contribution of mathematical researches is fundamen- 
tal and leading the science as today’s technologies are rap- 
idly developing. The geometrical improvements both mod- 
el the mathematics of the objects and become geometrical- 
ly most abstract concepts. In the future of science will be 
around the artificial intelligence. For the development of 
this technology, many branches of science work together 
and especially the topics such as logic, data mining, quan- 
tum physics, machine learning come to the forefront. Of 
course, the common place where these areas can cooperate 
is the computer environment. Data can be transferred in 
several ways. One of them is to transfer the data as a geo- 
metric model. The first method that comes to mind in 
terms of a geometric model is the Bézier technique. This 
method is generally used for curve and surface designs. In 
addition to this, it is used in many disciplines ranging from 
the solution of differential equations to robot motion plan- 
ning. 


The concretization state of obtaining meaning and mathe- 
matical results from uncertainty states (fuzzy) was intro- 
duced by Zadeh [1]. Fuzzy sets proposed by Zadeh provid- 
ed a new dimension to the concept of classical sets. At- 
anassov introduced intuitionistic fuzzy sets dealing with 
membership and non-membership degrees [2]. 
Smarandache proposed neutrosophy as a mathematical ap- 
plication of the concept neutrality [3]. Neutrosophic set 
concept is defined with membership, non-membership and 
indeterminacy degrees. Neutrosophic set concept is sepa- 
rated from intuitionistic fuzzy set by the difference as fol- 
low: intuitionistic fuzzy sets are defined by degree of 


membership and non-membership degree and, uncertainty 
degrees by the 1- (membership degree plus non- 
membership degree), while degree of uncertainty 1s con- 
sidered independently of the degree of membership and 
non-membership in neutrosophic sets. Here, membership, 
non-membership, and uncertainty (indeterminacy) degrees 
can be evaluated according to the interpretation in the 
spaces to be used, such as truth and falsity degrees. It de- 
pends entirely on subject or topic space (discourse uni- 
verse). In this sense, the concept of neutrosophic set is the 
solution and representation of the problems with various 
fields. 


The paths of logic and geometry sometimes intersect and 
sometimes separate but both deal with information. Logic 
is related to information about the truth of statements, and 
geometry deals with information about location and visual- 
ization. Classical truth considers false and true, 0 and 1. 
It’s geometrical interpretation with boolean connectives 
was represented as a boolean lattice by Miller [4-5]. 
Futhermore, a more geometrical representation was given 
by the 16 elements of the affine 4-space A over the two- 
element Galois field GF(2) [6] as can be seen in Figure 1. 
The affine space is created by 0,1 and 16 operators. 
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Figure 1. 16 elements of the affine 4-space A over the 
two-element Galois field GF(2). 


Neutrosophic data has become an important in- 
stance of the expression "think outside the box" that 
goes beyond classical knowledge, accuracy and truth. 
Geometric approach to neutrosophic data which in- 
volve truth, falsity and indeterminacy values be- 
tween the interval [0,1] provide rich mathematical 
structures. This paper presents an initial geometrical 
interpretation of neutrosophy theory. 


Recently, geometric interpretations of data that 
have uncertain truth have presented by Wahab and 
friends [7-10]. They studied geometric models of 
fuzzy and intuitionistic fuzzy data and gave fuzzy in- 
terpolation and Bézier curve modeling. The authors 
of this paper presented Bézier curve modeling of neu- 
trosophic data [11]. In this paper, we consider Bézier 
surface modeling of neutrosophic data problems and 
applications in real life. 


2. Preliminaries 


In this section, we first give some fundamental 
definitions dealing with Bézier curve and neutro- 
sophic sets (elements). We then introduce new defini- 
tions needed to form a neutrosophic Bézier surface. 
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Definition 1. Let P;,i = 0... are the set of points in 
3-dimensional Euclidean space. Then the Bézier curve 
with degree n is defined by 


nr 

Bit) = » 4) a-—-)"*'fep, ¢tc€([0,1). 
i=0 

where (*) —_ ss and the points P; are the control 
i/ 7 Gam P i 


points of this Bézier curve. 


Definition 2. Let P;,,i =0...m,j = 0...m, are the set 
of points in 3-dimensional Euclidean space. Then the 


Bézier surface with degree nam is defined by 


Blu, v) = yy (") (Q—a)" (;) (i-y)™ v'P,, t € [0,1]. 


i=0 j=0 


where the points Pj, are the control points of this Be- 
zier surface. The First-degree interpolation of these 
points forms a mesh and called the control polyhe- 
dron. These types of surfaces are called tensor prod- 
uct surfaces too. Therefore, one can show the matrix 
representation of a Bézier surface as 


(1 —y)" . 
Bas. v) = (C0 — we)" malt — a)" ee) [Py] asin - ated | 


Definition 3. Let E be a universe and A €& E. 
N = (Gx, Tr), Gr), F(x): € A} is a neutrosophic el- 
ement where T,,:N — [0,1] (membership function), 
F,:N = [0,1] and 


(indeterminacy function) 


F,,: N = [0,1] (non-membership function). 
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Definition 4. Let A* = {(x, T(x), Mx), F(x)):x € A} 
and B* = ily, Tly), FG), Fiy)): ¥ € B} 
be neutrosophic elements. 


NR = {((x, y), Tx, y), Gy, 1), F(x, y)):2 € Avy © B} 


is a neutrosophic relation on A* and B’. 
2.1. Neutrosophic Bézier Model 


Definition 5. Neutrosophic set of P* in space N is 


NCP (neutrosophic control point) and 


P* = {P=} where i = 0....,n is a set of NCPs where 
there exists T,:N — [0,1] as membership function, 
function and 


T,:N [0,1] as indeterminacy 


F,,: N = [0,1] as non-membership function with 





f 9g if P; = N 
T,(P*)=,ae(0.1) ifP,EN, 

T,(P)=4be(0.1) if P; EN 

1 ifP, EN 

fg if P;¢ N 

F,(P*)=4ce(0.1) if P;EN 

1 if P;<N 





Definition 6. A neutrosophic Bezier curve with de- 
gree n was defined by Tas and Topal [11]. 


NBC) = > (7) @ — "te wR,,.t € [0,1] 
r=0 


One can see there are three Bezier curves (Fig 1). The 
ith (1=0...n) control points of these curves are on the 


same straight line. Line geometry shows us that if we 
interpolate these straight lines then we get a develop- 
able (cylindrical) ruled surface. Therefore, these 
curves belong to a developable ruled surface that is a 
surface that can be transformed to a plane without 
tearing or stretching (Figure 2). As a result, we can 
say that a neutrosophic Bezier curve corresponds to a 
cylindrical ruled surface. 





Figure 2. Neutrosophic Bézier curve: membership 
(green curve), non- membership (orange curve), and 
indeterminacy (blue curve). 


Definition 7. Neutrosophic Bézier surfaces are gen- 


erated by the control points from one _ of 


Tt = {( xr, y. T(x, y))ix EA, ye B} y 


f¢é = {(x,y, I(x, y) ex EA, ye Bh, 
Fc ={(x,y,Flx.y)):x€A.,y €B} sets. Thus, there 
will be three different Bézier surface models for a 
neutrosophic relation and variables x and y. A neu- 
trosophic control point relation can be defined as a 
set of (n+1)(m+1) points that shows a position and co- 
ordinate of a location and is used to describe three 
surface which are denoted by 


NRp,, = {NRp,,.NRp,,..NRp__} 


and can be written as quadruples 


{( Cz. ¥, ).T (x;y, ). x;y, ). Fla; y, )) cf = 0.....m7 = O.... 
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in order to control the shape of a curve from a neu- 
trosophic data. 


Definition 7. A neutrosophic Bézier surface with de- 
eree n x m is defined by 


NB(u, v) = } } (") (1 — uj! (") (1 —v)™i yp! NR,,, 
i=0j 


Every set of T€, I€ and F€ determines a Bezier sur- 
face. Thus, we obtain three Bézier surfaces. A neutro- 
sophic Bézier surface is defined by these three surfac- 
es. So it is a set of surfaces as in its definition. 


As an illustrative example, we can consider a 
neutrosophic data in Table 1. One can see there are 
three Bézier surfaces. 


Example 1. Suppose that a field is a subset of two- 
dimensional space. By choosing a starting point 
(origin point) we seed certain point bean seeds. 
Depending on the reasons such as irrigation, rocky 
soil and so on, this is an estimate of the length of time 
that these seeds will arrive after a certain period of 
time. For example, we estimate each of the bean poles 
to reach 100 cm in length (Table 1). So we are trying 
to predict which parts of the land are more 
productive without planting yet. A yield map of the 
field with the data presented is obtained from the 
surface map of the plant. 


/ 
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Figure 3. Neutrosophic Bézier curve and cylindrical 
ruled surface. 
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Table 1. Neutrosophic data 


Bean seeds 
in 
coordinate 


Poo=(1,1) 
Po=(1,2) 


Po2=(1,3) 


0.53 
0.53 


P10=(1,5) 
Pu=(1,6) 


| 0.53 
| 0.53 


Pati) [025 [06 
PP) | 042 | 06 
PPam@2) | 07 | 059 | 06 
PPae@6) [032 [025 ~~ 
P27) | o7 | 054 | 06 
P P28) | 035 | 066 | 02 


Neutrosophic Bézier surface of data in Table 1 can be 
illustrated in Figure 4. The surface can be turned to 
neutrosophic data because these surfaces are con- 
nected to the control points. 





Figure 4. Neutrosophic Bézier surface according to 
data in Table 1. 
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3. Conclusions 


Visualization or geometric modeling of data 
plays a significant role in data mining, databases, 
stock market, economy, stochastic processes and en- 
gineering. In this article, we have used a strong tool, 
the Bézier surface technique for visualizing neutro- 
sophic data which belongs to agriculture systems. 
This surface model also is appropriate for statisti- 
cians, data scientists, economists and engineers. Fur- 
thermore, the differential geometric properties of this 
model can be investigated for classification of neutro- 
sophic data. On the other hand, transforming the im- 
ages of objects into neutrosophic data is an important 
problem [12]. In our model, the surface and the data 
can be transformed into each other by the blossoming 
method, which can be used in neutrosophic image 
processing. This and similar applications should be 
studied in the future. 
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Abstract—Inventory control of an ideal resource is the most important one which fulfils various activities (functions) of 
an organisation. The supplier gives the discount for an item in the cost of units inorder to motivate the buyers (or) 
customers to purchase the large quantity of that item. These discounts take the form of price breaks where purchase 
cost is assumed to be constant. In this paper an EOQ model with price break in inventory model is developed to obtain 
its optimum solution by assuming neutrosophic demand and neutrosophic purchasing cost as triangular neutrosophic 
numbers. A numerical example is provided to illustrate the proposed model. 


Keywords: Price break, neutrosophic demand, neutrosophic purchase cost, neutrosophic sets, triangular neutrosophic number. 


1 INTRODUCTION 


Bai and Li[1] have discussed triangular and 
trapezoidal fuzzy numbers in inventory model 
for determining the optimal order quantity and 
the optimal cost. The quantity discount prob- 
lem has been analyzed from a buyers perspec- 
tive. Hadley and Whintin[2], Peterson and Sil- 
ver[3], and Starr and Miller[6] considered vari- 
ous discount polices and demand assumptions. 

Yang and Wee[7] developed an economic 
ordering policy in the view of both the sup- 
plier and the buyer. Prabjot Kaur and Mahuya 
Deb[5] developed an intuitionistic approach for 
price breaks in EOQ from buyer’s perspec- 
tive. Smarandache[5] introduced neutrosophic 
set and neutrosophic logic by considering the 
non-standard analysis. Also, neutrosophic in- 
ventory model without shortages is introduced 


by M. Mullai and S. Broumi[3]. 

In this paper, we introduce the neutro- 
sophic inventory models with neutrosophic 
price break to find the optimal solution of the 
model for the optimal order quantity. Also the 
neutrosophic inventory model under neutro- 
sophic demand and neutrosophic purchasing 
cost at which the quantity discount are offered 
to be triangular neutrosophic number. Also the 
optimal order quantity for the neutrosophic to- 
tal cost is determined by defining the accuracy 
function of triangular neutrosophic numbers. 


2 NOTATIONS: 
Q” = Number of pieces per order 


C;’ = Neutrosophic Ordering cost for each 
order 
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C)’ = Neutrosophic Holding cost per unit 
per year 

DY = Neutrosophic Annual demand _ in 
units 


3 NEUTROSOPHIC EOQ MODEL WITH 
PRICE BREAK: 


The Neutrosophic inventory model with 
neutrosophic price break is introduced to 
find the optimal solutions for the optimal 
neutrosophic order quantity. Here we 
assume that there is no _ stock outs, no 
backlogs, replenishment is instantaneous, 
the neutrosophic ordering cost involved to 
receive an order are known and constant and 
purchasing values at which discounts are 
offered as triangular neutrosophic numbers. 
Consider the following variables: 

D”™: Neutrosophic yearly demand, 


P’: Neutrosophic purchasing cost 


Let DY = 


PN = (PN, PN, P®) (PIN, PN, PN) (PIN, PN, PEN) 


= 
a 


are non negative triangular neutrosophic 
numbers. 


Now, we_ introduce the neutrosophic 
inventory model under neutrosophic demand 
and neutrosophic purchasing cost at which 
the quantity discounts are offered. ‘Total 
neutrosophic inventory cost is given by 


N N p. eats QN PN@IN 


(TC)" = 


Then the total neutrosophic inventory cost is 














N N pN DN on QNPNIN WN pN 
(TC) (D; PY + zie ; , D5" Ps* + 
NNN - NNN 
eee + cee aos oe ey + woe ate 


(Dy", D3, D3") (Dy, D3’, Ds) (DY, Dy, D3") 


(Psi, Poo, P23) (Pa, Poa, Pos') (Pa, Poo, P23") 


Ze 


QP Pat) (DIN PIN foe a aes cme Stal DN PN + 


D3 se a De pie 4 by wen aif 
g IN N N p'N TN 

Q 3 el \(DIN pen 4. BIE ee 4.2 “ I NPN 4 

Dich ie os [TN (pin pis a Gor Pe ac de ON RININ 








The defuzzitied total neutrosophic cost 
using accuracy function is given by 


D(TC)* -_ ora ate Pa ait a) 4 


NN 
2( D3 PX + Phat + SB) + (DE PN + Poet + 
N pN /! N N p'N TN 
OPEN) 4 Cpe pan 4 PING os) 


a oy 
DY beh ee (DNR 


ve 4 








To find the minimum of D(TC)” by taking 
the derivative D(TC)* and equating it to zero, 


(i.e) scan (DirCo’ + 2D3'Cq’ + D3'Co) + 
(DINC! + 2DYCN + DINC®)| + S[CPNIN + 
2PS Toe Pe PII OP a Pee | = 
0, we get 


2{(DN 0" +209 CN + DY CN) +(DYN OF 42D OF DYN CN) 
[CPP IN 42 PIN PY ES ACCP PS TS PN TA EP e NE) 


Neutrosophic Price Break: 


Price = oul (Rs) 
sores 
b <Q} 








Poe PN 


(Pit, Pia, Pi3) (Pi, Pia, Pig’) (Pit, Pia, Pas”) 


4 ALGORITHM FOR FINDING NEUTRO- 
SOPHIC OPTIMAL QUANTITY AND NEU- 
TROSOPHIC OPTIMAL COST: 

Step I: 

Consider the lowest price P;’ and determine 


Q> by using the economic order quantity 
(EOQ) formula: 


2[(DN Of +209 Cf + DY ON) +(DYN Of 42D¥ OF + DYN CN) 
[(PNIN+2PNIN+PNIN)+(PY/NIN+2PNIN+PYNIN)) 





If Q;' lies in the range specified, b > Q then 
Q5 is the EOQ .The defuzzified optimal total 





cost (TC)" associated with Q” is calculated as 
follows: 

(TOY = DN» PN 42°00 4 DRT” 
by using the cone function 


(a1 +2a2+a3)+(ai/+2a2+a¥ ) 
8 


AN = 
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Step 2: 


(i) If Q5’ < b, we cannot place an order at 
the lowest price P;’. 
(ii) We calculate Q;’ with price P;‘ and the 
corresponding total cost TC at Q”. 
(iii) If (TC)%b > (TC)NQN, then EOQ is 
Q* = Qi, Otherwise Q** = b is the required 
EOQ. 


The EOQ in crisp, fuzzy and _ intuitionistic 
fuzzy sets are discussed detail in [5]. They are 
(i) Crisp: 


2DCo 


Q3 = RS 


Pol 





(ii) Fuzzy: 

Q% = 2(D1Co+2D2Co+D3Co) 
20 P,14+2Pol+P3I 

(i11) Intuitionistic fuzzy: 

O, = 2(D1Co+4D2Co+D3Co+D}{Co+D3Co) 
— Si ra Roe a ad tees pe 


P\I+4PoI+P3I+P)I+P3I 


Using these formula, the numerical example 
for neutrosophic set is illustrated as follows. 


5 NUMERICAL EXAMPLE: 


A manufacturing company issues the supply of 
a special component which has the following 
price schedule: 


0 to 99 items: Rs.800 per unit 
100 items and above: Rs.600 per unit 


The inventory holding costs are estimated 
to be Rs.30/- of the value of the inventory. The 
procurement ordering costs are estimated to be 
Rs.1500 per order. If the annual requirement of 
the special component is 350, then compute the 
economic order quantity for the procurement 
of these items. 


Solution: 
(1) Crisp Case: 


Given D = 350, P; = Rs.800, Pp = Rs.600, 
Cy = Rs.1500, I = 0.3 


OQ; = 76 


Neutrosophic Sets and Systems, Vol. 19, 2018 


TC(P, = 800) = Rs.296039 


TC(b=100) = Rs.224250, which is 
than the total cost corresponding to Q» 


lower 


(ii) Fuzzy Case: 


Given D = (300, 350, 400), P, = (750, 800, 
850) 


P» = (550, 600, 650),Cy = Rs.1500,I = 0.3 
Q* = 88.192 
TC(P, = 800) = Rs.297785.95 


TC(b=100) = Rs.225500, which is lower 


than the total cost corresponding to @.. 
(iii) Intuitionistic Fuzzy Case: 

Given D = (300, 350, 400) (250, 350, 450) 
P, = (750, 800, 850) (700, 800, 900) 


P» = (550, 600, 650) (500, 600, 700), 
Co = Rs.1500, I = 0.3 


Q, = 88.19 


TC(P, = 800) = Rs.299660.85 


TC(b = 100) = Rs.227375, which is lower 
than the total cost corresponding to Qo. 


(iv) Neutrosophic Case: 


Given D” = (300, 350, 400) (250, 350, 450) 
(150, 350, 550) 


PN = (750, 800, 850) (700, 800, 900)(600, 
800, 1000) 


PN = (550, 600, 650) (500, 600, 700)(400, 
600, 800) 


CY = Rs.1500, IY =0.3 


We calculate Q” corresponding to the lowest 
price 600, 

+N 2[(DN CN +2DN CN + DN Co )+(DYN CH $2D2 CK +DENCH)] 
ERIS Teh eer Nee ey) 
= 76.376, which is less than the price break point. 

Therefore, we have to determine the optimal 

total cost for the first price and the total cost 
at the price- break corresponding to the second 
price and compare the two. 
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The defuzzified optimal total cost (TC) asso- 
ciated with P;’ is calculated as follows: 








DNCN NPN x JN 
(TC)" (PY = 800) = D «PY + oN wot 
2 
= Rs.306664.13 
DNCN PN x IN 
(TC)N (b= 100) = DN x PN 4+ = Ps Se 
= Rs.173812.5 
which is lower than the total cost 


corresponding to Q;’. 


6 SENSITIVITY ANALYSIS 


In this section, the analysis between intuitionis- 
tic set and neutrosophic set is tabulated and the 
results are compared graphically. 


S.No. Intuitionistic Demand Neutrosophic Demand 


(270,320,370) (220,320,420) | (270,320,370) (220,320,420) (120,320,520) 
(280,330,380) (230,330,430) | (280,330,380) (230,330,430) (130,330,530) 
(300,350,400) (250,350,450) (150,350,550) 
(320,370,420) (270,370,470) (170,370,570) 
(330,380,430) (280,380,480) (180,380,580) 


S.No. 1 
HE S.No. 2 
[-FJS.No. 3 
HE S.No. 4 

S.No. 5 

79.58) 
91.89) 
73.03} J 
(Q) 


Neutrosophic (Q) 


(300,350,400) (250,350,450) 
(320,370,420) (270,370,470) 
(330,380,430) (280,380,480) 
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Figure 1. Analysis of economic order quantity (EOQ) between 
intuitionistic fuzzy set and neutrosophic set 
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Figure 2. Analysis of first price between intuitionistic fuzzy set 
and neutrosophic set 
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Figure 3. Analysis of price break corresponding to second price 
between intuitionistic fuzzy set and neutrosophic set 


Conclusion 

In this paper, EOQ model with price break 
in neutrosophic environment is introduced. An 
inventory model is developed for price breaks 
and its optimum solution is obtained by using 
triangular neutrosophic number. An algorithm 
for solving neutrosophic optimal quantity and 
neutrosophic optimal cost is also developed. 
This will be an advantage for the buyer who can 
easily decrease the bad cases and increase the 
better ones. Hence, the neutrosophic set gives 
the better solutions to the real world problems 
than fuzzy and intuitionistic fuzzy sets. In fu- 
ture, the various neutrosophic inventory mod- 
els will be developed with various limitations 
such as lead time, backlogging, back order and 
deteriorating items, etc. 
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Abstract. Technique for Order Preference by Similarity to 
Ideal Solution (TOPSIS) is a popular strategy for Multi- 
Attribute Decision Making (MADM). In this paper, we 
extend the TOPSIS strategy of MADM problems in trape- 
zoidal neutrosophic number environment. The attribute 
values are expressed in terms of single-valued trapezoidal 
neutrosophic numbers. The weight information of attrib- 
ute is incompletely known or completely unknown. Using 


the maximum deviation strategy, we develop an optimiza- 
tion model to obtain the weight of the attributes. Then we 
develop an extended TOPSIS strategy to deal with 
MADM with single-valued trapezoidal neutrosophic num- 
bers. To illustrate and validate the proposed TOPSIS strat- 
egy, we provide a numerical example of MADM problem. 


Keywords: Single-valued trapezoidal neutrosophic number, multi-attribute decision making, TOPSIS. 


1 Introduction 


Multi-attribute decision making (MADM) plays an im- 
portant role in decision making sciences. MADM is a pro- 
cess of finding the best alternative that has the highest de- 


gree of satisfaction over the predefined conflicting attributes. 


The preference values of alternatives are generally assessed 
quantitatively and qualitatively according to the nature of 
attributes. When the preference values are imprecise, inde- 
terminate or incomplete, the decision maker feels comfort to 
evaluate the alternatives in MADM in terms of fuzzy sets 
[1], intuitionistic fuzzy sets [2], hesitant fuzzy sets [3], neu- 
trosophic sets [4], etc., rather than crisp sets. A large number 
of strategies has been developed for MADM problems such 
as technique for order preference by similarity to ideal solu- 
tion (TOPSIS) [5], PROMETHEE [6], VIKOR [7], ELEC- 
TRE [7, 8], AHP [9], etc. MADM problem has been studied 
extensively in fuzzy environment [10-14], intuitionistic 
fuzzy environment [15-22]. 


TOPSIS [5] is one of the sophisticated strategy for solving 
MADM. The main idea of TOPSIS is that the best alterna- 
tive should have the shortest distance from the positive ideal 
solution (PIS) and the farthest distance from the negative 
ideal solution (NIS), simultaneously. Since its proposition, 
researchers have extended the TOPSIS strategy to deal with 
different environment. Chen [23] extended the TOPSIS 
strategy for solving multi-criteria decision making 
(MCDM) problems in fuzzy environment. Boran et al. [24] 


extended the TOPSIS strategy for MCDM problem in intu- 
itionistic fuzzy environment. Zhao [25] also studied TOP- 
SIS strategy for MADM under interval intuitionistic fuzzy 
environment and utilized the strategy in teaching quality 
evaluation. Xu [19] proposed TOPSIS strategy for hesitant 
fuzzy miulti-attribute decision making with incomplete 
weight information. 


However fuzzy sets, intuitionistic fuzzy sets, hesitant fuzzy 
sets have some limitations to express indeterminate and in- 
complete information in decision making process. Recently, 
single valued neutrosophic set (SVNS) [26] has been suc- 
cessfully applied in MADM or multi-attribute group deci- 
sion [27-37]. SVNS [26] and interval neutrosophic set (INS) 
[38], and other hybrid neutrosophic sets have caught atten- 
tion of the researchers for developing TOPSIS strategy. 
Biswas et al. [39] developed TOPSIS strategy for multi-at- 
tribute group decision making (MAGDM) for single valued 
neutrosophic environment. Sahin et al. [40] proposed an- 
other TOPSIS strategy for supplier selection in neutrosophic 
environment. Chi and Liu developed TOPSIS strategy to 
deal with interval neutrosophic sets in MADM problems. 
Zhang and Wu [41] proposed TOPSIS strategies for MCDM 
in single valued neutrosophic environment and interval neu- 
trosophic set environment where the information about cri- 
terion weights are incompletely known or completely un- 
known. Ye [42] put forward TOPSIS strategy for MAGDM 
with single-valued neutrosophic linguistic numbers. Peng et 
al. [43] presented multi-attributive border approximation 
area comparison (MBAC), TOPSIS, and similarity measure 
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approaches for neutrosophic MADM. Pramanik et al. [44] 
extended TOPSIS strategy for MADM in neutrosophic soft 
expert set environment. Different TOPSIS strategies [45-49] 
have been studied in different hybrid neutrosophic set envi- 
ronment. 

Single valued trapezoidal neutrosophic number (SVTrNN ) 
[50, 51] is another extension of single-valued neutrosophic 
sets. SVITNN presents the situation, 1n which each element 
is characterized by trapezoidal number that has truth mem- 
bership degree, indeterminate membership degree, and fal- 
sity membership degree. Recently, Deli and Subas [52] pro- 
posed a ranking strategy of single valued neutrosophic num- 
ber and utilized this strategy in MADM problems. Biswas et 
al. [53] also proposed value and ambiguity based ranking 
strategy of single valued trapezoidal neutrosophic number 
and applied it to MADM. 

However, TOPSIS strategy of MADM has not been studied 
earlier with trapezoidal neutrosophic numbers, although 
these numbers effectively deal with uncertain information in 
MADM model. In this study, our objective is to develop an 
MADM model, where the attribute values assume the form 
of SVTrNNs and the weight information of attribute is in- 
completely known or completely unknown. The existing 
TOPSIS strategy of MADM cannot handle with such situa- 
tions. Therefore, we need to extend the TOPSIS strategy in 
SVTrNN environment. 

To develop the model, we consider the following sections: 
Section 2 presents a preliminaries of fuzzy sets, neutro- 
sophic sets, single-valued neutrosophic sets, and single-val- 
ued trapezoidal neutrosophic number IFS, SVNS. Section 3 
contains the extended TOPSIS strategy for MADM with 
SVTrNNs. Section 4 presents an illustrative example. Fi- 
nally, Section 5 presents conclusion and future direction re- 
search. 


2 Preliminaries 


In this section, we review some basic definitions of fuzzy 
sets, neutrosophic sets, single-valued neutrosophic sets, and 
single-valued trapezoidal neutrosophic number. 


Definition 1. [1] Let X be a universe of discourse, then a 
fuzzy set A is defined by 

A= ((x,4,(2))|7e X} (1) 
which is characterized by a membership function 
u,:X —[0,1], where ,(x) is the degree of membership of 


the element x to the set A. 


Definition 2. [54,55] A generalized trapezoidal fuzzy 
number A denoted by A = (a,b,c,d;w) is described as a 
fuzzy subset of the real number R with membership 
function 4, which is defined by 
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wee pees 
b-a 
(x) Ww b<x<c, 
MX) = 
d-c 
0 otherwise 


where a,b,c,d are real number satisfying a<b<c<d 
and w is the membership degree. 


Definition 3.[4] Let X be a universe of discourse. An 
neutrosophic sets A over X is defined by 


A= {nT (a) (a). F(a) Slee xy (2) 


where T’,(x) , (a) and F,(#) are real standard or non- 
standard subsets of ]0,17[ that is 7,(x):X >] 0,V'[ , 
L,(x):X 97 0,1'T F,(x):X >] 0,1°[. The 


membership functions satisfy the following properties: 
~O<T,(x)+1,(«%)+ F, (x) <3. 


and 


Definition 4. [26] Let X be a universe of discourse. A 
single-valued neutrosophic set A in X is given by 


AZT 1 a) ae a) S| fe 

T(~):X [01 Lo): X S101] 
F,(x): X [0,1] with the condition 
O<7T,(x)+1,(x)+ F,(x) $3 forall xeXx. 

The T,(x) , I,(x) and F,(x) represent, 


respectively, the truth membership function, — the 
indeterminacy membership function and the falsity 
membership function of the element x to the set A. 


(3) 


where and 


functions 


Definition 5. [50, 51] Let @ is a single valued trapezoidal 
neutrosophic trapezoidal number (SVNTrN). Then its truth 
membership function is 


Ea) asx<hb, 

b-a 
T(x) F b<x<ec, 
; (d-x)tg c<x<d 
d—c 
0 otherwise 


Its indeterminacy membership function is 
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a as oh ee 


asx<b, 
b-a 
L, b<sx<e, 
i) = x-—ct+(d—-x)i 
SS Ce. 
d—-—c 
(0) otherwise 


and its falsity membership function is 


jet Saal Ct ery 
b-a 
ie DEX SEC; 
= x-ct+(d—-x)f. 
—— N.C XE dd, 
d—-c 
() otherwise 


where 0 < Tz(x) < 1,0 < Jg(x) < 1, 0 < Fz(x%) < 1 and 
0< T3(x) +1g(*) + Fx(x) < 3; a,b,c,d ER. Then G@= 
(a,b, c,d]; tg ig fz.) is called a neutrosophic trapezoidal 
number. 


Definition 5. [50,51] Let @ = ([a,, by, c,d]; ta, ta, fa,,) 
and G2 = ([d2, b2, C2, d2]; ta, ta, fa,,) be two neutrosophic 
trapezoidal fuzzy numbers and A = 0, then 
ie a, @ a, = (la, + az, b, + by, c, + co, d, + do]; ta, + 
ta, a Ca, las la, laos tases: 
2. A, ® A, = ([a, 42, by bz, c,C2, dy d2); 
la. _ la, aes ea as ~ fa, ica 
3. AG =(lAa,, Abd, AG,Ad];1-- 
Ae fa RK A 
ta) , (éa,) (fa,) 
2 A 25a 
4. (a)* = ({at, bi, oo dt'|; (ta, ) , i es (1 so ia, ) , 1 
A 
(ji) 


Definition 6. Let @ = ([a1,),,c,,d,]; ta, ta, fa,,) and 
Gz = ([A2,b2,C2,d2]; ta, ta, fa,,) be two neutrosophic 
trapezoidal fuzzy numbers, then the normalized Hamming 
distance between @, and @, is defined as follows: 


Calas lq, a 


d(a,, az) = 
Ja,(2 + ta, — ta, — fa,) — a2(2 + ta, — ia, — fa,)| 
<< +|b,(2 + tg, — 1g ia, — fa,) - bo(2+ ta, —i la, — a,)| (4) 
12 t]ei(2 + ta, ~ ta, — fay) — C2(2 + ta, — bay — faa)| 
+|d,(2 + ta, — ia, — fa,) — d2(2 + ta, — ia, — fa,)| 


Property 1 The normalized Hamming distance measure 
d(.) of a, and @, satisfies the following properties: 
i. d(@,da,) = 0, 
li. d(G@, G2) = d(G, a), 
lil. d(G,, a3) < d(G,, d,) + d(G, a3), where 
G3 = ([a3, b3,C3,d3]; ta, ta,,fa,,) is a SVITNN. 
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Proof: 

i. The distance measure d(@,, d,) is obviously non-neg- 
ative. If ad, = @, that is for a, = az, by = bo, cy = 
C2, d, = d, ta, = ta,, la, = ta,, and fa, = fa, we 
have d(G@,, @,) = 0. Therefore d(d,, G,) = 0. 

i. The proof of straightforward. 

11. The normalized Hamming distance between @, and G3 
is defined as follows: 


























d(a,, a3) 
la,(2 + tg, — lg ia, — fa,) - a3(2+tg, —i bas — x.) 
_ 1 +[b,(2 + ta, - ia, — fa,) — bs(2 + ta, — ia, — fa, )| 
12 +|c,(2 + tg, - fa, — fa,) —Cal2 + ta, I las — x.) 
+|d,(2 + ta, — ia, — fa,) — d2(2 + ta, — ta, — fa,)| 
a,(2+ tg, - fa, — fa,) — a,(2+tg, —i Maa — i>) 
+a7(2 + tg, — ig ig, — fa,) — 43(2 + ta, ibe ia, — fa.) 
i and a,) — b2(2 + ta, ain 
1 +b,(2 + ta, — ia, — fa,) — b3(2 + ta, — ta, — fa,) 
~ 12 Se. oa a.) - c,(2+tg, -i ‘a= x, ) 
+¢2(2 + tg, =14 ia, — fa,) — C3(2 + ta, == ie) 
Pill a,) — d2(2 + ta, ~ la ~ fa) 
+d,(2 + ta, — ig, — fa,) — 43(2 + ta, — ia, — fa,) 
la,(2 + tg, — ig A _— fa,) — a2(2 + ta, - ig, - x, )| 
+|a,(2 + tg — lg ia, — fa,) — a3(2+tg, —i Fa x.) 
|b, (2 + ta, — ig ae b,(2 + ta, — ia, — fa,)| 
_ 1] +[bo(2 + ta, - ta, — fa,) — bs(2 + ta, — ia, — fas) 
12 \c,(2 + tg, — ig ee eee x) 
+|+c2(2 + tg, ~ fa, ~ fa.) ~ 6o(2 + tay ~ ta, ~ fas) 
ld,(24+ tg, —ig, — fa,) — d2(2 + ta, — ia, — fa,)| 
+|d,(2 + ta, Pairs a d3(2 + ta, — ia, — fa,)| 


]a,(2 + ta, a ease Drip ig = | 

Af +([bi(2 + ta, — ta, — fa,) — bo(2 + ta, - ta, — fa,)| 
12 +|c,(2 + ta, a) = Out. a.) 
+|d,(2 + ta, — ia, — fa,) — d2(2 + ta, — ia, — fa,)| 


la, (2 + tg, — lg, — fq,) — a3(2 + ta, = 1g; — fa,)| 
1 | +|b.(2+ tg, —ia, — fa,) — b3(2 + ta, — ia, — fa,)| 
12 +|co(2 + ta, ~ ta, ~ fa) - c3(2 + tg, — ia, — fa,)| 
+|d,(2 + tg, — ia, — fa,) — d3(2 + ta, — ia, — fa,)| 


< d(G,,a) + d(&, as). - 


2.1 TOPSIS Strategy for MADM 


The idea behind the TOPSIS strategy [5] is to find out 
the optimal alternative that has the shortest distance from 
the positive ideal solution and the farthest distance from the 
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negative ideal solution, simultaneously. The schematic 
structure of classical TOPSIS strategy is presented in the 
following figure (see Fig. 1) 


Construct a decision matrix 


Normalize the decision matrix 


Calculate the weighted normalized 
decision matrix 


Determine the positive and negative 
ideal solutions 


Calculate the distance measure of each 
alternative from ideal solution 


Calculate relative closeness co-efficients 
of the alternatives 


Rank the alternatives 


Figure 1. A schematic structure of TOPSIS strategy 


3 TOPSIS strategy for multi-attribute decision mak- 
ing with neutrosophic trapezoidal number 


In this section, we put forward a framework for determining 
the attribute weights and the ranking orders for all the 
alternatives with incomplete weight information under 
neutrosophic environment. 


Consider a MADM problem, where A = {Aj, Ap,.. 
a set of m alternatives and C = {C,,C),...,C,}1is a set of n 
attributes. The attribute value of alternative A;(i = 
1,2,...,m) over the attribute Cj; = 1,2, ...,n) assumes the 
form of neutrosophic trapezoidal number Gj; = 


([aij, biz, ci, dis) tai daujhai;,)) where 0 < ai, <1,0< 


., Am} 1s 
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la,, S 1, 0 = fa;; <1 and O< ta, + la, + fa, < 3; 
a,b,c,d ER. 

Here, tai, denotes the truth membership degree, lai, denotes 
the indeterminate membership degree, and fai denotes the 
falsity membership degree to consider the trapezoidal 
number la; as Di Cia: | as the rating values of A; over the 
attribute C;. An MADM problem can be expressed by a 
decision matrix in which the entries represent the evaluation 
information of all alternatives with respect to the attributes. 


Then we construct the following neutrosophic decision 
matrix, whose elements are SVNTrNs: 


Qi, Ay2 Ain 

= _{ G21 22 Aon 
D=(4ij) oo, =| ; ; (5) 

Am1 Am2 Amn 


Due to different attribute weights, we assume that the 
weight vector of all attributes is given by w = (w,, 
W2,+,Wn)', Where 0 <w, <1,j =1,2,...,n, and w,; is 
the weight of each attribute. The information about attribute 
weights is usually incomplete in decision making problems 
under uncertain environment. For convenience, we assume 
A be aset of the known weight information [56-59], where 
A can be constructed by the following forms, for i + j: 
Form 1. A weak ranking: {w; = w;}; 

Form 2. A strict ranking: {w; —w; 2 aj}(a; > 0) : 

Form 3. A ranking of difference: {w; — Wj; 2 WE - wy}, for 
JBREL; 

Form 4. A ranking with multiples: {w; = aw; } (0 <a; 
1) : 

Form 5. An interval form: {a@; < w,; < a; + E3(0 Saj;s 
a; =f Ej < 1). 

Now we develop a strategy for solving the MADM 
problems, in which the information about attribute weights 
is completely unknown or partially known and the attribute 
values are expressed by SVTrNNs. 

The following steps are considered to develop the model. 


3.1 Standardize the decision matrix 
Let D =(4;,) _ be a neutrosophic decision matrix, where 


the SVTrNNs a, =([4; a. a. ae is the rating 


7 ahd | coed Tie 
values of alternative A, with respect to attribute C, . Now to 
eliminate the effect from different physical dimensions into 
decision making process, we should standardize the 
decision matrix (4, ) _, based on two common types of 


attributes such as benefit type attribute and cost type 
attribute. We consider the following technique to obtain the 
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standardized decision matrix R=(i,) _» in which the 


De eg a3 A lle ; : 
of the entry 7, =([ i in 


the matrix R are considered as: 
1. For benefit type attribute: 


component i 











a tie a: as 
a ge Sie. i OG 
li _ + 9 + 9 A. 9 + pbx: yb. he (6) 
J as 


u. Uu. CS eee 
j 


2. For cost type attribute: 


u. u. Uu. U, 
~ J J J J ‘ . 
= =p oo ee ee ear a ee ) (7) 
1] 4 3 2 1 ij Uj Y 

ai aij aij aj 


where u; = max {a |i =1,2,...m\ and 
u, =min{a, }i=1,2,...m} for j =1,2,...n. 


Then we obtain the following standardized decision matrix: 


Ly, ip 9 dip 
r. r. een r. 

~ 21 22 2n 

WImn | 2 FG (8) 
Tl V2 Lian 


3.2 Determine the attribute weight 


To determine the attribute weights, we use maximum 

deviation strategy, which was proposed by Wang [60]. 

According to Wang [60], 

i. The attribute that has the larger deviation value among 
alternatives should be assigned larger weight. 

ii. The attribute having deviation value among alternatives 
should be assigned smaller weight. 

i. The attribute having no deviation among alternatives 
should be assigned zero weight. 


Following the idea of maximum deviation method, we 
construct an optimization model to determine the optimal 
weights of attributes with SVTrNNs. The deviation of the 
alternative A, to all the other alternatives for the attribute 
C, can be defined as follows: 


= m = a —— a 
dj;(w) = Dit A( Gi; , Ay; )W; o BSS occ Il i= 
1 Zi aaag tt 
where 
d(Gij,G,;) = 

la Qija (2 + Cai, 7 lai, — fa,,) Ak j1 (2 + Cain 7 lay; — fa,;)| 
1 +|a Qi j2 (2 + Cai, se lai; - fa,;) Ak j2 (2 a Cay ~ lan; — fax;)) (9) 
12 
+ la Qi {3 (2 + Cai, ~ lai, - fa,;) Ak 73 (2 + Cain = lan; — fa,;)| 
+ la Qi j4 (2 + Cai, = lai, - fa,;) Ak j4 (2 + Cain a lay; — fa,;)| 


Cijp (2 Pag tae I, a) 
— bag Si ani) 


12 “p=1 
Ak jp (2 + Ca, 
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denotes the neutrosophic Hamming distance between two 
SVTYNNs Gj; and Gx; . 

The deviation value of all the alternatives to other 
alternatives for attribute C; can eo obtained as follows: 


D(w) = » dij(w) = ») d(Gij;, Ay; ) w; 


=1k=1 
= EBB (Efe fof (2 + ta, — tay - 


fai) ej (2 Plaga fo,)) is a) 
Similarly, the deviation value of all the alternatives to other 
akon for all the el can be taken as: 


D(w) = >» (w) = YY ay6 


jzaLi= 
nr iy 24 Dake -d( Gy, yj) 0) 
a ai, (2 + lay — bay — fay) 
Pp . 
Ba (2 Flas ~ bey — fax,) 
If the information about the attribute weights 1s partially 


known or completely unknown, then we propose two 
models to obtain the attribute weights. 


1 y4 
12 “p=1 


fei diat Lk= 


Wj 


3.2.1 Information about the weights of attributes Is 
partially known. 


In order to obtain the weight vector, we construct a non-lin- 
ear programming model that maximizes all deviation values 
of attributes. The model can be presented as follows: 


i> si aj (2+, — 4; ~fi,) 
c oes =f 5h)? 


aj 


n 


M>: 


max D(w 
P 
| jay (2 +t, — ig, 


v 
II 


(M —2) 


subject to we A, w,=l,w,20, for j =1,2,..,n. 


J 
(11) 
By solving the model (M-1), we obtain the optimal solution 
to be used as the weight vector. 


j=l 


3.2.2 Information about the weights of attributes is un- 
known. 


If the information about attribute weight is completely 
unknown, then we can establish the following programming 
model: 


: = 
a, (2+t, —t, 


-f;,) 
gi? 


aj 


nN 
We 
ii 
Pel 
i 
v 
iF 
| 
Q 
ay 
—~ 
No 
a 
~ 
| 


subject to weA, > w 


J 


=1,w,20, for j=1,2,...n. 


(12) 


we develop the Lagrange 


j=! 


To solve the model (M-2), 
function: 
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. 
a; (2+ ta, —t;, — 


WwW 
Dp . 
ay (2 a ba, 7 a i Sa, ) 








where € is a real number and denoting the Lagrange 
multiplier variable. Then the partial derivative of L with 
respect to w,(j=1,2,....n) and € are obtained as: 














mm 4 a; (2+t, —1, —f;,) (14) 
—_— = " w,+éw, =0 

yp»? Cas i ten a , 
OL GS , 
—=) w,-1=0 15 
ae uM (15) 
It follows from Eq. (14) that 

23 a; (2+t;, =e =e) 

i=l k= p=l ay (2 +t; tg, =) 
Ww, = . . for j=]2.07: 

c 
(16) 


Putting the values of w, in Eq.(15), we obtain 
2 
= Sa, ) 
(17) 


~~ Sa,) 
— fa,) 
— fi) 


Aj 


- 
a; (2+ ts, — la, 











=a,(2+ ta, — ba 





S53 






aj; (2 + ts, — la, 


ay (2 +t, — a, 





2 
~ for €<0. 








(18) 
Then combining Eq.(16) and Eq.(18), we obtain the 
following formula for determining the weight of attribute 





























C,(j =1,2,....m) : 
py aj, (2 + ba, a a Fi,) 
i=l k=l p=i| |—@,,(2 + li, =e ha) 
ie : (19) 
d;; (2 a ba, od la, = Sa, ) 
GAN GA EA DEA —aj(2 +t, — 14, — fi,) 
We make their sum into a unit by normalizing 


w(j=1,2,..,n) and get the optimal weight of attribute 
C,(j =1,2,...,0) : 








mm 4 a, (2+t, —t;, —S;,) 
ow, 72 ati ot 
i yw, a a, Cth =.= 7,0) — 
paps) 2) 2 eee 
j=l i=l k=1 p=l a (2 +t, ig, — fi) 








Then we get the normalized weight vector of attributes: 
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W={W,,W,,...W, }. 
3.3 Determine the ideal solutions 


In the normalized decision matrix R= (7,) so the 


neutrosophic trapezoidal local positive ideal solution 
(NTrPIS) and the neutrosophic trapezoidal local negative 
ideal solution (NTrNIS) are defined as follows 





Sle pelt, and FS (i eouar. | (21) 
where, 
Ga (a eee . ant eagle tt a) 
= | max(; ),max(r, us r; )smax (1, ') | (22) 
max (f, ;)smin (i, »min n(f, _ 
nee aly. at las LoS f;) 
z aia ;) min ( 7, ;) min (7; a} (23) 


min( 1, ),max (i,,),max ( f;) 
Moreover, the trapezoidal neutrosophic global positive ideal 


solution and the trapezoidal neutrosophic global trapezoidal 
global negative ideal solution can be directly considered as 


=([L111],1,0,0) and r, =([0,0,0,0],0,1,1) (24) 


3.4 Determine the separation measures from ideal 
solutions to each alternative 


The separation measures d; and d, of each alternative 


from the ideal solutions can be determined by Eq.(9), 
Eq.(20) and Eq.(21), respectively, as follows: 


n 
ae ~ owt 
~ Dw (3,7, 
j=l 








Len affP@+t, -i,-f) 
w, a . for i=1,2,...,m (25) 
ei a One ey eery 
d, Sus 
jn 
1 <t ett 
Ww, for 1=1,2,..,.m (26) 
124 ee “(2+t, - ae ) 








3.5 Determine the relative closeness co-efficient 


The relative closeness co-efficient of an alternative A with 


respect to ideal alternative A* is defined as the following 
formula: 
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RCA) = 


where eee for i=1,2,..m. According to the 


closeness co-efficient RC(A) , 


(27) 


the ranking orders of all 


alternatives and the best alternative can be selected. The 
schematic diagram of the proposed TOPSIS is presented in 
Figure-2. 








Problem 
formulation 


Construct a decision 
matix 
Standardize the 
decision matrix 











The 
maximum 
deviation 
strategy 


Determine the separation 
measures 






TOPSIS 
strategy 


Calculate the relative with SVTrNN 


closeness 
co-efficients 


Select the best 
alternative 


Figure 2. The schematic diagram of the proposed startegy 


4 An illustrative example 


In this section, we consider an illustrative example of med- 
ical representative selection problem to demonstrate and ap- 
plicability of the proposed. 

Consider a MADM problem, where a pharmacy com- 
pany wants to recruit a medical representative. After initial 


scrutiny four candidates A(i = 1,2,3,4) have been consid- 


ered for further evaluation with respect to the four attributes 
C, (j = 1,2,3,4) namely, 


1. Oral communication skill (C; ) ; 
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2. Past experience (C;) , 


3. General aptitude (C,) and 


3) 
4. Self- confidence (C,, ) 


4)° 


The decision maker evaluates the ratings of alternatives 
A(i =1,2,...,m) with respect to the attributes C,(i=1,2,...,n) 
with the decision matrix D=(4,),,, (see Table 1). 


Table 1. Rating values of atemaess 


C, 
n [ npaem las [5,6,7,8]; 7 
0.90, 0.10, 0.05 0.65, 0.35, 0.30 
n [5, 6, 7,8]; | fe [6, 7,8, 9]: a 
0.65, 0.35, 0.30 0.80,0.20,0.15 
ra & [4,5,6, 7]; a f [5.6.7.8]: | 
0.50, 0.50, 0.45 0.65, 0.35, 0.30 
e ( [4,5,6,7]; mos f [5.6.7.8]; sh 
0.50,0.50,0.45 0.65, 0.35, 0.30 
i re [6, 7,8, 9]: a Ta [7,8,9, 10]; os 
0.80,0.20,0.15 0.90,0.10,0.05 
- f [7,8,9,10]; a ba [6, 7,8, 9]: a 
0.90,0.10,0.05 0.80,0.20,0.15 
i id [4,5, 6,7]; a 2 [4,5, 6,7]: - 
0.50, 0.50, 0.45 0.50, 0.50, 0.45 
ae f [6, 7,8, 9]; 
0.50, 0.50, 0.45 0.80,0.20,0.15 


The information of the attributes is incompletely known and 
the weight information is given as follows: 
0.20 < w, < 0.30,0.05 < w, < 0.20, 


A= : 28 
0.20 < w, <0.35,0.15< w, $0.35; w, =1 a 


j=l 
To determine the best alternative, we use the proposed 
strategy involving the following steps: 


Step 1. Standardize the decision matrix 


Since the selective attributes are benefit type attributes, then 
using Eq. (6), we have the following standardized decision 
matrix: R= (7,),,, (see Table 2.) 


Table 2. Standardized rating values of alternatives 


C C, 
‘ [0.7, 0.8, 0.9, 1.0]; [0.5, 0.6, 0.7, 0.8]; 
0.90, 0.10, 0.05 0.65, 0.35, 0.30 
" [0.5, 0.6, 0.7, 0.8]; [0.6,0.7,0.8, 0.9]; 
° 0.65, 0.35, 0.30 0.80, 0.20,0.15 
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" | eae 
0.50,0.50,0.45 0.65, 0.35, 0.30 
[0.4,0.5,0.6,0.7]: [0.5,0.6,0.7, 0.8]: 

. f 0.50,0.50,0.45 i f 0.65, 0.35, 0.30 

" To Tsp 
0.80,0.20,0.15 0.90, 0.10, 0.05 

s poneed leone ; 
0.90, 0.10, 0.05 0.80,0.20,0.15 

" peers nee i 
0.50,0.50,0.45 0.50,0.50,0.45 
[0.4, 0.5,0.6,0.7] [0.6,0.7, 0.8, 0.9]: 

” brenreeneg peer 


Step 2. Determine the attribute weight 
Case 1. Weight information is incompletely known. 


Using the model (M-1), we construct the following single- 
objective programming problem: 
max D(w) = 3.2133w, +1.1401w, + 3.4250w, + 2.9700w, 
4 29 
subject to we A, , =l,w,20, for j =1,2,..,4. oe 
j=l 
Solving this model with optimization software LINGO 13, 
we get the optimal weight vector as 
= (0.30,0.05,0.35,0.30). 


Case 2. Weight information is completely unknown. 
Following Eq.(20), we obtain the following optimal weight 
vector: 

w= (0.2990,0. 106 1,0.3186,0.2763). 


Step 3. Determine the ideal solutions 


Since the chosen attributes are benefit type attribute, then 


following Eq.(22) we determine the neutrosophic 
trapezoidal positive ideal solution as 
([0.7,0.8,0.9,1.0];0.90,0.10,0.05), 
_| ({0.6,0.7,0.8,0.9];0.80,0.20,0.15), on 
([0.7,0.8,0.9,1.0];0.90,0.10,0.05), 


([0.7,0.8,0.9,1.0];0.90,0.10,0.05) 


Similarly, using Eq.(23), we determine the neutrosophic 
trapezoidal negative ideal solution 


([0.4,0.5,0.6,0.7];0.50,0.50,0.45), 
([0.5,0.6,0.7,0.8];0.65,0.35,0.30), 
([0.4,0.5,0.6,0.7];0.50,0.50,0.45), 
([0.4,0.5,0.6,0.7];0.50,0.50,0.45 


(31) 


So 
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Step 4. Determine the separation measures from ideal 
solutions to each alternative. 


Case 1. Employing Eq.(25), we obtain the separation 
measures d, of each alternative A(i=1,2,3,4) from A’: 


d(A,A*)=0.0673 , d(A,,A")=0.1538 , d(A,,A")=0.4792 , 
d(A,,A*) = 0.3807. 


Similarly, using Eq.(26), we obtain the separation measures 
d; of each alternative A(i=1,2,3,4) from A’: 


d(A,A-)=0.4119 , d(A,,A)=0.3254 , d(A,A)=0 , 
d(A,,A” ) = 0.0985. 

Case 2. The separation measures d; of each alternative 
A(i=1,2,3,4) from A*: 

d(A,A*)=0.0721 , d(A,,A")=0.1494 , d(A,,A")=0.4615 , 
d(A,,A*) = 0.3708. 

Similarly, the separation measures d, of each alternative 
A(i=1,2,3,4) from A : 

d(A,A)=0.3894 , d(A,,A)=0.3120 , d(A,,A)=0 , 
d(A,,A” ) = 0.0907. 


Step 5. Calculate the relative closeness coefficient. 


Using Eq.(27), we calculate the relative closeness 
coefficient RC(A,) of alternative A(i=1,2,3,4) for Case 1 


and Case 2, respectively. We put the result in Table 3. 


Table 3. Rating values of alternatives 


RC(Aij) Case | Case 2 
RC(A1) 0.8596 0.8438 
RC(A2) 0.6790 0.6824 
RC(A3) 0 0 

RC(Agq) 0.2056 0.1965 


Following Table 3, we rank the alternatives A(i=1,2,3,4) 


according to the values of relative closeness coefficient 
RC(A,) for both cases: A,> A, >A,>A;. Therefore A, is the 


best alternative. 


5 Conclusions 


TOPSIS strategy is a useful strategy for solving MADM 
problem under different environment. In this paper, we have 
investigated MADM problems with SVTrNNs. The weight 
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information of attributes have been considered to be incom- 
pletely known or completely unknown. First, we have used 
Hamming distance measure to determine the distance meas- 
ure of SVTrNNs. Second, we developed an optimization 
model to determine the attribute weights based on the idea 
of maximum deviation strategy. Third, we have extended 
the TOPSIS strategy for solving the MADM model with 
SVTINNs. Finally, we have provided an illustrative exam- 
ples to verify the feasibility and effectiveness of the pro- 
posed model. The proposed TOPSIS strategy can be ex- 
tended to multi-attribute group decision making with 
SVTrNNs and multi-attribute decision making problem 
with interval trapezoidal neutrosophic numbers. The pro- 
posed TOPSIS strategy can be used in solving logistics 
center location selection [61, 62], weaver selection [63, 64], 
data mining [65], school choice [66], teacher selection [67], 
brick field selection [68-69), etc. under SVTIrNN environ- 
ment. 
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Abstract. In this paper, we introduce interval trapezoidal 
neutrosophic number and define some arithmetic opera- 
tions of the proposed interval trapezoidal neutrosophic 
numbers. Then we consider a multiple attribute decision 
making (MADM) problem with interval trapezoidal neu- 
trosophic numbers. The weight information of each at- 
tribute in the multi attribute decision making problem is 
expressed in terms of interval trapezoidal neutrosophic 
numbers. To develop distance measure based MADM 
strategy with interval trapezoidal neutrosophic numbers, 
we define normalised Hamming distance measure of the 


proposed numbers and develop an algorithm to determine 
the weight of the attributes. Using these weights, we ag- 
gregate the distance measures of preference values of 
each alternative with respect to ideal alternative. Then we 
determine the ranking order of all alternatives according 
to the aggregated weighted distance measures of all 
available alternatives. Finally, we provide an illustrative 
example to show the feasibility, applicability of the pro- 
posed MADM strategy with interval trapezoidal neutro- 
sophic numbers. 


Keywords: Interval trapezoidal neutrosophic number, Hamming distance measure, entropy, multi-attribute decision making. 


1 Introduction 


Neutrosophic set theory, pioneered by Smarandache [1], is 
an important tool for dealing with imprecise, incomplete, 
indeterminate, and inconsistent information occurred in 
decision making process. Neutrosophic set has three inde- 
pendent components: truth membership degree, indetermi- 
nate membership degree, and falsity membership degree 
lying in a non-standard unit interval|]~0,1*[. Wang et al. 
[2] introduced single valued neutrosophic set which has 
three membership degrees and the value of each member- 
ship degree lies in [0,1]. Wang et al. [3] proposed interval 
neutrosophic set (INS) in which the values of its truth 
membership degree, indeterminacy membership degree, 
and falsity membership degree are intervals rather than 
crisp numbers. Therefore, INSs allow us flexibility in pre- 
senting neutrosophic information existing in modern deci- 
sion making problem. Recently, many researchers have 
shown interest on possible application of INSs in the field 
of multi-attribute decision making (MADM) and multi- 
attribute group decision making (MAGDM). 

Chi and Liu [4] extended technique for order preference by 
similarity to ideal solution (TOPSIS) strategy for MADM 
with INSs. Pramanik and Mondal [5] combined grey rela- 
tional analysis (GRA) with MADM strategy for interval 
neutrosophic information and presented a novel MADM 
strategy in interval neutrosophic environment. Dey et al. 


[6] defined weighted projection measure and developed an 
MADM strategy for interval neutrosophic information. In 
the same study, Dey et al. [6] also developed an alternative 
strategy to solve MADM problems based on the combina- 
tion of angle cosine and projection measure. Ye [7] defined 
some similarity measures of INSs and employed these 
measures in multi-criteria decision making (MCDM) prob- 
lem. Pramanik et al. [8] proposed hybrid vector similarity 
measures of single valued neutrosophic sets as well as in- 
terval neutrosophic sets and developed two MADM strate- 
gies to solve MADM problems. Peng et al. [9] developed 
some aggregation operators of simplified neutrosophic sets 
to solve multi-criteria group decision making problem. 
Dey et al. [10] extended grey relational analysis strategy 
for solving weaver selection problem in interval neutro- 
sophic environment. Zhang et al. [11] proposed an out- 
ranking strategy for MCDM problem with neutrosophic 
sets. Dalapati et al. [12] proposed cross entropy measure of 
INSs and employed the measure in solving MADGM prob- 
lem. 


However, the domain of single valued and interval neutro- 
sophic set considered is a discrete set. Ye [13], and Subas 
[14] introduced single valued trapezoidal neutrosophic 
number (SVTrNN), where each element is expressed by 
trapezoidal numbers that has a truth membership degree, 
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an indeterminate membership degree, and a falsity 
membership degree. Biswas et al. [15] also introduced 
SVTrNN in which each membership degree is charactrized 
by normalized trapezoidal fuzzy number. In the same study, 
Biswas et al. [15] proposed value and ambiguity based 
ranking strategyand applied this strategy to MADM 
problem. Deli and Subas [16] also proposed a ranking 
strategy of single valued neutrosophic number and utilized 
this strategy in MADM problems. Deli and Subas [17] 
developed some weighted geometric operators of 
triangular neutrosophic numbers to solve MADM problem. 
Ye [13] proposed two weighted aggregation operators of 
trapezoidal neutrosophic numbers and applied them to 
MADM problem. Liu and Zhang [18] presented some 
Maclaurin symmetric mean operators for single-valued 
trapezoidal neutrosophic numbers and discussed their 
applications to group decision making. Liang et al. [19] 
utilized preference relationon to solve MCDM strategy 
with SVTrNN. Basset et al. [20] intregated the analytical 
heirarchy process into Delphi framework based group 
decision making model with trapezoidal neutrosophic 
numbers. 


However due to complexity of decision making problem, 
decision makers may face difficulties to express their opin- 
ion with the single valued truth membership degree, inde- 
terminacy membership degree, and the falsity membership 
in neutrosophic environment. Then, it is easy to express 
their opinion in terms of three membership degrees with an 
interval number rather than exact real number. Therefore, 
we have an opportunity to investigate a trapezoidal neutro- 
sophic number that has a three membership degrees repre- 
sented in interval form. We call this new number as inter- 
val trapezoidal neutrosophic number (ITrNN). The pro- 
posed number permits us to deal with more neutrosophic 
information than SVTrNN. Hence, we need to develop 
some decision making strategies with the ITrNNs. At pre- 
sent no studies have been reported in the literature for 
MADM with ITrNNs. 


The main objectives of the study are: 

=" To introduce ITrNN and present some of its opera- 
tional rules. 

=" To define normalized Hamming distance measure of 
ITrNNs. 

= To develop a novel strategy for solving MADM prob- 
lem with ITrNNs. 


The remainder of the paper is outlined as follows: Section 
2reviews some basics on single valued neutrosophic sets, 
interval neutrosophic sets. Section 3 introduces ITrNNs 
and defines some arithmetical operations. Section 4 pre- 


sents a novel strategyfor solving MADM with interval 
trapezoidal neutrosophic numbers. Section 5 provides an 
illustrative example to illustrate the proposed strategy. Fi- 
nally, Section 6 draws some concluding remarks with fu- 
ture research directions. 


2 Preliminaries 


Definition 1. [2] Assume thatX be a universe of discourse. 
A single-valued neutrosophic set A in X is given by 


A= 4e,< 7) (@);1,(@),4,(@). >| we] Xx} (1) 


where T,(x):X — [0,1], I4(%):X > [0,1] and Fy(x):X > 
[0,1], with the condition 

0<7,(%)+)(«) + Fi(x) < 3 forall x € X. 

The functions T,(x), I,(x) and F,(x) represent, respec- 
tively, the truth membership function, the indeterminacy 
function and the falsity membership function of the ele- 
ment x to the set A. 


Definition 2. [3] Let X be a universe of discourse and 
D{0,1] be the set of all closed sub-intervals. An interval 
neutrosophic set A in X is given by 


A={z,<T,(2),1,(a),F,(@) =| ee X} 


where T x(x): X > D[0,1], g(x): X > D[0,1] 
Fj(x):X > D[0,1], with the condition 

0 < supT;(x) + supl;(x) + supFj(x) < 3 for allx EX. 
The intervals T;(x), [z(x) and Fj(x) represent the truth 
membership degree, the indeterminacy membership degree 
and the falsity membership degree of the element x to the 
set A, respectively. 


(2) 


and 


3. Interval 
(ITrNNs) 


trapezoidal neutrosophic numbers 


In this section, we present the concept of interval trapezoi- 
dal neutrosophic number and define its basic operations. 


Definition 3. Let a is a trapezoidal neutrosophic number in 
the set of real numbers, its truth membership function is 


x—a)t- 
Oe aes. 
b-a 
ta |e oe Mie be 
T; = = eo. ee 
a (x) (d —x)t, 
——§— c<x<d; 
d—c 
lo otherwise, 


Its indeterminacy membership function is 
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b—x+(x—-a)ig 


SEE EE <x <b; 
| a a<x 
l= b<x<c: 
IF = ee 
a (*) x-—ct+(d—-x)ig 
—————. c<x<d; 
d—c 
0 otherwise, 
and its falsity membership function is 
b—-x+(x-a)fz 
| b-—a 
i <= <= . 
Fz (x) = ae bSXSC; 
Se SSE 
d—c 
0 otherwise, 


where tg C [0,1], ig ¢ [0,1], and fg © [0,1] are interval 
numbers and 0 < sup(t,) + sup(i,) + sup(f;) < 3. 


Then @ is called an interval trapezoidal neutrosophic num- 
ber and it is denoted by a = ([a, b, c, d]; tg ig fz). For 


convenience we can take tz = [t, t], ig = [i, i], and fz = 
Lf, fli. Then the number @ can be denoted by @= 


([a, b, ¢, a); [e, t], [i iF, FD. 


Definition 4. Let d = ([a, b, c, d]; [t, ¢|, i il, if, FD 
be an ITrNN. If a=>O and one of the four values 


of a, b, c andd is not equal to zero, then the ITrNN @ is 
called positive ITrNN. 


3.1. Some arithmetic operations on ITrNNs 


Definition 5. Let a, = 
({a,, by, Ci, d,]; ts, | , lis, i,| ) Lf fi) and 


Az = ([a2, bo, C2, d,]; \to, é| , ly, i,| , fo, BD be two 


INTrNs and A = 0. Then the following operations are valid. 


[a, +a, by + bo, Cy + Co, dy + dy]; 
Jt, + ty — ty tz, ty + &-G 6], 


lit, GE), [ih Af] 


1. a, @ a, = 


2D. ay & a, = 
la, + Ap, b, + bo, Cy + Co, a, + d>|; ts t> ; f &|, 


lin tiz-thiz, + HTH], 


fit h-hh h+ h-hh] 
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[A a,,Ab,,Ac,A d,|; 
A 
_ = _ a Soya 
a Aas 1 aa) =O ay], ASO 


oy’). [@)”. 
lat, bt, ct, dt]; (4) "| 


4. (G,)4 = 1 - (1-4) ,1-(1-4)'], ,A>0. 
[1 -(1-f) .1- (0-7) 


Definition 6. The ideal choice of interval neutrosophic 
trapezoidal number is 


I* = ({1, 1, 1, 1];[1, 1], [0,0], [0,0]). (3) 


3.2. Hamming distance between two ITrNNs. 


Let @ = ([a,, by, ¢, dy]; i A lis, di; Uf fi) and 


Az ([ap, bo, C2, d,|; \to, Bl ly, i,| , Lf2, fr)) be any 
two INTrNs, then the normalized Hamming distance be- 
tween @, and G, is defined as follows: 


d(a,, az) = 


a,(2+t-i-fi)+a,(2+&-G-f) 

b,(2+t-i—fi)+b(2+%-G-fA) 
a (2+t-i-fA)ta(2+m-G-fA) 

di (2+t-i,-f)+a(2+%-G-f) 
Theorem 1. The normalized Hamming distance measure 
d(.) between dG, and G@, obeys the following properties: 
i. d(@,da,) = 0, 
il. d(a,, Giz) = d(Gz, d,), 
111. d(a,, Giz) < d(a,, Giz) “F d(da>, G3), where 


a3 = ([as, b3, C3, dz]; \ts, fl, lis, i,| , fs, fz})is an 
ITrNN. 














(4) 








+ 








Proof. 


i. The distance measure d(d,,a,) > Oholds for any two 
a, anda. If a, da, that is for a, =a5,b, = 
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by, Cy = Cz,d, = dz,t,=t2, H=t, h=i, G= 
i>.ft = fooft = fo, then we have d(@1, a,) = 0 and conse- 


quently,d(G@,, G,) > 0. 


ii. The proof is obvious. 


11. The normalized Hamming distance between @, and @3 


is taken as follows: 
a,(2+t,-i,-fi)+a(2+%-G-A) 


—a;(2 +t, — i; — fg) -a,(2+& -& - fi) 
b,(2+t,-i, - fi) +,(2+&-G-fi) 

















" = 
eg | Oe ae 
24 a(2+t-a-f)+a(2+&-G-f) 
—c; (2 +t, i; — f)-(2+% -G- fr) 
és d,(2+t,-i,-fi)+a(2+8-G-A) 
—d;(2+t,-i, - f,)-4,(2+&-§-f) 
a,(2+t,-i,- fi) +a(2+%-G-A) 
4a,(2+t-i-fo)+a,(2+&-% - fi) 
de Sk, aye 
—a;(2 +t, — is — fz) -a,(2+& -& - fa) 
OPn=5ei) Ortega) 
_ [te (2+e-b- fh) +h2+6-5-f) 
-b,(2+t-in-fr —b,(2+t-%-f,) 
_ —b; (2+ ts — is — fz) — (2+ -G - fe) 
= 34 a(2+t-a-fi)+a(2+&-G-f) 


+0,(2+t-i- fp) +a(2+%-%- fr) 
-¢,(2+t, -i- fp) -o(2+%-% - ft) 
—c; (2+ ty — is - fy) - (2+ -& - fh) 
d,(2+t,-i,-f)+4,(2+8-G-A) 
+d,(2+t,-i- fp) +d(2+%-G - fr) 
—d,(2+t,-i,- fp) -d(2+% -G - ft) 
—d; (2+ ty — i; - fz) -d3(2+% -G - fe) 











a,(2+t,-i,-fi)+a(2+%-G-A) 
—a,(2+t-i,-fo)-a,(2+&-% - fi) 
b,(2+t,-i - fi) +bi(2+&-G-fi) 
—b, (2+ t, -i, - fy) -b(2+% -% - ft) 
a(2+t-a-f)ta(2+&-G-f) 
-c,(2+t,-i, - fp) -o(2+%-G-fy) 
d,(2+t,-i,-f)+a(2+8-G-A) 
-d,(2+t,-i,- fp) -d(2+% -G- ft) 








+ 














+ 








a,(2+t,-i- fy) +a,(2+&-% -f) 
—a;(2+t, — is - fz) -a,(2+& -& - ft) 
by (2 +t, -i, - fy) +b(2+%-% - fr) 
—b; (2+ tz — is — fz) -— b(2+% -G- fr) 
(2+t-i,-f)+a(2+%-G-fr) 
—c; (2 +t, -i3 — fy) -(2+%-G- fr) 
d,(2+t,-i,- fp) +(2+%-G- ft) 
—d; (2+ ty — is - fy) - d3(2 + -& - fe) 








+ 








+ 








+ 








< a(a4, a>) a d(a2, a3). O 


4 MADM strategy with interval trapezoidal neu- 
trosophic numbers 


In this section we put forward a framework for determining 
the attribute weights and the ranking orders for all the al- 
ternatives with incomplete weight information under inter- 
val trapezoidal neutrosophic number environment. 


Consider a MADM problem, where A = {Aj, Az, ..., Ay} 18 
a set of m alternatives and C = {C,,C),...,C,}1s a set of n 
attributes.The attribute value of alternative A;(i = 
1,2,...,m)over the attribute C;Y = 1,2,...,n)is expressed 
in terms of ITrNNs@,; = (aij, bij, cij, dij|; titi fi;,), 
where, O<t, <1,0<i; <1,0<f;, <1, and0< 
titi +fij <3 for i=1,2,..,m and <— 
1,2,...,n. Here, t; j denotes the interval truth membership 
degree, i;; denotes the interval indeterminate membership 
degree, and f; j denotes the interval falsity membership 
degree to consider the trapezoidal number 
la; Diy Ci Gs i] as the rating values of A; with respect to 
the attribute Cj. 

We consider an MADM problem in the decision matrix 
form where each entry represents the rating of alternatives 
with respect to the corresponding attribute. Thus we obtain 
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the following neutrosophic decision matrix (see Equation 
5): 


Qy1 Ayn Ain 

_. Fis _ | G1 Az2 Aon 
D= (Gj) on =I: ; : (5) 

Ami Am2 Amn 


We assume that the attributes have different weights. The 
weight vector of the attributes is prescribed asW = 
(W1,W2,..,Wy,) , where w,is the weight of the attribute 
C;U = 1,2,...,n) and expressed in the form of ITrNNs. 


Using the following steps, we present MADM strategy un- 
der ITrNN environment. 


Step-1. Determine the weight of attributes 


Weight measure plays an important role in MADM prob- 
lems and has a direct relationship with the distance meas- 
ure between two rating values. To deal with decision in- 
formation with ITrNNs, we use normalized Hamming dis- 
tance between two ITrNNs. 

We assume that the attribute weight w, is expressed by- 
ITrNNs as: 


= = ((w), we ,W? , Wi |: |e, 
j =1,2,..,n 
If A(v;, I*) is a distance between weight W, and J*, then 
the distance vector is given by 


for 


> [be 5) -U HD 


A(W) = (AW, I*), ACW, I*),..., Ay, I*)), (6) 
where 
A(w, T*) = 
lw (2+ -t — f,) + w} (2+¢t,-i,- fi)- 6| 
‘i + |w?(2+t-i,-fi)+w?2+h-h-f)-4| 
gs i tiaoats wi(2+h--fi)-4| 
+|wi (2+t-i,-f)+wi(2+h-h-f) -6| 


(7) 


The corresponding normalized distance vector is given by 


A = (AW, I*), A(Wp, I*),  A(Wr, es) 
(8) 
A(w;,1*) 
where, A(W;, [i= ari for J = 12..2,7 


The concept of entropy [21] has been extended in this pa- 
per and, the entropy measure of the jth attribute (C;) form 
available alternative can be obtained from 





_ 1 A(w;,1*) A(w;,I*) 
“i ~~ Tan) a ae Carn >) ) 
Using Equation (9), we finally obtain the normalized 
weight of the jth attribute 

ee ts 
Wj = 5% (1-e)) : (10) 
Consequently, we get the weight vector w= 
(Wy, W2,.., Wy), Where O Sw; <1 for j = 1,2,...,n 
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Step 2. Determine the aggregated weighted distances be- 
tween ideal alternative and each alternative 


The Hamming distance measure between the attribute 
value 


(aij) = ([ai, bij, cij ijl; tis, tij|, liu, fas] fin fis] 1) 
and the ideal value J+ = ([1, 1, 1, 1];[1, 1], [0,0], [0,0]) 
is obtained as follows: 





A(a;;, I+) = 
lays (2 + ty — ty — fiz) t ay(2 +8 - ty - fi) - 4 
a + [by (2+ ty — ty — fiz) + by (2 + ty - ty — fy) - 4| 
+|cij(2 + bij — tj — fig) + cuj(2 + Fey — ti — fiz) — 4 
i a il il lk i ae are 


Therefore the distance vector for the alternative A;(i = 
1,2, ...,m) with respect to ideal value [* can be set as 


A(Ai) = (ACGix, I*), ACGiz, I*),..., AGins I*)) (12) 


Using Equation (10), and Equation(11), we calculate the 
ageregated weighted distance A“ (A;, I+) between the ide- 


al point and the alternative A; fori = 1,2,...,m as 
Ag = aw A ag) for t= 12g = 
i Aer 2) (13) 


Step 3. Determine the rank of alternatives 


Finally, the ranking of alternatives is performed using the 
values of the distances A“ (A,, [*+) for i = 1,2,...,m.The 
basic idea of ranking the alternative is — smaller the value 
of A“ (A,, I+) better the performance/closeness of an alter- 
native to ideal solution. 


The schematic diagram of the proposed strategy is present- 
ed in the Figure 1. 


Construct a decision matrix 
Determine the weight of attributes 
using entropy strategy 


Aggregate the elements of distance 
vector for each alternative 


Rank the alternatives according 
to the aggregated values 


Figure 1. The schematic diagram of the proposed strategy 
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5 An illustrative numerical example of MADM 


In this section, we consider an MADM problem which 
deals with the supplier selection in supply chain manage- 
ment. 

Assume that the MADM problem consists of three 
suppliers A, ,Az,Az3 and four attributes C1, Cz, C3, C4. 


The four attributes are 
1. Product quality(C,), 
2. Service(C3), 

3. Delivery (C3) and 

4. Affordable price(C,). 

We also assume that the alternatives A, ,A,,A3 are to 
be assessed in terms of the interval neutrosophic trapezoi- 
dal numbers with respect to the four attrib- 
utes C,, Cz, Cz, C,. The following decision matrix represents 
the assessment values of alternatives over the attributes: 


Table 1. Rating values of alternatives 


C; C, 

A, ([.3,.4,.5,.6]; [6,.7],L 3, 4]. 1,.3)) ([.4,.5,.6,.7]; [.5,.6], 4, .5][.2,.3]) 

A, ({e7,28)7:9)<L.0]s S71 2281 1624) ([.6,.7,.8,.9]; [.4,.6], 2, .4][. 2,.3]) 

A; ([.2,.3,.5,.6]; [5,.6], [.3,.4][ 2,.3]) (L.3,.4,.6,.7]; [.7,-8],[1,.2][-1,.2]) 
C3 C4 

A, ([.3,.4,-5,.6]; [5,.6], [.3,.4][ 2,.3]) (L.6,.7,.8,.9]; [.7,.8],[1,.2][-1,.2]) 

A, ([. 5; :6,;8,.9]. [.5,<7], [4,2] [-1,:2]) ([.6,.7,.8,.9]; [.6,.8], [ 2, .3][.1,.2]) 

A; (L.6,.7,.8,.9]; L5,.6], [3,.4][ 2,.3]) ([.4,.6,.7,.8]; [.4,.5], [ 2, .3][.1,.2]) 


The importance of attributes Cj; = 1,2,3,4) are given 


by 
([. 2,.3,.4,.5]; [.5,.6], [.3, 4][.2,.3]), 
([.1,.2,.3, 4]; [.4,. 511,21. 1,.2]) 
([.3,.4,.5,.6]; [.5,.6], [. 3, .4][. 2,.3]), 
([.4,.5,.6,.7]; [.3,.5], [. 2,.4][. 1, .3]) 
= {W,, Wp, Ws, W4} (12) 
In order to solve the problem, we consider the follow- 
ing steps: 


W= 


Step-1. Determine the weights of attributes 


Using Equation (7) and Equation (8), we obtain the 
distance vector with respect to ideal interval neutrosophic 
trapezoidal number as: 

A = (0.7725, 0.8208, 0.7075, 0.6517)). 

Utilizing Equation (9) and Equation (10), we ob- 
tain the weight vector of the attributes: 
w = {0.2485, 0.2468, 0.2509, 0.2538}. 


Step 2. Determine the aggregated weighted distances 
for each alternative 


Using Equation (13) and the weight vectorw, we obtain 
the aggregated weighted distances of alternatives: 


A(A,, I+) = 0.6092, A(A,, I*) = 0.4512, and 


A(A3, I+) = 0.6039. 
Step 3. Rank the alternatives 


Smaller value of distance indicates the better alterna- 
tive. So the ranking of the alternatives appears as: 


As Ass Ay: 


The ranking order reflects that A, is the best supplier 
for the considered problem. 


6 Conclusions 


In this paper, we have introduced new neutrosophic 
number called interval neutrosophic trapezoidal number 
(INTrN) characterized by interval valued truth, indetermi- 
nacy, and falsity membership degrees. We have defined 
some arithmetic operations on INTrNs, and normalized 
Hamming distance between INTrNs. We have developed a 
new multi-attribute decision making strategy, where the 
rating values of alternatives over the attributes and the im- 
portance of weight of attributes assume the form of IN- 
TrNs. We have used entropy strategy to determine attribute 
weight and then used it to calculate aggregated weighted 
distance measure. We have determined ranking order of al- 
ternatives with the help of aggregated weighted distance 
measures. Finally, we have provided an illustrative exam- 
ple to show the feasibility, applicability and effectiveness 
of the proposed strategy. We hope that the proposed inter- 
val neutrosophic trapezoidal number as well as the pro- 
posed MADM strategy will be widely applicable in deci- 
sion making science, especially, in brick selection [22, 23], 
logistics centre location selection [24, 25], school choice 
[26], teacher selection [27, 28], weaver selection [29], etc. 
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Abstract: In this paper, tangent similarity measure of interval 
valued neutrosophic sets is proposed and its properties are 
examined. The concept of interval valued neutrosophic set is a 
powerful mathematical tool to deal with incomplete, 
indeterminate and inconsistent information. The concept of this 
tangent similarity measure is based on interval valued 
neutrosophic information. We present a multi-attribute decision 


making strategy based on the proposed similarity measure. Using 
this tangent similarity measure, an application, namely, selection 
of suitable sector for money investment of a government 
employee for a financial year is presented. Finally, a comparison 
of the proposed strategy with the existing strategies has been 
provided in order to exhibit the effectiveness and practicality of 
the proposed strategy. 


Keywords: Neutrosophic set, interval valued neutrosophic set, tangent function, similarity measure, multi attribute decision making 


1 Introduction 


Decision making in every real field is a very challenging 
task for an individual. Decision making is done based on 
some attributes. In real life situations, attribute information 
involves indeterminacy, incompleteness and inconsistency. 
Indeterminacy plays an important role in real world deci- 
sion-making problems. Neutrosophic set [1] is an 
important tool to deal with imprecise, indeterminate, and 
inconsistent data. 

The concept of neutrosophic set generalizes the fuzzy 
set [2], intuitionistic fuzzy set [3]. Wang et al. [4] proposed 
interval valued neutrosophic sets in which the truth- 
membership, indeterminacy-membership, and __false- 
membership were extended to interval valued numbers. 
Realizing the difficulty in applying the neutrosophic sets in 
realistic problems, Wang et al. [5] introduced the concept 
of single valued neutrosophic set, a subclass of neutrosoph- 
ic set. Single valued neutrosophic set can be applied in real 
scientific and engineering fields. It offers us extra possibil- 
ity to represent uncertainty, imprecise, incomplete, and 
inconsistent information. 

During the last seven years neutrosophic sets and 
single valued have been studied and applied in different 
fields such as medical diagnosis [6, 7], decision making 
problems [8-12], social problems [13, 14], educational 
problem [15, 16], image processing [17, 18], conflict 
resolution [19], etc. 


The concept of similarity is very important for decision 
making problems. Some strategies [20, 21] have been pro- 
posed for measuring the degree of similarity between fuzzy 
sets. However, these strategies are not capable of dealing 
with the similarity measures involving indeterminacy, and 
inconsistency. In the literature, few studies have addressed 
similarity measures for neutrosophic sets, single-valued 
neutrosophic sets and interval valued neutrosophic sets 
[22-28]. 

Salama and Blowi [29] defined the correlation coeffi- 
cient on the domain of neutrosophic sets, which is another 
kind of similarity measure. Broumi and Smarandache [30] 
extended the Hausdorff distance to neutrosophic sets. After 
that, a new series of similarity measures has been proposed 
for neutrosophic set using different approaches. Broumi 
and Smarandache [31] also proposed the correlation 
coefficient between interval valued neutrosphic _ sets. 
Majumdar and Smanta [32] studied several similarity 
measures of single valued neutrosophic sets (SVNS) based 
on distances, a matching function, memebership grades, 
and entropy measure for a SVNS. 

Ye [33] proposed the distance-based similarity 
measure of SVNSs and applied it to the group decision 
making problems with  single-valued neutrosophic 
information. Ye [34] also proposed three vector similarity 
measures for SNSs, an instance of SVNS and interval 
valued neutrosophic set, including the Jaccard, Dice, and 
cosine similarity and applied them to multi-attribute 
decision-making problems with simplified neutrosophic 
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information. Recently, Ye [35] presented similarity 
measures on interval valued neutrosophic set based on 
Hamming distance and Euclidean distance and offered a 
numerical example of its use in decision making problems. 
Broumi and Smarandache [36] proposed a cosine similarity 
measure of interval valued neutrosophic sets. 

Ye [37] further studied and found that there exsit some 
disadvantages of existing cosine similarity measures de- 
fined in vector space in some situations. Ye [37] men- 
tioned that the defined function may produce absurd result 
in some real cases. In order to overcome theses 
disadvantages, Ye [37] proposed improved cosine similari- 
ty measures based on cosine function, including single- 
valued neutrosophic cosine similarity measures and inter- 
val valued neutrosophic cosine similarity measures. In his 
study, Ye [37] proposed medical diagnosis strategy based 
on the improved cosine similarity measures. Ye and Fu 
[38] further studied medical diagnosis problem namely, 
multi-period medical diagnosis using a_ single-valued 
neutrosophic similarity measure based on tangent function. 
Recently, Biswas et al. [39] studied cosine similarity 
measure based multi-attribute decision-making with 
trapezoidal fuzzy neutrosophic numbers. In _ hybrid 
environment, Pramanik and Mondal [40] proposed cosine 
similarity measure of rough neutrosophic sets and provided 
its application in medical diagnosis. Pramanik and Mondal 
[41] also proposed cotangent similarity measure of rough 
neutrosophic sets and its application to medical diagnosis. 

Pramanik and Mondal [42] proposed weighted fuzzy 
similarity measure based on tangent function and its 
application to medical diagnosis. Pramanik and Mondal 
[43] also proposed tangent similarity measures between 
intuitionistic fuzzy sets and studied some of its properties 
and applied it for medical diagnosis. Mondal and Pramanik 
[44] also proposed tangent similarity measures between 
single-valued neutrosophic sets and studied some of its 
properties and applied in decision making. 


Research gap: MADM strategy using similarity measure 
based on tangent function under interval neutrosophic 
environment is yet to appear. 


Research questions: 


° Is it possible to define a new similarity measure 
between interval neutrosophic sets using tangent 
function? 

® Is it possible to develop a new MADM strategy 
based on the proposed similarity measure in 
interval neutrosophic environment? 


Having motivated from the above researches on 
neutrosophic similarity measures, we have extended the 
concept of neutrosophic tangent similarity measure [44] to 
interval valued neutrosophic environment. We _ have 
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defined a new similarity measure called “interval valued 
tangent similarity measure’? for interval valued 
neutrosophic sets. The properties of similarity are 
established. We establish a multi-attribute decision making 
strategy based on the interval valued tangent similarity 
measure. The proposed tangent similarity measure based 
MADM strategy is applied to money investment decision 
making problem. 


The objectives of the paper: 


e To define tangent similarity measures for interval 
valued neutrosophic set environment and prove its 
basic properties. 


e To develop a multi-attribute decision making 
strategy based on proposed similarity measures. 


e To present a numerical example for the effectiveness 
of the proposed strategy. 


Rest of the paper is structured as follows. Section 2 
presents neutrosophic preliminaries. In Section 3 we pre- 
sent tangent similarity measure for interval valued neutro- 
sophic sets and prove some of its properties. Section 4 is 
devoted to presents multi attribute decision-making based 
on interval valued neutrosophic tangent similarity measure. 
Section 5 presents the application of the proposed multi at- 
tribute decision-making strategy to a problem, namely, 
money investment of an Indian government employee after 
a financial year. Section 6 conducts a comparative analysis 
of the approach to other existing strategies. Section 7 pre- 
sents the contributions of the paper. Finally, Section 8 pre- 
sents concluding remarks and scope for future research. 


2 Neutrosophic preliminaries 
2.1 Neutrosophic sets 


Assume that X be an universe of discourse. Then the neu- 
trosophic set [1] P can be presented of the form: P = {< x: 
Tp(x), p(x), Fp(x)>, x eX}, where the functions T, J, F: 
X— |0,1°[ define respectively the degree of membership, 
the degree of indeterminacy, and the degree of non- 
membership of the element x < X to the set P satisfying the 
following the condition 


~O < supTp(x) + sup/p( x) + supF p(x) < 3". 


For two netrosophic sets (NSs), Pys= {<x: Tp(x), p(x), 
F p(x) > |x €X} and Ons={< x, To(x), Io(x), Fo(x) > |x €X 
‘ the two relations are defined as follows: 

(1) Pys < Ons if and only if Tp(x )< To(x), Ip(x) 2 Io(x), 
F(x) 2 Fo(x) 

(2) Pns= Ons if and only if Tp(x) = To(x), [p(x) = Io(x), 
F(x) = Fo(x) 
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2.2 Single valued neutrosophic sets (SVNS) 


Assume that X be a space of points with generic element in 
X denoted by x. A SVNS [5] P in X is characterized by a 
truth-membership function Tp(x), an indeterminacy- 
membership function /p(x), and a falsity membership 
function Fp(x), for each point x in X, Tp(x),  Ip(x), 
Fp(x)e[0, 1]. When X is continuous, a SVNS P can be 
written as follows: 

<T p(X), I p(X), F p(x) > 

x 
When X is discrete, a SVNS P can be written as follows: 


P=y", <T p(X;), Ip (%;), F p(x;) > xe X 
x. 


For two SVNSs , P= {<x: Tp(x), Ip(x), Fp(x)> |x €X} and 
O= {<x, To(x), [o(x), Fo(x)> | xe X } the two relations are 
defined as follows: 

(1) Pc Oif and only if Tp(x) < To(x), Ip(x) 2 Io(x), F(x 
)> Fo( x) 

(2) P= Q if and only if Tp(x) = To(x), Ip(x) = Io(x), 
F p(x) = Fo(x) for any x eX 


PS], xe xX 


2.3 Interval valued neutrosophic sets (IVNS) 


Assume that X be a space of points with generic element 
xeX. An interval valued neutrosophic set [4] A in X is 
characterized by truth-membership function T(x), inde- 
terminacy-membership function J4(x), and _ falsity- 
membership function F'4(x). T4(x), La(x), Fa(X) are consid- 


ered as interval form. 


We have, 74(x), Ja(x), F(x) € [0, 1] for all x ex. 

Assume that 

A= (x, (74), TELE, MOLI), FX (0)])> 
|x €X} and 

B= {<x,(75(x), TEOLUEOO), 8 COLLIE), F$Q01)> 
| xeX} be two IVNS. Then the following relations are 
defined as follows: 


© Ac Bifand only iff; <73,Ta S73: 14 215, 
In 21g; Fa2 Fe, Fa2 Fa 

e A =B if and only if74 =75 7% =T%: [4 = 15, 
I, =13; Fa= Fs, Fa = Fe 
for allxeX 


3 Tangent similarity measures for interval valued 
neutrosophic sets 


Definition 1: Assume that 


A= ([7k (xi) TS Gx), [TK Ga)s 18 Ga), [PK Gx), FX Gx) )) and 
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B=([T5(x).T8 Gx) Lh Gx), 18 Ga) [PS Gx:).F8 Gx) be any 
two interval valued neutrosophic sets. Now, similarity 


measure based on tangent function between two interval 
valued neutrosophic sets is defined as follows: 


Tivns(A,B)= 








{PACD THD] + 4G) — 5G) 


1 
|—— >), tan 
a 12 +|FA(x;)— FRC) 





Here, 

TA(X;)=AT A(X) +0-A)Ta(,)), 

Ta(X;) =AT5(x,)+(1-A)T3(@), 

TAC) =ALA)+0-A LG, 

15 (x) =A lg (x)+0-A) Ia (%,) 

Fa(x,)=A F(x) + 0-4) Fa(x)), 

F3(x,)=A F3(x,)+U—-A) FS (x,) and O<A<1. 


Theorem 1: 


The defined tangent similarity measure Tiyns(A, B) between 
IVNS A and B satisfies the following properties: 

1.1. OS Tins (A, B)S 1 

1.2. Tryvs(A, B) = 1 if and only if A =B 

1.3. Trys(A, B) = Trvns(B, A) 

1.4. If CisaIVNS inX andA cBcCC then 

Tivns(A, C) < Tiyns(A, B) and Tiyns(A, C) < Tivns(B, 

C). 
Proofs: 
1.1. Tangent function is monotonic incresing in the 
interval [0, 2/4]. It also lies in the interval [O, 1]. 


Therefore, O< Trvns(A, B) <1, 
1.2. For any two IVNS A and B andO< (<1, 


A=B 
> T4(x;) =73(x,) ,TA(*;) = F3(x;) , F4(4;) = F3(%;) 














=> |ra(x,)-T3(%,)|=0,|/A@)-1@)|=9, 
FA(x;) — Fa(x;)| =0 

Therefore, T7yvs(A, B) = 1. 

Conversely, 

Tivns(A, B) = 1 

= |ri(x,)-T3(%,)| =0,|74@;)-12(,)|=9, 











=0 





FA(x,)— F3(x;) 
=> TA(s;) =T3(x,) ; 14(x;) = F3(%;) ; F4(%;) = F3(x;) 
Therefore A = B. 
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1.3.Twvs(A,B)= 




















, ” Tt rh (x) -Th(x)|+ |) - @)|+ 
=n) s 

i 12| [PACs -Fa@) 
, l Rodeea rk (x) - THz) + | @)-FAG@) 
ee ie ee 

. 12 +|FA(x,)— FA (x) 

= Trws(B, A) 

14. 19fAcCBcC 


then T4(%;) $ Ta(x;) $ TCX). TA(%;) S TeX) S$ IC(%;), 
Fa(x;) S$ Fa(x;) $ FE), 

for xe X. Now, we have the inequalities: 

Tax) -Ta,)|S\TA@) -TEO;) 








9 








ra(x,)-Té(~)|S[rA@)-TeE(%)) 
7a(x,)-13(%) <|74(x;) —1¢(x;) 
T(x) -12(%;) <(74(x,)-12@,) 


FA(x)— FR) 


9 


9 














9 








S| F4(x;)— FE(x;) 


2 








Fe(%,)— Fe(%,)|S|FAe) — FEC). 
From eqn (1), we can say that Tyyws(A, C) £ Tivns(A, B) 
and Tiyws(A, C) © Tivns(B, C). 


Definition 2: Assume that 

A= {<x, (7), TA OLA), FE COLLFAC), FSQ)])> 
|x €X} and 

B= {<x,(75(), 73 OLE). 19 @OLLFE(), F3O)])> 
| x €X}be any two interval valued neutrosophic sets. 

Now, weighted similarity measure based on _ tangent 


function between two interval valued neutrosophic sets 1s 
defined as follows: 


Twivns(A,B)= 
x | (Pat) THC) 
b= DW; tan — 
2 +[ PA (xj) - FROG) 








+|r4 (xj) - 4 ()) 


(2) 





Here 3 w=. 


Theorem 2: 


The weighted tangent similarity measure Tw-rvs(A,B) 
between IVNS A and B satisfies the following properties: 
2.1. OS Twrwns(A, B) <1 
Dae: Tw-vns(A, B) =1lif and only ifA=B 
2.3. Tw-ivns(A, B) = Tw-ivns(B, A) 
2.4. If CisaIVNS in X and A cB CC then 


Tw-ivns(A, C) © Tw-rvs(A, B) and 
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Tw.vns(A, C) < Tw.rvns(B, C). 
Proofs: 


2.1. Tangent function is monotonic incresing in the 
interval [0, 7/4]. It also lies in the interval [0, 1] and 


>" wi=l. Therefore, 0< Tryys(A, B)< 1. 


2.2. For any two IVNS A and B, 

A=B 

=> TA(%,) =TH(%;) 14%) = Fa(%,), Fa) = Fa) 
=> |ri@e)-T3@,)|=0,|4@)-1@,)|=9, 
F(x, — FA(x))|=0 

Therefore, Tw-rvvs(A, B) = 1 for O<A<1 and YY, w,=1. 














Conversely, 
Tw-ivws(A, B) = 1 
SGT) 
=0 


=0, =0, 











14(%;)-15(%,) 





Fix) — FiO) 
=> T4(x;) =T3(x;) ) 14 (x)= F3(x;) ) F4(%;) = F3(%;) 
Therefore A = B. 

pee Tw-ns(A, B) — 


mn | (PAC) - TH (ai) 
1 n 
ee hee dn Pe i 
+] (x;)— F(x) 








+|A x) - 4G) 











x | (PROD) Th Os) + | Or) - KO) 


_y : paar 
] D4 w; tan re ole ye . as 
= Tw-rvs(B, A) 
24.IfACBCC 
then T4(x;) $ Ta(x;) $ TEX), TA(%;) § TeX) $ ICC), 
Fa(x,) S$ Fa(x,) S$ FC(x,), for 
xeX and >", w;=1. Now, we have the inequalities: 


rae) -Ta@)|S|r4(%) — TE) 











2 








Ir5(x,)-Té(%,)| [ra - TE) 
a(x) — 19%) | S|) — EC) 
5 (x;)-1é(%,)| S|) — 160) 
FA(x)) — Fa) |S|Fa(%)) — FEO) 


9 








y) 








9 





2 








Fe (x,) 7 Fé(x;) <|F4(x;) -_ FC(x;) ‘ From eqn (2), we 
can say that Tw.rvws(A, C) < Tw-rns(A, B) and 


Tw.vns(A, C) < Tw.rvns(B, C). 
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The following notations are adopted in the paper. 


P= {P,, Po, ..., Pm}(m = 2) is the set of alternatives 
C= {Ci, C2, ..., Cn} (n= 2) is the set of attributes. 
The decision maker provides the ranking of alternatives 
with respect to each attribute. The ranking presents the per- 
formances of alternatives P; (i = 1, 2,..., m) based on the at- 
tributes Cj (j = 1, 2, ..., n). The values associated with the al- 
ternatives for multi- attributes decision making problem can 
be presented in the following decision matrix (see Table 
1). The relation between alternatives and attributes in terms 
of IVNSs are given in the following decision matrix (see 
Table 1): 
Table 1: The decision matrix 
on CS 7 C 

ras rul: baer 

Pi | { (rh.7{ [i951 ia); 


n 





ba eee 
bee eee 
Fesre 
beer 
ed: 


[F5n>F 3] 


ost nak: 
ast al: 


Les Foal 


‘ fee 
Tease 5 |: 
L U 
LD inooLmol: 


Pin Ue, , Teal 


Here, ay, Ti | Lij 


ee Fi]) (ees a ae va fi a 


n) are interval valued neutrosophic sets. Multi attributes de- 
cision making procedure based on tangent similarity meas- 
ure in interval valued neutrosophic environment is present- 
ed using the following steps. 


Step 1: Determine the decision matrix in terms of SVNSs 
Decision matrix in terms of SVNSs is constructed with 
the transformation O; =AQi+(-A)Q; , 
where Q=T,/,F31= 1, 2, ...,m;j = 1, 2, ..., n and 
O<A<I1. 


Table 2: Decision matrix in terms of SVNSs 
@ Cc vs C 


nian 


n 


Tosliad) 
LA on) 





Py (Tho FR) 
Po (Thi th Fh) (Ty 1355 F 3p) 


(ary ee ae eee ae) a 
where QQ=7,/,F;1= 1, 2, ..., mj = 1, 2, ..., n and 
O<A<I1. 


Step 2: Determine the benefit type attributes and cost type 
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attributes 


Generally, the attributes can be categorized into two types: 
benefit attributes and cost attributes. In the proposed 
decision making strategy, an ideal alternative can be 
identified by using a maximum operator for the benefit 
attributes and a minimum operator for the cost attributes to 
determine the best value of each attribute among all 
alternatives. Therefore, we define an ideal alternative as 
follows: 

PPS Cr Ci. sone we hs 

Here the benefit attributes is 


A (Pj) 


Cj=| max7é, ymin 72, min Fe (Pi) | (3) 


and the cost attributes is 


Step 3: Calculate of the measure values between ideal al- 
ternatives and decision elements 


Calculate tangent similarity measures (choosing various 
values of 2 ) between ideal alternatives and the decision 


elements of Table 2 using eqn.(1). 
Step 4: Determine the weights of the attributes 


The importance of all the attributes may or may not be 
same in decision making context. The decision maker may 
use normalized weights or differential weights for 
attributes based on his/her needs and practical decision 
making situation. If the attributes are assumed as extremely 
importance to the decision maker, then the weight of each 
attribute will be taken as 1/n where n is the number of 
attributes. 


Step 5: Determination of the accumulated measure values 


To aggregate the similarity measures corresponding to 
each alternative, we define accumulated measure function 
(AMF) as follows: 


Diawe= 2w;-T ivys(Py»P*) (5) 
= 


Step 6: Ranking the alternatives 


Ranking the alternatives is prepared based on the descend- 
ing order of accumulated measure values. Highest value re- 
flects the best alternative. 


Step 7: End 


5 Numerical example 


Consider the illustrative example, which is very 1m- 
portant for Indian government employees after a financial 
year to select suitable money Investment Company for 
more tax rebate and more return value after investment 
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span. For a financial year, every government employee de- 
sires to invest a sum of money to reduce his/her annual in- 
come tax amount and to place the money in more secure 
investment company. This is the crucial time when most of 
the government employee gets confused too much and 
takes a decision which he/she starts to dislike later. Em- 
ployees often confuse to decide which money Investment 
Company should choose. If the chosen Investment Com- 
pany is improper, the employee may encounter a negative 
impact to his/her future economical condition. It is very 
important for any employee to choose carefully from vari- 
ous options available to him/her in which he/she 1s inter- 
ested. So, it is necessary to utilize a suitable mathematical 
decision making strategy. 

The feature of the proposed strategy is that it includes 
interval valued truth membership, interval valued indeter- 
minate and interval valued falsity membership function 
simultaneously. Assume that, a government employee de- 
termines to invest a sum of money to a suitable investment 
sector, namely, Public provident fund (1), Postal Life in- 
surance (S2), Stock Market ($3). The employee must invest 
his/her money with respect to the attributes, namely, 
Growth analysis (Ci), Risk analysis (C2), Government 
norms and regulation (C3). Our solution is to make deci- 
sion to choose suitable money Investment Company. The 
values associated with the alternatives for multi- attributes 
decision-making problem can be presented in the following 
decision matrix: 


Table 3: The decision matrix 





[0.6, 0.8], [0.2, 0.4], [0.4, 0.8], 
A, | ( [0.2,0.4], ) ( [0.4,0.6], [0.5,0.7], 
[0.3, 0.5] [0.3, 0.7] [0.4, 0.6] 
[0.4,0.6],\ /[0.1,0.3], [0.5, 0.7], 
A, | ( [0.3,0.5], [0.2, 0.6], [0.4, 0.8], 
[0.5,0.7] [0.2, 0.6] [0.3, 0.7] 
[0.6, 0.8], [0.3, 0.5], [0.3, 0.7], 
A; | ( [0.2,0.4], [0.1,0.5], ) ( [0.3,0.5], 
[0.4, 0.6] [0.3, 0.5] [0.1,0.5] 


The decision making calculation is presented using the fol- 
lowing steps: 


Step 1: Determine the decision matrix in terms of SVNS 


Each element of IVNS in Table 3 is transformed to an ele- 
ment of SVNS. This transformation is shown in Table 4. 


Table 4: Relation between alternatives and attributes 
in terms of SVNSs 
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A, |( 0.24 +0.4(1-A), 
0.344 0.5(1—A) 
0.44 +0.6(1—A), 
A, |( 0.3+0.5(1—A), 
0.54 +0.7(1—A) 
0.64 +0.8(1—A), 
As. |) °0.24-2040=%), 
0.42 +0.6(1—A) 


0.4% +0.6(1—2), 
0.34+0.7(1—A) 
0.14 +0.3(1—2), 
0.20 +0.6(1—A), 
0.2% +0.6(1—A) 
0.34+0.5(1—A), 
0.14 +0.5(1—-A), 
0.344+0.5(1—A) 


0.54+0.7(1—A), 
0.4% +0.6(1—A) 
0.544+0.7(1—A), 
0.4% +0.8(1—A), 
0.344+0.7(1—-A) 
0.34 +0.7(1—-A), 
0.32 +0.5(1—2), 
0.14 +0.5(1-A) 


Step 2: Determine the benefit type attributes and cost type 
attributes 


Ci, C3 are treated as benefit type attributes and C2 is 
treated as cost type attributes. Using Table 2, eqn.(3) and 
eqn.(4), we calculate ideal alternative solutions as follows 
(Table 5): 

Table 5: Ideal alternative solutions 


A C, Co C3 
0.1 [0.78, 0.38,  [0.28, [0.76, 
0.48] 0.58, 0.66] 0.48, 0.46] 
0.2 [0.76, 0.36, [0.26, [0.72, 
0.46] 0.56, 0.62] 0.46, 0.42] 
P* 0.3 [0.74,0.34, [0.24, [0.68, 
0.44] 0.54,0.58] 0.44, 0.38] 
0.4 [0.72,0.32, [0.22, [0.62, 
0.42] 0.52,0.54] 0.42, 0.34] 
0.5  [0.70,0.30,  [0.20, [0.60, 
0.40] 0.50, 0.50] 0.40, 0.30] 
0.6 [0.58,0.28, [0.18, [0.56, 
0.38] 0.48, 0.46] 0.38, 0.26] 
0.7 [0.66,0.26, [0.16, [0.56, 
0.36] 0.32,0.42] 0.36, 0.22] 
0.8 [0.64,0.24, [0.14, [0.54, 
0.34] 0.44,0.38] 0.34, 0.18] 
0.9 [0.62,0.22, [0.12, [0.52, 
0.32] 0.42,0.34] 0.32, 0.14] 


Step 3: Calculate the measure values between ideal alter- 
natives and decision elements 


Using eqn. (1), we calculate tangent similarity 
measures for different values of 2 between ideal alterna- 


tives (Table 5) and the decision elements in Table 4 (see 
Table 6). 


Step 4: Determine the weights of the attributes 
We take each attribute weight as w; =1/3 (1= 1, 2, 3). 


Step 5: Determine the accumulated measure values 
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Using eqn. 5, we calculate AMF values as follows (Table 


7). 
Table 7: Ranking results (with equal attributes 
weights) 
Proposed A Measure values Ranking 
strategy orders 
0.1 0.9633; 0.8964; Si>S3>S2 
0.9386 
0.2 0.9615; 0.8982; Si>S3>S2 
0.9386 
Tivns(P, P*) 0.3 0.9598; 0.9000; Si>S3>S2 
0. 9386 
0.4 0.9562; 0.9036; Si>S3>S2 
0.9404 
0.5 0.9562; 0.9036, S3>Si>S2 
0.9616 
0.6 0.9545; 0.9107; Si >S3>S2 
0.9386 
0.7 0.9369;0.9070, S3>Si>S2 
0.9475 
0.8 0.9456; 0.9036; Si>S3>+S2 
0.9333 
0.9 0.9420; 0.9036, S1>S3>+S2 
0.9316 


Step 6: Ranking the alternatives 


Ranking of the alternatives is prepared based on the 
descending order of accumulated measure values. 


When A=0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 0.9, Public provident 


fund ($1) is the best alternative to invest money (see Table 
7). When A=0.5, 0.7, Stock market ($3) is the best alter- 


native to invest money (see Table 7). 


6 Comparative analysis 


For the sake of validating the flexibility and feasibility of 
the proposed strategy, a comparative study is conducted. In 
order to do so, different existing strategies are used to 
solve the same decision-making problem with the interval 
valued neutrosophic information. Literature review reflects 
that Broumi and Smarandache [36] proposed cosine 
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similarity measure of interval valued neutrosophic sets. Ye 
[35] proposed Similarity measures between interval 
neutrosophic sets and apply in multicriteria decision- 
making. Sahin [45] proposed cross-entropy measure on 
interval valued neutrosophic sets and presenter its 
applications in multicriteria decision making. Table 8 
shows that the ranking results obtained from different 
strategy differ. Ranking results from proposed strategy 
with A=0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 0.9 are similar to the 


ranking result of cosine similarity measure [36] (Broumi 
and Smarandache, 2014). Ranking results obtained from 
proposed strategy with A=0.5,0.7are similar to the 
ranking results of Ye's strategy (Ye, 2014d) and cross 
entropy strategy [45]. 


Table 8: The ranking results of different strategies 


strategies Ranking 
results 
Proposed strategy with Si- 53> S2 
A= 0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 0.9 

Proposed strategy with A=0.5, 0.7 S3> Si >So 
Cosine similarity measure (Broumi and = $;+ S2> $3 
Smarandache, [36] 
Ye [35] 83> S1>+ $2 
Cross entropy strategy [45] S3> Si > Se 


7. Contributions of the paper 


e We define tangent similarity measures for IVNS. 
We have also proved their basic properties. 

e We developed a decision making strategy based 
on the proposed weighted tangent similarity 
measure. 

e Steps and calculations of the proposed strategy are 
easy to use. 

e We have solved a numerical example to show the 
applicability of the proposed strategy. 


8. Conclusion 


In this paper, we have defined tangent similarity measure 
and proved its properties in interval valued neutrosophic 
environment. We also also developed a novel multi 
attribute decision making strategy based on the proposed 
tangent similarity measure in interval valued neutrosophic 
environment. We have presented an application, namely, 
selection of best investment sector for an Indian 
government employee. We also presented a comparative 
analysis with the existing strategies in the literature.The 
concept presented in this paper can be applied in teacher 
selection, school choice, medical diagnosis, pattern 
rcognition, purchasing decision making, commodity 
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recommendation in_ interval valued neutrosophic 
environment. It is worth of further study to formulate a 
multi attribute decision making strategy that considers the 
priority of attributes. 
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S| 
So 
S3 


S| 
So 
S3 


S| 
So 
S3 


C; 
1.0000 
0.8683 
0.9738 


Ci 
1.0000 
0.8683 
0.9738 


C\ 
1.0000 
0.8683 
0.9738 


Table 6: Tangent similarity measure values 


C3 
0.9160 
0.8523 
0.9738 


0.8949 
0.8896 
0.9790 


C3 
0.8737 
0.8790 
0.9633 


Ci 
1.0000 
0.8683 
0.9738 


C; 
1.0000 
0.8683 
0.9738 


Ci 
1.0000 
().8683 
0.9738 


Z=02 
Cy 
0.9738 
0.9633 
0.8683 
R=05 
C2 
0.9738 
0.9476 
0.9371 
A=0.8 
Cy 
0.9738 
0.9318 
0.8683 
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C3 
0.9108 
0.8630 
0.9738 


0.8949 
0.8949 
0.9738 


C3 
().8630 
0.9108 
0.9580 


1.0000 
0.8683 
0.9738 


Ci 
1.0000 
0.8949 
0.9738 


Ci 
1.0000 
0).8949 
0.9738 


A=0.3 


0.9738 
0.9581 
0.8683 
A= 0.6 
C2 
0.9738 
().9423 
0.8683 
A=0.9 
C2 
0.9738 
0.9266 
0.8683 
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0.9055 
0.8737 
0.9738 


0.8896 
0.8949 
0.9738 


C3 
0.8523 
0.9160 
0.9528 
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Abstract. In this paper, we extend the VIKOR 
(VIsekriterljumska optimizacija 1 KOmpromisno Resenje) 
strategy to multiple attribute group decision-making 
(MAGDM) with bipolar neutrosophic set environment. In 
this paper, we first define VIKOR strategy in bipolar 
neutrosophic set environment to handle MAGDM 
problems, which means we combine the VIKOR with 
bipolar neutrosophic number to deal with MAGDM. We 


propose a new strategy for solving MAGDM. Finally, we 
solve MAGDM problem using our newly proposed 
VIKOR _ strategy under bipolar neutrosophic _ set 
environment. Further, we present sensitivity analysis to 
show the impact of different values of the decision 
making mechanism coefficient on ranking order of the 
alternatives. 


Keywords: Bipolar neutrosophic sets, VIKOR strategy, Multi attribute group decision making. 


1 Introduction 


In 1965, Zadeh [1] first introduced the fuzzy set to deal 
with the vague, imprecise data in real life specifying the 
membership degree of an element. Thereafter, in 1986 
Atanassov [2] introduced intuitionistic fuzzy set to tackle 
the uncertainity in data in real life expressing membership 
degree and non-membership degree of an element as 
independent component. As a generalization of classical 
set, fuzzy set and intuitionistic fuzzy set, Smarandache [3] 
introduced the neutrosophic set by expressing the 
membership degree (truth membership degree), 
indeterminacy degree and non-membership degree (falsity 
membership degree) of an element independently. For real 
applications of neutrosophic set, Wang et al. [4] introduced 
the single valued neutrosophic set which is a sub class of 
neutrosophic set. 

Decision making process involves seleting the best 
alternative from the set of feasible alternatives. There exist 
many decision making strategies in crisp set 
environment[5-7], fuzzy [8-12], intuitionistic fuzzy set 
environment [13-19]. vauge set environment [20, 21]. 
Theoretical as well as practical applications multi attribute 
decision making (MADM) of SVNS environment [22-42] 
and interval neutrosophic set (INS) environment [43-56] 
have been reported in the literaure. Recently, decision 


making in hybrid neutrosophic set environment have 
drawn much attention of the researches such as rough 
neutrosophic environment [57-73], neutrosophic soft set 
environment [74-80], mneutrosophic soft expert set 
environment [81-82], neutrosophic hesitant fuzzy set 
environment [83-87], neutrosophic refined set environment 
[88-93], neutrosophic cubic set environment [94-104], etc. 
In 2015, Deli et al. [105] proposed bipolar neutrosophic set 
(BNS) using the concept of bipolar fuzzy sets [106, 107] 
and neutrosophic sets [3]. A BNS consists of two fully 
independent parts, which are positive membership degrees 
T — [0, 1], 7 — [0, 1], fF” — [0, 1], and negative 
membership degrees 7 — [-1, 0], F — [-1, 0], F — [-l, 
0] where the positive membership degrees T’, I, F' 
represent truth membership degree, indeterminacy 
membership degree and false membership degree 
respectively of an element and the negative membership 
degrees T, I, F represent truth membership degree, 
indeterminacy membership degree and false membership 
degree respectively of an element to some implicit counter 
property corresponding to a BNS. Deli et al. [105] defined 
some operations namely, score function, accuracy function, 
and certainty function to compare BNSs and provided 
some operators in order to aggregate BNSs. Deli and Subas 
[108] defined correlation coefficient similarity measure for 
dealing with MADM problems under bipolar set 
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environment. Sahin et al. [109] proposed Jaccard vector 
similarity measure for MADM problems under bipolar 
neutrosophic set environment. Ulucay eft al. [110] 
presented Dice similarity measure, weighted Dice 
similarity measure, hybrid vector similarity measure, 
weighted hybrid vector similarity measure for BNSs and 
established a MADM strategy by employing the proposed 
similarity measures. Dey et al. [111] established TOPSIS 
strategy for MADM problems with bipolar neutrosophic 
information where the weights of the attributes are 
completely unknown to the decision maker. Pramanik et 
al. [112] defined projection, bidirectional projection and 
hybrid projection measures for BNSs and proved their 
basic properties. In the same study, Pramanik ef al. [112], 
proposed three new MADM sstrategies based on _ the 
proposed projection, bidirectional projection and hybrid 
projection measures with bipoar neutrosophic information. 
Wang et al. [113] defined Frank operations of bipolar 
neutrosophic numbers (BNNs) and proposed Frank bipolar 
neutrosophic Choquet Bonferroni mean operators by 
combining Choquet integral operators and Bonferroni 
mean operators based on Frank operations of BNNs. In the 
same study, Wang et al. [113] developed MADM strategy 
based on Frank Choquet Bonferroni operators of BNNs in 
bipolar neutrosophic environment. Recently, many 
researcher has given attention to develop various strategies 
under bipolar neutrosophic set environment in various 
fields [114-117]. 

Opricovic [118] proposed the VIKOR strategy for a 
MCDM problem with conflicting attributes [119-120]. In 
2015, Bausys and Zavadskas [121] proposed VIKOR 
strategy to solve multi criteria decision making problem in 
interval neutrosophic set environment. Further, Hung et al. 
[122] proposed VIKOR strategy for interval neutrosophic 
multi attribute group decision making (MAGDM). 
Pouresmaeil et al. [123] proposed a MAGDM strategy 
based on TOPSIS and VIKOR strategies in single valued 
neutrosophic set environment. Liu and Zhang [124] 
extended VIKOR strategy in neutrosophic hesitant fuzzy 
set environment. Hu eft al. [125] proposed interval 
neutrosophic projection based VIKOR strategy and applied 
it for doctor selection. Selvakumari et al. [126] proposed 
VIKOR strategy for decision making problem using 
octagonal neutrosophic soft matrix. 

VIKOR strategy in bipolar neutrosophic set is yet to ap- 
pear. 


Research gap: 


VIKOR based MAGDM strategy in BNS environ- 
ment. This study answers the following research questions: 
1. Is it possible to extend VIKOR strategy in BNS 
environment? 
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11. Is it possible to develop a new VIKOR based MAGDM 
strategy in BNS environment? 


Motivation: 


The above-mentioned analysis [118-126] describes the mo- 
tivation behind proposing a novel VIKOR strategy for 
MAGDM in the BNS environment. This study develops a 
novel VIKOR strategy for MAGDM that can deal with 
multiple decision-makers. 

The objectives of the paper are: 
1. To extend VIKOR strategy in BNS environment. 
ii. To develop a new MAGDM strategy based on proposed 
VIKOR strategy in BNS environment. 
To fill the research gap, we propose VIKOR based 
strategy, which is capable of dealing with MAGDM 
problem in BNS environment. 


The main contributions of this paper are 


summarized below: 


1. We extend VIKOR strategy in bipolar neutrosophic envi- 
ronment. 

ii. We introduce a bipolar neutrosophic weighted aggrega- 
tion operator and prove its basic properties. 

111. We develop a novel VIKOR based MAGDM strategy 
in bipolar neutrosophic set environment to solve MAGDM 
problems. 

iv. In this paper, we solve a MAGDM problem based on 
proposed VIKOR strategy. 


The remainder of this paper is organized as follows: In the 
Section 2, we review some basic concepts and operations 
related to neutrosophic set, single valued neutrosophic set 
(SVNS), bipolar neutrosophic set. In Section 3, we propose 
the bipolar neutrosophic number weighted aggregation 
(BNNWA) operator and prove its basic properties. In 
section 4, we develop a novel MAGDM strategy based on 
VIKOR strategy to solve the MADGM problems with 
bipolar neutrosophic information. In Section 5, we present 
an example to illustrate the proposed strategy. Then in 
Section 6, we present the sensitivity analysis to show the 
impact of different values of the decision making 
mechanism coefficient on ranking order of the 
alternatives.. In section 7, we present conclusion and 
future direction of research. 


2. Preliminaries 


In this section, we describe the basic definitions related to 
neutrosophic sets, bipolar neutrosophic sets. 


Definition 2.1 Neutrosophic set 


Let U be a space of points (objects), with a generic 
element in U denoted by u. A neutrosophic sets [3] A in U 


is characterized by a truth-membership function T, (U), an 
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indeterminacy-membership function I, (U) and a falsity- 
membership function Fa (U) , 


where, T, (U), I, (U), Fa (u) : U3] 07°. 
Neutrosophic set A can be written as: 

mR = 4 Ut STAs wsF)s -u 
where, T, (u), Ia (U), Fa (u) € J 0,1°[. 

The sum of T, (u), I, (U) , F, (u) is 


~0<Ta(u) + K(u) + Fy(u) < 3°. 


EU}, 


Definition 2.2: Single valued neutrosophic set 


Let U be a space of points (objects) with a generic element 
in U denoted by u. A single valued neutrosophic set [4] J in 


U is characterized by a truth-membership function T; (u), 
an indeterminacy-membership function [,(u) and a falsity- 
membership function F,(u) , where, 

T,(u) ,1,(u), F(u) : U[0, 1]. A single valued 
neutrosophic set J can be expressed by 

J= {u,< (T;(u), 1,(u), Fy(u) )>: ue UF. 

Therefore for each u€ U, T;(u),1,(u), F,(u) © [0, 1] the 
sum of three functions lies between 0 and 1, 1.e. 

0< T,(u)+1,(u)+F(u) S3. 

Definition 2.3: Bipolar neutrosophic set 


Let U be a space of points (objects) with a generic element 
in U denoted by u. A bipolar neutrosophic set [105] H in U 
is defined as an object of the form 


H={u,<T, (u), If, (u), Fi (u),T, (u),T, (u), Fy (u) >:ueU} , where, 
T;;(w),Ti,(a), Fj (w): U0, 1] 
T,, (u), 1, (a), FR, (u) :U[-1,0]. 
We denote 

H={ u,< T, (u), fj, (u), F (uv), T, (uv), 5, (u), Fy (u) >:ue U} s 
imply H= <Tj,1,,F;.1y, 14, Fy >as a bipolar 


and 


neutrosophic number (BNN). 


Definition 2.4 Containment of 
neutrosophic sets [105] 

Let 

Hi={u,<T, (u), 1 (u), Fi (u),T; (u), Fr (u), Fr (u) >ueU} 
and 

Ho={ u,< T3(U), 5 CU), Fs (u), T2 (U), be (u), Fo (u) >:ue U$ be 
any two bipolar neutrosophic sets in U. Then H, CH, iff 


two bipolar 


Ti (u) $T3(u), I (u)2b(u), F{(u)=F(u) and 
Ti (u)2T2(u), Tr (YU) $15 (U) , F (U)S Fy (u) for all ue. 
Definition 2.5 Equality of two _ bipolar 


neutrosophic sets [103] 
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Let 

Hi={u,<T, (u), ff (u), Fi (u),T; (a), fr (u), Fi (u) >ueU} 
and 

H2={u, <T2 (U), Is (U), Fo (U), Tz (UW), Is (U), Fo (u) >see US 
be any two bipolar neutrosophic sets in U. Then, 
H, =H, iff Ti (u) = T3(u), L(@)=bL), 
Fi(w=Fo(@)and Tw=Tiu), TU=bh), 
F; (u)= F>(v) for all uecU. 


Definition 2.6 Union of 
neutrosophic sets [105] 


any two bipolar 
Let Hi={u,< Ti (u), If (u), Fi (u), Ty (u), Ir (u), Fr (u) >: ue U} and 
Ho={u,<T3 (wu), B (u), F3 (wu), T2 (u), b (u), Fp (u) >: ue U} be any 
two bipolar neutrosophic sets in U. Then, their union is 
defined as follows: 


H; (u)=H,(u) UH, (u)={u,< max (T; (u), Ts (u)), 
min (J; (u), I (u)),min (F; (u), F> (u)), 

min (T; (u),T>(u)), max (J; (U), I> (u)), 

max (F; (u), F5 (u)) >:ue U}~ for all ue U. 


Definition 2.7 Intersection = of 
neutrosophic sets 


Let Hy={u,<Tj(u), 1 (u),Fi (u), Ti (u), 1 (u), Fr (u) >: U} and 
Ho={u,<T3 (uv), b (u), Fs (U),T2 (u), b (u), Fo (u) >:u ¢ U} be any 
two bipolar neutrosophic sets in U. Then, their intersection 
[105] 1s defined as follows: 


H, (u)=H, (u) OH, (u)={u,< min (T; (u),T> (u)), 
max (Jj (U), [> (u)),max (F; (U), Fs (u)), 

max (T; (u),T2(u)), min (Tf; (4), (4), 

min (F; (u),F>(u)) >:ue U} for all ueU. 


Definition 2.8 Complement of a 
neutrosophic set [105] 


two __ bipolar 


bipolar 


Let Hi={u,<T/ (wu), Ii (¥), Fi (¥), Ti (u), fr (u), Fi (u) >:u € U} be 
a bipolar neutrosophic set in U. Then the complement of 
H, is denoted by H, and is defined by 

H? =fu,<1-Ti(u),1-T}(u),1- FF(w),-3- Tu), 

{-L}-I, (u),{--F, (u) >:ueU$ 

for all ue U. 
Definition 2.13 Hamming distance measure 
between two BNNs [115] 
Leth, =<T/.0'.F{,T:,l,Fi >and 


h, =< 1T3,6,F,T2,b,F > be any two BNNs in U. 
Then Hamming distance measure between h; and hz is 
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denoted by D(h,,h,) and defined as follows: 
D(h,,h,) = 

1, 
vA 
Definition 2.14: Normalization procedure 


(1) 





Tati - LG 








+|F = F3|+T; = T3|+ IF es L|+ Fi = F|] 








In decision making situation, cost type attribute and benefit 
type attribute may exist simultaneously. Assume that, 


h be a BNN to express the rating value of 1-th alternative 
with respect to j-th attribute (cj). If c; belongs to the cost 
type attributes, then h; should be standardized by 
employing the complement of BNN h; . When the attribute 
c; belongs to benefit type attributes, h, does not need to be 
the of 


standardized, we _ use following formula 


normalization as follows: 


h) =< {(}-T}, {3-1 {B-Fi. 


| ; ; (2) 
Ve ae 
3. Bipolar neutrosophic number’ weighted 
aggregation operator 
Let {HDs h;,} be the set of t bipolar neutrosophic 


numbers and {B,,B,,B3,... 
weights of t bipolar neutrosophic numbers with conditions 


,B,} be the set of corresponding 


t 
B, 20 and 2p, =1. Then the bipolar neutrosophic number 


weighted aggregation (BNNWA) operator is defined as 
follows: 


h,= BNNWA,(hj hj... hi)= 
(B,h; @Bjh; @P,h; @...@B ht) = 


iy m+Hp) wp rH?) wQ 2HP) TQ oD) vA TP) VQ ~() 
< YB, T; ‘2B. F Oais Fi , dB, T; iD li Pp Ki 
pal opel opel pale p=l 


(3) 
The BNNWA operator satisfies the following properties: 
1. Idempotency 
2. Monotoncity 
3. Boundedness 


Property: 1. Idempotency 


Ifall h;, h;,.... ,h; =h are equal, then 

h, = NWA Che, 2... sht)=h 

Proof: 

Since h, =h; =... =h; =h, based on the Equation (3) 


and with conditions, 8, = 0 and YB, =1, we obtain 
be 
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1s eo 
h.. , = BNNWA , (hj, hj... sh; )= 
(B,h , © Byh ; ®Bsh ; ®...8B,h;) = 


(B,h OB, h@P,h ®...OB,h) = 


S20 ek 
Property: 3. Monotonicity 
Assume that {h; i} be 


any two set of ee of t aor er nubers 
with the condition tj < i. (p = 1, 2, ..., t), then 
1 2 *] «9 
BNNWA , (hj, hy,..., ses anni tit a eae 
Proof: 


From the given condition Tj <T;', we have 


+(p) +*(p) 
pot <8 


*] * 
i ade h;, } and {h;, hy, 


ies 


t ee +*(p) 
p=l p=l u 
From the given condition J;>];"" , we have 
+*(p) 
B, 2 > Bo, 
+) > +P) 
From the given aceciaiden Fi > Ft , we have 
& ij ij 
+*(p) 
B, Fy 2B,F, 
=> DB, RO 2DB LF. 
p=l p=l y 
From the given condition T;°>T,; ™, we have 
& ij ij 
-(p) —“) 
: ~(p) t —*(p) 
=> »B, Tj” a> pol: ° 
p=l p=l : 
From the given condition ],<], , we have 
~(p) ="( 
p p Aj <p me 
$B LM<yRB Te 
p=l p=l 
From the given condition F,“< F, ” , we have 
g ij ij 
—(p) AD) 
B, Fij re. 
SB pote) Fo 
p=l p=l 


From the above relations, we obtain 
BNNWA ,(h;,h;,...,hj)<BNNWA ,(h;,, h;’... 


yey?” y ? 


.h;;). 
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NCNWA (hj, hj elie): 


ae els 


Jh’)<BNNWA , (hj! h? 


ica con 


Property: 2. Boundedness 


Let {hi ; fies 7 sh; } be any collection of t bipolar 
neutrosophic cakes 
If 


h* =< max ea min Ls min {Fj}, min aPae 
max 45) »max tr) 2 
h =< min ee max ise max {Fj}, max {7 
min {F5(},min {F}} > (p= 1, 2, 3, nub) 
Then, h < BNNWA,(h;,h;,....h;)<h* 


Vj >) yj a° 
Proof: 
From Property | and Property 2, we obtain 


i 429 2 tz = Z 
BNNWA ,(h;,,hj,..., h;)=BNNWA ,(h hah eh 
and 

1 12 + 4+ + + 
BNNWA , (hj, hj,..-, h,,) <BNNWA ,(h Fe aeeeed 0 Se) 0 
So, we have 


h’ < BNNWA ,(h;,h;,...,.h;) <h*. 


yey?” 


4. VIKOR strategy for solving MAGDM problem 
under bipolar neutrosophic environment 


In this section, we propose a MAGDM strategy under 
bipolar neutrosophic set environment. Assume that, 


A ={A,,A,,Ag,...,A,} be a set of r alternatives and 
C={c,,C,,C;,...,c,} be aset of s attributes. Assume that, 


O={A,,0,,0;,...,0,} be the weight vector of the 


attributes, where @, 2 0 and YO, =1. Let 

k=1 
DM ={DM,,DM,,DM,,...,DM,} be the set of t decision 
makers and B ={B,,B,,B;,..., 


t 
of decision makers, where B., >0 and > B., = 
p=l 


B,} be the set of weight vector 


In this section, we describe the VIKOR based MAGDM 
strategy under bipolar neutrosophic set environment. The 
proposed strategy consists of the following steps (see 
Figure 1): 


Step: 1. Construction of the decision matrix 


Let m= (hh)... (p= 1, 2, 3, ..., 


matrix, where information about the alternative Aj; 1s 


t) be the p-th decision 


txs 


provided by the decision maker DM, with respect to 
attribute C ;G = 1, 2, 3, ..., s). The p-th decision matrix 


denoted by MP (See eq. (4)) 1s constructed as follows: 
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Oj CCi wes SO: 


Ay. Bey Disses: 2 


(4) 
A, hy hy hy 


A. h? he... he 


Here p = 1, 2, 3,...,t; 1=1, 2,3,...,15 J=1, 2, 3.,..., 8 


Step: 2. Normalization of the decision matrix 


Cost type attributes and benefit type attributes are 
generally existed in decision making process. 
Therefore the considered attribute values need to be 
normalized to aviod different physical dimensional 
unit. To normalize we can use the following equation: 


hy=<(-Tj.{-G.-F, 
(-}-Tj,t-B-Fj.t-B— Fj > 

Using the normalized method, we obtain the following 
normalized decision matrix (See eq. (5)): 


Co Grane “Cs 
A, hP he... bP 
MP= A, he, he, he (5) 


A oh? he. be 
Where, 
~ hj, if c, is benefit typeattribute. 


ij = 


(h; y if c, is costypeattribute. 


Step: 3. Aggregation of the decision matrices 


Using BNNWA operator in eq. (3), we obtain the 
ageregated decision matrix as follows: 


C., “Cp cole, 
Ae iis: ages, ses 
M=|A, hy, hy h,, (6) 
A. h, h,..-h,, 
where, i = 1, 2, 3,. =1,2,3,...,8; p=l, 2, ....t. 


Step: 4. Define the net ideal solution and 
negative ideal solution 


ee ny . : = = = 
hj =<max T, min is min F;, min Tj, max J; ,max Fj > 
1 1 1 1 1 


(7) 


— e at — e — e paar 
h; =<min Tj, Max, max Fj ,max Tj, min Jj ,min Fj > 
1 1 1 1 1 
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(8) 
Step: 5. Define and compute the value of I; and Z, 


(i= 1, 2, 3,..., r) 


T.and Z.represent the average and worst group 


scores for the alternative Aj; respectively, with the 
relations 


a. xD(h;,h,) 


> a7 (9) 
j=l D(h;,,h; ) 
xD hth. 
Z, =max oj XD (hg hy) (10) 
j D(h;,h; ) 


Here, a, is the weight of cj. 

The smaller values of I.and Z, correspond to the 
better average and worse group scores for alternative 
Ai , respectively. 

Step: 6. Calculate the values of index VIKOR 9. (i 
=], 2,3,..., r) by the relation 


d,—-T) (Z;—Z ) 

=). — 1 | -)) (11) 
(*-T") (Z> —Z) 

Here, T, =min [,, Tl, =maxTI, , 

Z, =min Z,, Z; =max Z, ' (12) 


and y depicts the decision making mechanism coefficient. 
Ify>0.5, it is for “the maximum group utility”; if y<0.5, 
it is “ the minimum regret”; it has been inferred that the 
decision making mechanism coefficient 1s mostly 
taken as v= 0.5. 


Step: 7. Rank the priority of alternatives 


We rank the alternatives by 9, 


to the rule of traditional VIKOR strategy. The smaller 
value indicates the better alternative. 


, l., and Z, according 
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Multi attribute group decision 


making problem 


Construction of the decision matrix 


Normalization of the decision 





matrices 


Aggregation of the decision matrix 


Define the positive ideal solution and 
negative ideal solution 


Define I, and Z, 
Calculate the values of 0, 


Rank the priority of alternatives 


Figure 1. Decision making procedure of proposed MAGDM 
Strategy. 



















5. Illustrative example 


To demonstrate the applicability and fesibility of the 
proposed strategy, we solve a MAGDM problem adapted 
from [45]. We assume that an investment company wants 
to invest a sum of money in the best option. The 
investment company forms a decision making board 
involving of three members (DMi, DM2, DM3) who 
evaluate the four alternatives to invest money. The 
alternatives are Car company (A, ), Food company (A, ), 


Computer company (A,) and Arm company (A,). 
Decision makers take decision to evaluate alternatives 
based on the criteria namely, risk factor (C,), growth 
factor (C, ), environment impact (C, ). We consider three 


criteria as benefit type based on Zhang et al. [127]. 
Assume that the weight vector of attributes is 
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o=(0.37,0.33,0.3)' and weight vector of decision makers 


is B=(0.38,0.32,0.3)'. Now, we apply the proposed 
MAGDM strategy to solve the problem using the 
following steps. 


Step: 1. Construction of the decision matrix 


We construct the decision matrix information provided by 
the decision makers in terms of BNNs with respect to the 
criteria as follows: 
Decision matrix for DM; 
M!= 
C, C) C3 
Ay (.5,.6,-7,-.3,-.6,-.3) (.8,.5,.6,-.4,-.6,-.3) (.9,.4,.6,-.1,-.6,-.5) 
he. A538) 06. 8. 1A eS) 5 Sd SS) 
KAR Se Gad es\( 5. 4a eS 3) a 5) 
WATS BO 5.2 3)08 1b 6 =e) 


Decision matrix for DM> 


M2 
C, Cr C3 
Kb: 3 Ae 5 S32 5.3 B88 Ay GS a5 2 AG) 
KCl Ae 56 20 2d) (CaS STS NG Tas 9 0) 
R623. 5 OG et ea 
RBS D525 20) (526 0562 ABS SH 65) 


Decision matrix for DM3 
MG = 
C, C, C3 
7 OS fe Wed ES Peto) (al sc OPO RE) ar Me Rene a a 
R53 De 6 aden C52 7 a5) OS Ho SS) 
RED Diode 5 (300 8 55) 8) Aa eb) 
Mi 85. 5 A639, 3,425 56.21) (74,32 57) 


Step: 2. Normalization of the decision matrix 

Since all the criteria are considered as benefit type, we do 
not need to normalize the decision matrices (M', M’, M?). 
Step: 3. Aggregated decision matrix 


Using eq. (3), the aggregated decision matrix is 
presented as follows: 
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M= 

C, C, C, 
Ai(.22,.17,.17,-.16,-.14,-.13) (.22,.14,.15,-.14, -.13,-.13) (.16,.12,.18, -.10,-.10,-.20) 
A2(.20,.10,.10,-.14,-.12,-.10) (.21,.10,.21,-.15,-.10,-.13) (.21,.11,.13,—.17,—.12,—.16) 
A3(.21,.12,.16,-.17,-.12,-.20) (.13,.10,.13,-.10,-.12,-.13) (.21,.10,.18,—.13,—.10,-.11) 
Aa(.20,.17,.11,-.17,-.15,-.10) (.24,.18,.11,-.19,-.20,-.16) (.19,.11,.17,—.11,—.16,—.21) 








Step: 4. Define the positive ideal solution and negative 
ideal solution 


The positive ideal solution h; = 


C; C2 C 
(.22,.10,.10,-.14,-.12,-.10) (.24,.10,.11,-.19,-.10,-.13) (.21,.10,.13,-.17,-.10,-.11) 


and the negative ideal solution 


C Cz C; 
(.20,.17,.17,-.14,-.15,-.20) (.13,.18,.21,-.10,-.20,-.16) (.16,.12,.18,-.10,-.16,-.11) 


Step: 5. Compute I; and Z, 


1 


We have computed the values of I. by eq. (9) and the 
values of Z. by eq. (10), the values are presented as 
follows: 

I= 0.75, T, = 0.38, T;= 0.60, [= 0. 75 and Z,= 
0.34, Z,=0.16, Z,;=0.33, Z,= 0.34 


Step: 6. Calculate the values of 9, 


Using y=0.5, and eq. (11) and eq. (12), we obtain 
6,=1, 6,=0, 6,;=0.77, 6,=1 


Step: 7. Rank the priority of alternatives 
The preference order of the alternatives based on the 


traditional rules of the VIKOR _ strategy is 
A,> A,> A, = A,. 


6. The influence of parameter Y 


In this section, we present sensitivity analysis to show 
the impact of different values of the decision making 
mechanism coefficient on ranking order of the 
alternatives Figure 2 represents the graphical 
representation of alternatives (A ) versus (i= 1, 2, 


3, 4) for different values of y . 


Table 1 shows that the ranking order of alternatives (A. ) with the value of y changing from 0.1 to 0.9. 


Values of 0, Preference order of alternatives 
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=1, 6,=0, 6,=0.915, d,=1 
=1, 6,=0, 6,=0.880, o,=1 
=1, 6,=0, 6,=0.845, d,=1 
=1, 6,=0, 6,=0.810, o,=1 
=1, 6,=0, 6,=0.770, d,=1 
=1, 6,=0, 6,=0.740, 6,=1 
=1, 6,=0, 6,=0.700, 6,=1 


=1, 0, =0, 0,=0.670, 0,= 1 


=1, 6,=0, 6,=0.640, ,=1 













Values of > 








vy 




















Al A2 A3 A4 
Alternatives 


Fig 2. Graphical representation of ranking order of alternatives for different values of y . 
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7. Conclusion 


In this paper, we have extended the VIKOR strategy to 
MAGDM with bipolar neutrosophic environment. We have 
introduced bipolar neutrosophic numbers weighted aggre- 
gation operator and applied it to aggregate the individual 
opinion to one group opinion. We have developed a 
VIKOR’ based MAGDM - strategy with bipolar 
neutrosophic set. Finally, we have solved a MAGDM 
problem to show the feasibility and efficiency of the 
proposed MAGDM $sstrategy. We have presented a 
sensitivity analysis to show the impact of different values 
of the decision making mechanism coefficient on ranking 
order of the alternatives. The proposed VIKOR based 
MAGDM strategy can be employed to solve a variety of 
problems such as logistics center selection [128], teacher 
selection [19, 129], renewable energy selection [131], fault 
diagnosis [132], weaver selection [14, 54], brick selection 
[13], school choice [130] etc. 
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Abstract. Interval bipolar neutrosophic set is a signifi- 
cant extension of interval neutrosophic set where every 
element of the set comprises of three independent posi- 
tive membership functions and three independent nega- 
tive membership functions. In this study, we first define 
correlation coefficient, and weighted correlation coeffi- 
cient measures of interval bipolar neutrosophic sets and 


prove their basic properties. Then, we develop a new 
multi-attribute decision making strategy based on the 
proposed weighted correlation coefficient measure. F1- 
nally, we solve an investment problem with interval bipo- 
lar neutrosophic information and comparison is given to 
demonstrate the applicability and effectiveness of the 
proposed strategy. 


Keywords: Interval bipolar neutrosophic set, multi-attribute decision making, correlation coefficient measure. 


1 Introduction 


Correlation coefficient is an important decision making 
apparatus in statistics to evaluate the relation between two 
sets. In neutrosophic environment [1], Hanafy et al. [2] 
derived a formula for correlation coefficient between two 
neutrosophic sets (NSs). Hanafy et al. [3] obtained the 
correlation coefficient of NSs by using centroid strategy 
which lies in [-1, 1]. The correlation coefficient obtained 
from [3] provides the information about the degree of the 
relationship between two NSs and also informs us whether 
the NSs are positive or negatively related. In 2013, Ye [4] 
defined correlation, correlation coefficient, weighted 
correlation coefficient in single valued neutrosophic set 
(SVNS) [5] environment and established a multi-criteria 
decision making (MCDM) based on the proposed weighted 
correlation coefficient measure. Broumi and Smarandache 
[6] introduced the concept of correlation coefficient and 
weighted correlation coefficient between two interval 
neutrosophic sets (INSs) [7] and established some of their 
basic properties. Hanafy et al. [8] studied the notion of 
correlation and correlation coefficient of neutrosophic data 
under probability spaces. Ye [9] suggested an improved 
correlation coefficient between two SVNSs in order to 
overcome the drawbacks of the correlation coefficient 
discussed in [4] and investigated its properties. In the same 


study, Ye [9] extended the concept of correlation 
coefficient measure of SVNS to correlation coefficient 
measure of INS environment. Furthermore, Ye [9] 
developed strategies for solving multi-attribute decision 
making (MADM) problems’ with single valued 
neutrosophic and interval neutrosophic environments based 
on the proposed correlation coefficient measures. Broumi 
and Deli [10] defined correlation measure of two 
neutrosophic refined (multi) sets [11] by extending the 
correlation measure of two intuitionistic fuzzy multi-sets 
proposed by Rajarajeswari and Uma [12] and proved some 
of its basis properties. Zhang et al. [13] defined an 
improved weighted correlation coefficient on the basis of 
integrated weight for INSs and a decision making strategy 
is developed. Karaaslan [14] proposed a strategy to 
compute correlation coefficient between possibility 
neutrosophic soft sets and presented several properties 
related to the proposed strategy. Karaaslan [15] defined a 
new mathematical structure called single-valued 
neutrosophic refined soft sets (SNRSSs) and presented its 
set theoretical operations such as union, intersection and 
complement and proved some of their basic properties. In 
the same study [15], two formulas to determine correlation 
coefficient between two SNRSSs are proposed and the 
developed strategy is used to solve a clustering analysis 
problem. Sahin and Liu [16] defined single valued 
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neutrosophic hesitant fuzzy sets (SVNHFSs) and 
established some basic properties and finally proposed a 
decision making strategy. Liu and Luo [17] defined 
correlation coefficient and weighted correlation coefficient 
for interval-valued neutrosophic hesitant fuzzy sets 
(INHFSs) due to Liu and Shi [18] and studied their 
properties. Then, Liu and Luo [17] developed a MADM 
strategy within the framework of INHFSs based on 
weighted correlation coefficient. Ye [19] suggested a 
dynamic single valued neutrosophic multiset (DSVNM) 
based on dynamic information obtained from different time 
intervals in several practical situations in order to express 
dynamical data and operational relations of DSVNMs. In 
the same study [19], correlation coefficient and weighted 
correlation coefficient measures between DSVNMs are 
proposed and a MADM strategy is developed on the basis 
of the proposed weighted correlation coefficient under 
DSVNM setting. Recently, Ye [20] proposed two 
correlation coefficient between normal neutrosophic sets 
(NNSs) based on the score functions of normal 
neutrosophic numbers and investigated their essential 
properties. In the same study, Ye [20] formulated a 
MADM strategy by employing correlation coefficient of 
NNSs in normal neutrosophic environment. Pramanik et 
al. [21] defined correlation coefficient and weighted 
correlation coefficient between two rough neutrosophic 
sets and proved their basic properties. In the same study, 
Pramanik et al. [21] developed a multi-criteria decision 
making strategy based on the proposed correlation 
coefficient measure and solved an illustrative example in 
medical diagnosis. 


In 2015, Deli et al. [22] introduced a novel concept 
(BNSs) by 
generalizing the concepts of bipolar fuzzy sets [23, 24] 


called bipolar neutrosophic _ sets 
and bipolar intuitionistic fuzzy sets [25]. In the same 
study, Deli et al. [22] defined score, accuracy and 
certainty functions to compare BNSs and formulated a 
MCDM approach based on the score, accuracy and 
certainty functions and bipolar neutrosophic weighted 
average operator (A,,) and bipolar neutrosophic 
operator (Gy). 
neutrosophic environment, Dey et al. [26] developed a 
MADM approach based on technique for order of 
preference by similarity to ideal solution (TOPSIS) 
strategy. Deli and Subas [27] and Sahin et al. [28] 
developed MCDM strategies based on correlation 
coefficient and 


weighted geometric In bipolar 


Jaccard similarity measures, 
respectively in BNS environment. Ulugay et al. [29] 
defined Dice, weighted Dice similarity measures, 


hybrid and weighted hybrid similarity measures for 
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MCDM _ problems 
information. Pramanik et al. [30] defined projection, 
bidirectional projection 
measures between BNSs and proved their basic 
properties and then, three new MADM models are 
developed based on proposed measures. 


with bipolar neutrosophic 


and hybrid projection 


Mahmood et al. [31] and Deli et al. [32] incorporated 
the notion of interval bipolar neutrosophic sets 
(IBNSs) and defined some operations and operators 
for IBNSs. Recently, Pramanik et al. [33] defined new 
cross entropy and weighted cross entropy measures in 
BNS and IBNS environment and discussed some of 
their essential properties. In the same study, Pramanik 
et al. [33] developed two novel MADM strategies on 
the basis of the proposed weighted cross entropy 
measures. 


Research gap: 


MADM strategy based on correlation coefficient under 
IBNSs environment. 


This paper answers the following research questions: 


i. Is it possible to introduce a novel correlation 
coefficient measure for IBNSs? 

li. Is it possible to 
correlation coefficient measure for IBNSs? 

il. Is it feasible to formulate a novel MADM strategy 
based on the proposed correlation coefficient measure 


introduce a novel weighted 


in IBNS environment? 

iv. Is it feasible to formulate a novel MADM strategy 
based on the proposed weighted 
coefficient measure in IBNS environment? 


correlation 


Motivation: 


The aforementioned analysis presents the motivation be- 
hind developing correlation coefficient -based strategy for 
handling MADM problems with IBNS information. 


The objectives of the paper are as follows: 

1. To define a new correlation coefficient measure and a 
new weighted correlation coefficient measure in IBNS 
environment and prove their basic properties. 

2. To develop anew MADM strategy based on weighted 
correlation coefficient measure in IBNS environment. 

In order to fill the research gap, we propose correlation 

coefficient-based MADM strategy in IBNS environment. 
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Rest of the article is organized as follows. Section 2 
provides the preliminaries of bipolar fuzzy sets, bipolar in- 
tuitionistic fuzzy sets, BNSs and IBNSs. Section 3 defines 
the correlation coefficient and weighted correlation coeffi- 
cient measures in IBNS environment and establishes their 
basic properties. In section 4, a new MADM strategy based 
on the proposed weighted correlation coefficient measure 
is developed. In section 5, we solve a numerical example 
and comparison analysis is given. Finally, in the last sec- 
tion, conclusions are presented. 


2 Preliminaries 


2.1 Bipolar fuzzy sets 


A bipolar fuzzy set [23, 24] B in X is characterized by 
a positive membership functiona@;(x) and a negative 
membership functiona,(x). A bipolar fuzzy set B is 
expressed in the following way. 


B= {x, (a3 (x),@5(2)) | xeX} 
where a(x): X > [0, 1] and a;(x): X > [-1, 0] for 


each point xe X. 
2.2 Bipolar intuitionistic fuzzy sets 


Consider X be a non-empty set, then a BIFS [25] E is ex- 
pressed in the following way. 


E= {x, (a(x), 2 (x). 82 (x), Be (2) | xeX} 
where @;,(x), 8; (x): X > [0, 1] and a;(x), 6, (x): X > 
[-1, 0] for each point xe X such that 0< a; (x)+ Be(x) <1 
and -1 < a,(x)+f,(x) <0. 


2.3 Bipolar neutrosophic sets 
A BNS [22]M in X is presented as follows: 

M = {x, (005 (2),Biy (0). 7 is D508 ()s Buy (5% (X)) | xe 
X} 

whereay (x), By(~).7%,(%): X -> [0 1 
and ay, (x), By (*),%y (x): X — [-l, 0].The positive 
membership degrees aj, (x), 8), (x),7j,(x) denote _ the 
truth membership, indeterminate membership, and false 


membership functions of an object xe X corresponding to 
a BNS M_ and_ the negative membership 


degrees a, (x), By (x), 7% (x) denote the truth 
membership, indeterminate membership, and _ false 


membership of an object xe X to several implicit counter 
property associated with a BNS M. 
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Definition 2.3.1 
Let, Mi = 1%, (ary, (2), Bir, (¥en, 0.0%, (2) Bur, 4m, 2) ) | XE 
Xs and M2 = tx, (ari, (x). 77, (sin, (0), Bur, su, 2) ) | 


xe X} be any two BNSs. Then, a BNS M; is contained in 
another BNS M2, represented by M; c M2 if and only if 


Ay (X) S$ Oy, (4), Bu, ) 2 Bu). 7m, 0) 2 70,0); 


Oy (X) 2 Ay (X), By (x) S Bu, (X)>%u, 00 S$ Yu, (x) for 
all xe X. 


Definition 2.3.2 

Let, M, = 
{x, (ah, (2), Bu, D.7%, 0.2, (2) Bu, (Yu, (2)) | xe 
xX} and M> = 


GGG), Bi Cy, CO Pu ya) ae 
X} be any two BNSs [22] , then M = M2 if and only if 
Oy (X) = Ay, (%)s Bu, 2) = Bur, Os Yn, 0) = Yu, (), 
Gi, GB) =O > Pi, C= Ba itu CO) 7a, @ tox 
all xe X. 
Definition 2.3.3 

The complement of a BNS [33] M is MS == {x, 
GOP OF Oe Oi 2,2). 1.6 


X} 
where 


(Vi ONG a yg Od ht) =) 
Oye ()=Vy (X), Bye (4) =-1 - By (X)s Vip (4) = Ay (0) - 
Definition 2.3.4 


The union [30]of two BNSs M and M2 represented by 
M, U M21s defined as follows: 


Mi M2 = {Max (Ty, (x), Ty, (x) ), Min (Ly, (4) Liv, OD) ), 
Min (Fy, (x), Fy,(*)), Min (Ty (x),Ty,(*)), Max 
(Ty, (2) Typ, 0) s Max (Fy, (2) Fry, 0) eX. 
Definition 2.3.5 


The intersection [30] of two BNSs M, and M2 denoted 
by MM Mois defined as follows: 


MiNM, = {Min (Ty (x),Ty,(x)), Max 
(15, ().Ti,@)). Max (Fy, (2) Fi), Max 
(Ty, (2).Ty,)), Min (Ty, (2). Ty, @)), Min 
(Fy, (0) Fy, @)V xe X. 


Surapati Pramanik, Partha Pratim Dey and Florentin Smarandache, Correlation coefficient measures of interval 
bipolar neutrosophic sets for solving multi-attribute decision making problems 


Neutrosophic Sets and Systems, Vol. 19, 2018 


2.4 Interval bipolar neutrosophic sets 
Consider X be the space of objects, then an IBNS 
[31, 32] L in X 1s is represented as follows: 
[inf a; (x),supa@; (x)],[inf 2; (x),supZ; (x)], 
>( [inf y; (x),supy; (x)].[inf a, (x),supa, (x)], 
[inf £; (x), supf, (x)] [inf 7; (x),supy; (x)] 
where L is characterized by positive and negative truth- 


[= {x |xe X} 


membership a; (x), @, (x); inderterminacy-membership 


B(x), Br (9); 


functions respectively. 


falsity-membership 7; (x), 7; (x) 


(x), Br (x), 
yi (x)C [0,1]; a7 (x), Be (x), v7 (X) C[-1, 0] for all xe X 


+ 
Here, a, 


with the conditions O0<sup a; (x) + sup ££, (x) + sup 
vy, (x)<3, and -3< sup a; (x) + sup £, (x) + sup 
y, (x) <9. 

Definition 2.4.1 : Let L;= {x, < [inf a; (x), sup @;, (x)]; 
fin 8; (x), sup B;, (a); Cinty7, (x), sup 77, (a): [int or, (x). 
sup or, (x)}; Lint ;, (x), sup B;, (x)]s Lin 77, (x), sup 77, (2) 
> | xe X} and Lp 
[inf 8; (x), 


[inf a, (x), 


{x, < [inf a; (x), supa, (x)]; 
sup 2; (x)];— [infyy, (®), sup vz, ()]; 
supa, (x)]; [inf 8, (x), ~~ sup F;, (x)]; 
[infy,, (x), sup 7;, (x)] > | xe X} be two IBNSs [31] . Then 
L; C LI» if and only if 

inf = @, (x)Sinfa; (x), ~— sup @, (x) < supa@,, (x), 
inf f;, (x)> inf B(x), sup 7, (x)> sup B;, (x), 
infy; (x)2infy;, (x), supy, (x)2supy;, (x), infa; () 
(x) 2 sup a, (x), inf £7, 
(x)<inf B, (x), sup f,, (x)<sup 4, (x), inf 7, (x) <inf 
Y1, (x), sup Y;, (x) S$ sup 7,, (x), for all xex. 


2 infa, (x), sup a; 


Definition 2.4.2: Consider L; = {x, < [inf a; (a), 
supa; (x)]; [inf 27, @), sup ff; (x); [inf y;, Q), 
supy;,()]; — [infa, @), supa, @)); [inf A, Q), 
sup £,, (x)]; [inf 7;, (x), sup 7;, (x)] > | xe X} and L2 = ty, 
< [inf a; (), supa; ()); [inf A, (x), sup £7, 2x); 
[infy; (x), sup 77, (x)]; sup a, (x)]; 


[inf 6, (x), sup £;, (~)]; [inf ;, (), sup 77, @)] > | xe X} 
be two IBNSs [31] . Then LZ; = L2 if and only if 


[inf a; (x), 
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inf a; (x) = infa; (x), supa; (x) = supa; (x), 
inf 8 (x) = inf B;, (x), sup A} (x) = sup Bf, (), inf 77, (0) 
= infy; (x), supy;,(x) = supy;, (a), infa;, (x) 
(x) = supay,(x), inf, (x) = 
inf B;, (x), sup B;, (x) = sup By. (x), inf 77, (x) = inf 
1, (x), sup 7, (x) = sup 7;, (x), for all xeX. 


infa; (x), supa, 


Definition 2.4.3: The complement [33]of L = {x, < [inf 
a} (x), supat (x); lint Bi @), sup BP ()]; linfy; ©), 
sup 7; (x)]; [infa, (x), sup a, (x)]; [inf ; (x), sup 6; (x); 
[inf v; (x), sup y; (x)] > | xe X} is defined as L© = {x, < 
[inf sup @e (x)]; [inf Bie (x), sup Bye (x); 
[infyjc (x), = supyje(x)];— [infa,. (x), sup ae (x); 


[inf fc (x), sup B 7c (x)]; [inf 7, (x), sup 7; (x)] > | xe X} 
where 


ic (X), 


inf a) (x) = infy; (x), supa) (x) = supy; (x), inf 
Bic (x) = 1 - sup fh; (x), sup fie (x) = 1 - inf B; (x), 
infy;- (x) = infa;, supy; (x) = supa,, infa,. (x) = 
infy, , supa. (x) = supy,, inf f,- (x) = -1 - sup Z;, (x), 
sup #- (x) = -l - inf f, (x), infy,- (x) = infa, (x), 


sup 7 (x) =supa@, (x) forall xe X. 


3 Correlation coefficient measures under IBNSs 
setting 


Definition 3.1: Let L; and L2 be two IBNSs in X = {x1, 
X2, ..., Xn}, then the correlation between Ly, and L»2 is 
defined as follows: 
R (Li, I2) = 


inf ay (x, ).inf ar (x,)+sup ay (x, ).sup ar (x,)+ 
inf #; (x,).inf B; (x,)+sup ;, (x; ).sup 8; (x;)+ 
inf yf (x,).inf yf (x,)-+sup 7 (x,)-sup 7, (x)) + 
inf a, (x;).inf a, (x,)+supa@, (x;).supa, (x;)+ 
inf 6; (x;).mnt f,, (x;)+sup f, (x; ).sup f;, (x; )+ 
inf 77, (x).inf 7, (x,)+sup 77, (x,)-Sup 77, (%;) 


Ms 


~ 
— 


Definition 3.2: Consider L; and L2 be two IBNSs in X 
= {x1, X2, ..., X,}, then the correlation coefficient between 
L; and Lz 1s defined as follows: 
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R(L,,L,) 


Cor (Ly, L2) = 2&4 
[R(L,,L,).R(L,,L, )] 


(1) 


where 
inf a, (x;).inf a, (x;) + supa, (x;).supa,, (x;) + 
inf /; (x;).int 6, (x;) + sup A, (x;).sup G;, (x;) + 
» | int V1, (x;).inf Vi, (x,) + supy;, (x;).Sup 77, (x;) + 
R(L,,L,) = zy, 7 es 3 = ? 
inf a, (x;).inf a, (x;) + supa, (x;).supa,, (x) + 
inf /, (x;).int 6, (x;) + sup f,, (x;).sup G,, (x;) + 
inf y, (x,).inf 7, (x;) + supy, (%;).sup7;, (%;) 














(inf a; (x;))° + (supa? (x,))° + (inf Bf (x,))° + 
»| (sup By (4;))° + Cin v7, (4) + (supyz, (4;))° + 

R (L, 9 L, ) = 2 . = 2 = 2 : = 2, 
=) Got Qa), (x;))° + (supa, (x,))° + (nf Bi, (x) + 


(sup B;, (x) + (inf 7, (x;))° + (supy;, (4) 





(inf a7, (x;)) + (supar, (x;))° + (inf By (x;))° + 


» | (sup By, (4) + (inf 77, (4%) + (supyz, %)) + 
R(L,,L,) = x 
“Y (inf a), (4) + (supa, (3;))° + (inf B;, (x;))° + 


(sup Ay, (x,))° + (inf 77, (a) + (supyz, (@)) 


Theorem 1. The correlation coefficient measure Cor (Li, 
L2) between two IBNSs L, Lz satisfies the following 
properties: 

(Cl) Cor (Li, I2) = Cor (L2, Li) ; 

(C2) 0< Cor (Li, L2) <1; 

(C3) Cor (Li, I2) = ie if L)= Lo. 


Proof: 
(Vitor) = 2 
[RG LIX RCE) 
R(L,,L,) = C57 (Lo, Li). 


[R(L,,L,)xR(L, we as 


(2) Since, R (Li, L2) 20, R (Li, L}) 20, R (L2, L2) 20 
and using Cauchy-Schwarz inequality we can easily prove 
that Cor (L;, L2) <1, therefore, 0 < Cor (L;, L2) <1. 

(3) If L; = Lz, then inf @; (x) =infa; (x), sup a; (x) = 
supa; (x), inf BiG) = inf Bi), supBi@) = 
sup 8, (x),infy;, (x) = infy;, (x), sup 7, (x) = sup 7;, (x), 
infa, (x) = infa, (x), supa, (x) = supa@, (x), inf A, (x) 


= inf f, (x), sup f, (x) = sup A, (x), inf @, (x) = inf 
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a, (x), supy;, (x) = supy,, (x) for any xe X and 
therefore, Cor (L;, Lz) = 1. 


Definition 3.3: Let w; = (w1, w2, ..., Wn) € [0, 1] be the 
weight vector of the elements x; (j = 1, 2, ..., m), the 
weighted correlation coefficient between two IBNSs Li, Lz 
can be defined by the following formula 
R,, (L, 9 L,) 


ee (2) 
[R,, (L, ’ L, ).R,, (L, ’ L, )] 


Cory (Li, I2) = 


where 


inf a, (x;).inf a, (x,) + supa, (x,).supa;, (x) + 
inf 6; (x;).int ; (x;) + sup By, (x;).sup B;, (x)) + 
inf V1, (x; ).inf Vi, (x;) + supy;, (x;).supy;, (x;) + 














R, (L,,L,) = > w, 
| inf ac, (x, )inf a, (x,) + supa, (x;).supa,, (x;) + 


inf £7, (x;).inf 6, (x;) + sup FZ), (x;).sup 4, (x) + 
inf Vi (x, ).tnf Ve (x,) + SUP /;, (x;)-Sup7;, (x;) 


(inf a7 (x;))° + (supar, (4,)) + Ginf Bf (x,))° + 
» | (supB, a) + Gnt 77) + (supy7, + 
R,,(L,L,) = awl z 2 7 ys ss 2 
Tl} Gant a1, (x;)) + (supa, (x,))° + Cnt B,, (x;))° + 
(sup f;, (x,))° + (inf 7, (x) + (supyz, (4) 


(inf or; (x;))° + (supa, (%;))° + (inf BE (%,))° + 
» | (supBy (%))° + (inf 77, 4)" + (supyz, (4) + 
REISS sw 
ml“) (inf a, (4;))° + (supary, (x;))° + (inf By (%,))° + 
(sup f,, (x;))° + (inf y;, (4;))° + (supy;, (4) 
If w =(1/n, 1/n, ..., 1/n)', the Eq. (2) is reduced to Eq. (1). 


Theorem 2. The weighted correlation coefficient 
measure Cor, (L;, L2) between two IBNSs L;, Lz also 
satisfies the following properties: 

(Cl) Cory (Li, I2) = Cory (Lo, L1); 

(C2) 0S Cory (Li, L2) <1; 

(C3) Cory (Li, I2) = 1, if Lj= Lo. 


Proof: 


(1) Cory (Li, L2) = os ee 
[R,, (L,,£,).R, (L,,L, )] 
R,, (£,,£ 
= atk 22 ) = _— Cor, (Lo, L)). 
[R,, (L,,L,).R,, (L,,L, ) 


(2) Since, Ry (Li, L2)20, Rw (Li, Li) 20, Rw (Le, 
L2) 2 0 and using Cauchy-Schwarz inequality we can easily 
prove that Cory (L;, Lz) <1, so, 0S Cor, (Li, Lz) <1. 
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(3) If L; = Lz, then inf @; (x) =infa; (x), sup a; (x) = 
inf £7 (x) = inf A, (x), supB,(%) = 
sup £7, (x),infy; (x) = infy;, (x), sup 77, (x) = sup 77, (x), 
infa@, (x) = infa,, (x), supa, (x) = supa, (x), inf A, (x) 
= inf f, (x), sup £, (x) = 
a,, (x), supy;, (x) = sup 7, (x) for any xe X and hence, 
Cory (Li, I2) = 1. 


sup @7, (x), 


sup J, (x), inf @, (x) = inf 


Example 1. Suppose that L; = < [0.3, 0.7], [0.3, 0.8], 
[0.5, 0.9], [-0.9, -0.3], [-0.6, -0.2], [-0.8, -0.4] > and Lz =< 
(0.1, 0.6], [0.2, 0.7], [0.3, 0.5], [-0.8, -0.2], [-0.8, -0.3], [- 
0.7, -0.4] > be two IBNSs, then correlation coefficient 
between L; and L21s obtain using Eq. (1) as follows: 

Cor (Li, L2) == 0.4870391. 


Example 2. If w = 0.4, then the weighted correlation 
coefficient between L; = < [0.3, 0.7], [0.3, 0.8], [0.5, 0.9], 
[-0.9, -0.3], [-0.6, -0.2], [-0.8, -0.4] > and Lz = < [0.1, 0.6], 
[0.2, 0.7], [0.3, 0.5], [-0.8, -0.2], [-0.8, -0.3], [-0.7, -0.4] > 
is calculated by using Eq. (2) as follows. 

Cory (Li, L2) = 0.5689123. 


4. MADM strategy based on weighted corre- 
lation coefficient measure in IBNS environment 


In this section, we have developed a novel MADM 
strategy based on weighted correlation coefficient measure 
in interval bipolar neutrosophic environment. Let, F = {F\, 
Fo, ..., Fmt, (m=2) be a discrete set of m feasible 
alternatives, G = {Gi, G, ..., Gn}, (n= 2) be a set of n 
predefined attributes and w; be the weight vector of the 


attributes such that O<wj<1 and 2w, = |. The steps for 
J= 


solving MADM problems in IBNS environment are 
presented as follows. 

Step 1. The evaluation of the performance value of 
alternative Fj (i= 1, 2, ..., m) with regard to the predefined 
attribute G; (j = 1, 2, ..., m) provided by the decision maker 
or expert can be presented in terms of interval bipolar 


neutrosophic values qi = < [infa;; , supa; ], [inf B, , su 
B; ], [inf Vi , sup yA, [inf a, , sup a, |, [inf 6, , su 
f, |, lint y,; , sup 7; | > = < ci, dij, ei, fiir Bij, Nij, Tijs Sij, bij, 
1=1, 2, ..., m;j = 1, 2, 


bipolar neutrosophic decision matrix [R,] 


Uij, Vij. Wij, ..., N. The interval 


is presented 


mxn 


as given below. 


fe) 


G, G, G, 

7 F, Gi @ia ss in 
Le licen = E Goi 420+ an 
Es, Ami Um2 ++ Amn 


Step 2.The interval bipolar neutrosophic positive ideal 
solution (IBN-PIS) can be defined as follows: Q° =< c;, 


d*jet, ft, gt, Wi rt,st,ttut, vt, wih> = < 
[i Max (c,) Fev": Min (c; ) EJS, { Max (d;) J EJ"; 
Min (d;) JE}, [{Min(e,)ieJ* Max (e,) ii es}, 
{Min (f,) FES}; Max(f, UES [Min (g,) e's 
Max(g,)iieS}, {Min (hj) ES; Max (h,) i es] 
[{Min (7, ) EJ’; Max(r) es}, {Min (s;) ev"; 


Max (s;,) i © J], [{ Max (¢,,) JESS (Min )UESs, 


{ Max (u,,) jES}; 
{Min (Vi HET, {Max (wi) ess Min (w;) ie Sh] > 
j= 1,2, ..., n, where J", J denote the benefit and cost type 
attributes, respectively. 


Step 3. The weighted correlation coefficient of IBNS 
between alternative F; (1 = 1, 2, ..., m) and the ideal 


alternative Q can be derived as follows: 


Min (u,) HES} {Max (vi) es" 


: R,,(F,,° 
Cory (Fi, Q ) = foe 
[R, (FF). R, (2 .@ )I 

where, 

R.(F.0")= Zwileics TOO PCC el a ee. aI ok 
et, TSS, Piet Pe VY, a WeW, | 
REF) = 2 MAGI + ds) + (6y¥ + Ga? + By + OY + 
F1(r J? + (sy)? + Gy)? + (uy? + %)? +O) 

R(Q',0')= 8 wylleyy +(dpy +(e + FY +087 + iy + 


=rty + (55 GP + UY +07 +7] 
Step 4: The biggest value of Cor, (Fi, Q ),i=1, 2,..., 


m implies F; , (i = 1, 2, ..., m) is the better alternative. 
In Fig 1. we represent the steps for solving MADM 
problems based on weighted correlation coefficient 


measure in IBNS environment. 
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Multi attribute decision making problem 
—— Decision making analysis phase 
A 


Formulate the interval bipolar 
neutrosophic decision matrix 


Determine interval bipolar 
neutrosophic positive ideal 
solution 


Calculate weighted correlation 
coefficient measures between 
alternatives and the ideal 
solution 


Rank the alternatives and 
select the best option 





Figure.1 Decision making procedure of proposed MADM strategy 


5. Numerical example 


In this section, an illustrative numerical problem is Interval bipolar neutrosophic decision matrix 

solved to illustrate the proposed strategy. We consider an Gi 

MADM studied in [31, 33] where there are four possible (F — [[0.4,0.5],[0.2,0.3],[0.3,0.4],[-0.3,—0.2],[-0.4,—0.3],[-0.5,-0.4]| 

alternatives to invest money namely, a food company (Ff), | F, _ [[0.6,0.7],[0.1,0.2],[0.2,0.3],[—0.2,—0.1],[-0.3,— 0.2],[-0.7,-0.6]] 

a car company (/2), a arm company (F3), and a computer | F — [[0.3,0.6],[0.2,0.3],[0.3,0.4],[—-0.3,—0.2].[-0.4,—0.3],[-0.6,-0.3]| 

company (f4). The investment company must take a |p, [[0.7,0.8],[0.0,0.1],[0.1,0.2],[-0.1,—-0.0],[-0.2,-0.1].[-0.8,-0.7] 

decision based on the three predefined attributes namely 

growth analysis (G1), risk analysis (G2), and environment G> 

analysis (G3) where G1, G2 are the benefit type and G3 is 

the cost type attribute [34] and the weight vector of Gi, G2, : Sree eenronied aes acer od 

and G3 is given by w = (w1, W2, w3) = (0.35, 0.25, 0.4) [31]. | 72“ HO-0- 71 L0-1,0-2],[0.2,0.3]1-0.2,—0-EL-0.3,= 0.2], [-0.7,-0.6] 
F, _ {[0.5,0.6],[0.2,0.3],{0.3,0.4],[-0.3,— 0.2],[-0.4, — 0.3],[-0.6,-0.5]] 

The proposed strategy consisting of the following steps: F, — [[0.6,0.7],[0.1,0.2],[0.1,0.3],[-0.2- 0.1],[-0.3,—0.1],[-0.7,-0.6]] 

Step 1. The evaluation of performance value of the G3 


alternatives with respect to the attributes provided by the 
decision maker can be expressed by interval bipolar 
neutrosophic values and the decision matrix is presented as 
follows: 
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F, __[[0.7,0.9],[0.2,0.3],[0.4, 0.5],[—0.3, — 0.2],[—-0.5,— 0.4],[-0.9,-0.7]] 
F, __ [[0.3,0.6],[0.3, 0.5],[0.8, 0.9],[—0.5, — 0.3],[-0.9, — 0.8],[—0.6,- 0.3] 
F,  [[0.4,0.5],[0.2,0.4],[0.7, 0.9], [-0.4, — 0.2],[—-0.9, — 0.7],[—0.5,-0.4]] 
F, _ [[0.6,0.7],[0.3,0.4],[0.8, 0.9],[-0.4, — 0.3],[-0.9, — 0.8],[-0.7,-0.6]] 


Step 2. Determine the IBN-PIS (Q° ) from interval bipolar 


neutrosophic decision matrix as follows: 

(Let di ble A" Lai ft bln ssi Bley sy lve swe) = 
<[0.7, 0.8], [0.0, 0.1], [0.1, 0.2], [-0.3, -0.2], [-0.2, -0.1], [- 
0.5, -0.3]; 

({e3,d3 Les, fy Llg2 Ay Uy +82 tz m2 L[y).w2]) = < 


[0.6, 0.7], [0.1, 0.2], [0.1, 0.3], [-0.3, -0.2], [-0.3, -0.1], [- 
0.6, -0.4]; 


(1G a, Met, Les le 385 Le ay Ly, 51) == 


[0.3, 0.5], [0.3, 0.5], [0.8, 0.9], [-0.3, -0.2], [-0.9, -0.8], [- 
0.9, -0.7]. 








Step 3. The weighted correlation coefficient Cor, (F;,Q. ) 


between alternative F; (i = 1, 2, ..., m) and IBN-PIS Q’is 


obtained as given below. 

Ry (Fi, Q°) = 2.4465, Rw (Fi, Fi,) = 2.585351, Ry (Q", Q") 
= 2.850693, Cory (Fi, O") = 0.331952, 

Ry (Fo, QO") = 2.9205, Rw (Fo, F2) = 2.905408, Cory (F2, Q”) 
= 0.3526141, 

Ry, (F3, O°) = 2.6625, Ow (F3, F3) = 2.701919, Cory (F3, 
QO”) = 0.3456741, 

Ry (F4, O°) = 3.098, Ow (F4, Fs) = 3.048081, Cor, (Fs, QO") 
= 0.3565369. 

We observe that Cory (F4, O°) > Cory (F2, O") > Cory (F3, 
QO") > Cory (Fi, Q’). 

Step 4. According to the weighted correlation coefficient 
values, the ranking order of the companies is presented as: 
P4> fy > F3> Fy). 


Hence, the most desirable investment company ts F%4. 


Strategy 





[7 


In Fig 2. we represent the graphical representation of 


alternatives versus weighted correlation coefficient values. 


0.35654 


0.35261 


0.34567 





0.30 


0.25 


0.20 


0.15 


0.10 


0.05 


Weighted correlation coefficient values 


0.00 


F1 F2 F3 F4 
Alternatives 


Fig 2. Graphical representation of alternatives versus 
weighted correlation coefficient values. 

Next, we compare the obtained results with the results of 
Mahmood et al. [31] and Pramanik et al. [33] in Table 1 
where the weight vector of the attributes is w = (0.35, 0.25, 
0.4) [31]. We see that ranking orders of alternatives 
derived by the proposed strategy and the strategies 
discussed by Mahmood et al. [31] and Pramanik et al. [33] 
are different. We also observe that F4 is the best option 
obtained by the proposed strategy as well as the strategy 
discussed by Mahmood et al. [31] . However, Pramanik et 
al. [33] found that F2 is the most desirable alternative 
based on weighted cross entropy measure. 


Table 1. The results derived from different strategies 


Best 
choice 
Fy > Fo > F3 > Fy 


Fu> Fi > F3 > Fo 
F, < F3 < Fi < F, 


Ranking results 


The proposed 
weighted correlation 


coefficient strategy 
Mahmood et al.’s 
strategy [31] 
Weighted cross 
entropy measure [33] 
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6 Conclusion 


In the study, we have defined correlation coefficient 
and weighted correlation coefficient measures in interval 
bipolar neutrosophic environments and prove their basic 
properties. Using the proposed weighted correlation coeffi- 
cient measure, we have developed a novel MADM strategy 
in interval bipolar neutrosophic environment. We have 
solved an investment problem with interval bipolar neutro- 
sophic information. Comparison analysis with other exist- 
ing strategies is presented to demonstrate the feasibility 
and applicability of the proposed strategy. We hope that 
the proposed correlation coefficient measures can be em- 
ployed to tackle realistic multi attribute decision making 
problems such as clustering analysis [15], medical diagno- 
sis [21], weaver selection [35-37], fault diagnosis [38], 
brick selection [39- 40], data mining [41], logistic centre 
location selection [42- 43], school selection [44], teacher 
selection [45-47], image processing, information fusion, 
etc. in interval bipolar neutrosophic environment. Using 
aggregation operators, the proposed strategy can be ex- 
tended to multi attribute group decision making problem in 
interval bipolar neutrosophic set environment. 
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Abstract: This paper describes neutrosophic 
goal geometric programming method, a new 
concept to solve multi-objective non-linear 
optimization problem under uncertainty. The 
proposed method is described here as an 
extension of fuzzy and intuitionistic fuzzy goal 
geometric programming technique in which the 
degree of acceptance , degree of indeterminacy 
and degree of rejection is simultaneously 
considered. A bridge network complex model is 


INTRODUCTION: 


In real life situations, most of the time it is 
unable to find deterministic optimization 
problems which are well defined because of 
imprecise information and unknown data. Thus 
to handle this type of uncertainty and imprecise 
nature , fuzzy set theory was first introduced by 
Zadeh [ 1 ] in 1965. Fuzzy optimization 
problems are more realistic and allow to find 
solutions which are more acceptable to the real 
problems . In recent time, fuzzy set theory has 
been widely developed and there are various 
modification and generalizations has appeared, 
intuitionistic fuzzy sets (IFS) is one of them. In 
1986, Atanassov [ 2 | developed the idea of IFS 
, which is characterized by the membership 
degree as well as non-membership degree such 
that the sum of these two values is less than one. 
Intuitionistic fuzzy sets can handle _ the 
incomplete information but unable to deal with 
the indeterminate information. Thus further 


presented here to demonstrate the applicability 
and efficiency of the proposed method. The 
method is numerically illustrated and the result 
shows that the neutrosophic goal geometric 
programming is very efficient to find the best 
optimal solution than compare to other existing 
methods. 


Keywords: Neutrosophic set, Goal 
programming, Geometric programming, Bridge 
network, Reliability optimization. 


generalization of it is required. To overcome 
this, neutrosophy [ 3 | was first introduced by 
Samarandache in 1995, by adding another 
independent membership function named as 
indeterminacy membership along with truth 
membership and falsity membership function. 


Goal programming (GP) is one of the most 
effective and efficient methods among various 
kinds of existing methods to solve a particular 
type of non-linear multi-objective decision 
making problems. In 1977, Charns and Copper 
[ 4 ] first introduced goal programming problem 
for a linear model. In a standard GP problem, 
goals and constraints are not always well defined 
and it is not possible to find the exact value due 
to vague nature of the coefficients and 
parameters. Fuzzy and _ intuitionistic fuzzy 
approach can handle this type of situations. 
Many authors use fuzzy goal programming 
technique to solve various types of multi- 
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objective linear programming problems [7] [8] 
. M.Zangiabadi [18] applied goal programming 
approach to solve multi-objective transportation 
problem in fuzzy environment. B.B.Pal [5] 
described a goal programming procedure for 
multi-objective linear programming problem. 
Since geometric programming gives better result 
to solve non-linear goal programming problem 
compare to the other non-linear programming 
methods, P.Ghosh and T.K.Roy [12] ,[ 13 ] 
described the fuzzy goal geometric 
programming method  in__ intuitionistic 
environment. Paramanik and Roy [6] introduced 
intuitionistic fuzzy goal programming approach 
in vector optimization problem. Sometimes goal 
of the system and conditions include some vague 
and undetermined situations. Hence we cannot 
handle this type of situations by the concept of 
fuzzy set and intuitionistic fuzzy set theory. 
Mathematically, to express the decision maker’s 
unclear target levels for the goals and to 
optimize all goals at the same level, we have to 
go through a complicated calculations. Here we 
introduced neutrosophic approach for goal 
programming to solve this kind of unclear 
difficulties. Many researchers applied goal 
programming for solving multi-objective 
problems in neutrosophic — environment 
[9],[ 10]. 11] . But it is very first when 
neutrosophic goal geometric programming 
method is applied to multi-objective non-linear 
programming problem. 

The present study investigates computational 
algorithm for solving multi-objective goal 
geometric programming problem by single 
valued NGGPP technique . The motivation of 
this paper is to apply an efficient and modified 
optimization technique to find a pareto optimal 
solution of the proposed bridge network 
reliability model to produce highly reliable 
system with minimum system cost than the other 
existing methods. An illustrative example is 
given to show the utility of NGGPP on the 


reliability model and also the result of the 


proposed approach is compared with fuzzy goal 
(FGGP) and 
intuitionistic fuzzy goal geometric programming 
(IFGGP) approach at the end of this paper. 

The structure of the paper is as follows: In 


geometric programming 


Section 2, some basic’ definitions and 
Neutrosophic goal geometric programming 
problem (NGGPP) method is introduced; In 
section 3, a bridge network reliability model is 
introduced and provide NGGPP method for 
solving the proposed model. In Section 4, 
numerical examples are solved and compared 
with the existing method .Finally — the 


conclusions are drawn in section 4. 
2, Neutrosophic goal geometric 
programming problem (NGGPP): 


Definition 2.1. Let X be a space of points and 
x € X. A neutrosophic set (NS) A” in X having 
the form 


AY See die) Va) Gi) | EX Ys 
where L,(X),v,4(x) and o,(x) denote the truth 
membership degree , falsity membership degree 
and indeterminacy membership degree of x 
respectively and they are real standard or non- 
standard subsets of ]07,1T[ ive. 


Uy(x):X =? ]0-,17[ 
va(x):X > 107,17 
and O4(x):X 2]07,17[ 


There is no. restriction on the sum of 
Ma(x), V4(x) and o,(x). So, 


O- <sup w,(x) + sup v,(x) + supo,(%) < 
3”. 


Ye [ 14 ] ,[15] reduced NSs of non-standards 
intervals into a kind of simplified neutrosophic 
sets of standard intervals that will preserve the 
operations of NSs. 
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Definition 2.2. [17] Let X be a space of points 
with a generic element x in X. A single-valued 
neutrosophic set (SVNS) A 
characterized by u,(X),v,4(x) and o,(x) , and 
of the form 


in xX is 


AN = {< x : a(x), Vax), o4(x) > | x € X} 


Where wUy(x):X - [0,1] 
va(x):X — [0,1] 
and = o,(x):X — [0,1] with 
0 < py(x) + vs(xX) + o4(x) < 3 for all 
x EX, 


Here we consider neutrosophic goal geometric 
problem as an extension of intuitionistic fuzzy 
goal geometric programming problem. In 
NGGPP , degree of indeterminacy is also taken 
into consideration for neutrosophic goal 
programming objectives together with the 
degree of acceptance and degree of rejection. 


A multi-objective non-linear neutrosophic goal 
geometric programming problem with k 
objective functions can be taken as follows- 


Find X = (X41, X32, ...X,) SO as to 

Ss N a 
Minimize (Zoi(x) = L245 Coip [jai xj°°?) 
satisfying target goal achievement value Co, 
with acceptance tolerance t ),°°°, rejection 


tolerance ty),’°Jand indeterminacy tolerance 


Sar N a 
Minimize (Zo2(xX) = Y24 Coip [jai %j°°”) 
satisfying target goal achievement value Co2 


acc 
’ 


with acceptance tolerance to2 rejection 


tolerance tp,’°Jand indeterminacy tolerance 


faa 
Minimize (Zox(x) = ee Coip Wn. xj 20! 


satisfying target goal achievement value Co; 
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Cc 


with acceptance’ tolerance to;,°°°, rejection 


tolerance to;,'°/ and indeterminacy tolerance 


typi. 

Subject to, 

Zy(X) = Dor ate ayy Cre ft 497 

eS AG2 ie 5 SO ,Xm) > 0 
Where we have a220) 


Coip > 0, (for p=1,2,3,..,No; i = 1,2, ..., k), 


Cry > 0, (for k=1+ Nox: ny » Nix, Nix oh 1, weaty Tik: 
PS 152 est.) 


Aoipj (p=1,2,.., Noi t = 1,2,...,p 5 j = 1,2, ...,.m) 


and Arn j (k =i + Nox: dae Ni, Nix + iL. ath y Nix: J 


= 1,2, ....m) are real numbers. 


Now using the concept of neutrosophic sets, 
construct the truth membership — function 
U;(Z5;(x)), indeterminacy membership function 
0;(Z,;(x)) and falsity membership function 
0;(Z5;(x)) of NGP objectives are given by — 


1 » Zoi = Cos; 


Zoi(X)—-Coi 
Hi(Zoi(x)) =< 1- eae lor Zor = Const toi?” 


toi 





0 Zoi = Coit tit 3 -.-(2.2) 
0 » Loi S Coi; 
9;(Zgi()) = ri » Cor S Zoi S Coi + toi" 
i 2 Z = Cop tp Oe. cB) 
and 
1 » Loi S Coi: 
oi(Z;(x)) =< 1- aan Coi S Zoi S Coy + toi’ 
0 | hat. eg Car ed) 
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Lj, Dj, 0; 


LU; (Zoi) 9; (Z,;) 








0 Coi Coi >, Ege? Coi a toi” Coi a tei Zoi(x) 


Fig (1) : truth membership function, indeterminacy 
membership function and_ falsity membership 
function for the objective functions Zo; (x). 


Now the above NGP model (3.1) can be reduced 
to a crisp model by maximizing the degree of 
acceptance, degree of indeterminacy as well as 
minimizing the degree of falsity of NGP 
objective functions. Hence we have 


Maximize y;(Z,i(x)) for i=1,2,...,k 
Minimize 0;(Zoi(x)) for i= 1,2,...,k 
Maximize o;(Z,i(x)) for i= 1,2,...,k 
Subject to, Z,(x) < b, ;r = 1,2,...,1 
0 < uj (Zoi) + i Zoi) + 1(Zoi) S 3, 
9i(Zoi) = 9, 
Mi (Zoi) 2 Vi(Zoi) 5 


Lj (Zo; ) = 0;(Z5;) . fori= 12 exesD 
and X = (%4,Xo) ww Xe) 0. ee 220) 


Now (2.5) 1s equivalent to- 
Maximize a Minimize 6B Maximize y 
Subject to, ;(Zo;(x)) = a 

9i(Zoi(x)) < B 


0;(Zoi(x)) = ¥Y «for e122, 
ZO s Des. PSL i at 
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O<sat+Pt+y<3,aZ=>fP, azZzy, 
a,p,y € [0,3] , 


and x= (X41, X2, ssi caee on) > 0. ....(2.6) 


Now by geometric mean method , the above 
model (2.6) can be written as — 


Minimize B(1 — a)(1—y) 
Subject to, 


Zoi (x) <= Co; + agi?" X Agi" x Ai" es oer) 


(for 1 = 1,2,....,k.) 


. Z(x)<1, r=1,2,..,l. 


Os<at+Pt+ys3,az2PB, azy, 
a,B,y € [0,3] , 
and X= (X41, Xo, we XS 0. ae oel) 


Let, B(1 — a)(1—y) =w > 0, then the above 
model becomes- 
Minimize w 


Cota j*oXagj72) XAagj'™4xw — 


Subject to , 
(for 1= 1,2,....,k); 
7 Z,(x) <1, r=1,2,..,1. 


X= (X41, Xo, rar je) > 0. (2.8) 


From (3.8) we construct the dual programming 
model as — 


Maximize 


‘ Noi C 
(—) 600 | | | lise eee 
doo i=1 a (Co; + 0 eae x Ap; x Ag ,ir4 x w) doin 


Na: 
OL 
Nrk Noi (Xe=1 Soip) 


l C 
‘5 | | | | rq } Oorg o Ovip) 
P=1 C,. Oorq 4 


Q=1+T(7-1)k mz 


Nrk york bo 
On A a de 
Q=1+T(7~-1)k 
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Subject to, dog = 1 


N os 
ae * Ooip = 1 Normality Condition 
Nrk — : 
qiq=14T (ayy O07 = L (fori =1,2,...k57 = 1,2,...,) 
Noi 


) 2 Aoipj Sip ale y 


r=1 q=1+(r—-1)k 


(forj = 1,2,...,m.) Orthogonality condition 


where 

Ooip > O (for p = 1,2,... , Noi; i = 1,2, ..., k) 

Oorg > 9 org =1+ Nea > Ta r = 1,2, ...,1) 
( Positivity conditions ) .. (2.9) 


Let there are total T number of terms in the 
above primal problem. Then the degree of 
difficulty (DD) of the single objective geometric 
programming problem is T — (m+1). 


Case I: for T > (m+1) , a solution vector exists 
for the dual variables. 


Case II : T < (m+1) 
vectors exist for the dual variables, but we can 


, generally no solution 


get the approximate solution for this system 
using different methods. 


Now to find out the solution of the geometric 
programming model (2.8) , firstly we have to 
find out the optimal solution of the dual problem 
(2.9) .Hence from the primal-dual relationship, 
the corresponding values of the primal variable 
vector x can be easily obtained. The LINGO- 
16.0 software is used here to find optimal dual 


variables from the equations of (2.9). 


Lemma 3.1: The ranges of truth , indeterminacy 
and falsity membership function of neutrosophic 
goal geometric programming problem will 
satisfy if tp;"°/ > 2t>;'"@ and t);2°° > t;'"4 
where ty;°°°, tp;"“/and ty;'"4 


tolerance, rejection tolerance and indeterminacy 


are acceptance 
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tolerance respectively of the NGP objective 
functions. 


Proof: From the equations (3.5) we have — 


Mi (Zoi) 2 Oj (Zoi) 


Zoi(X)—Coj > (= Zoi(X)—Coj 


implies 1—- acc ind 
Ol OL 


ot, (Zoi(x) — Co) (maa) 29 
In the above mentioned neutrosophic goal 
programming problem , we consider each 
objective functions Z,;(x) satisfying target 
achievement value Cp, and also from the relation 


Ji(Zoi) = 0 
or, Zoj(x)— Coi > 0 
to; ‘rej 
or,(Zoi(x) — Coj) 2 0 (ii) 


Thus the relation (1) is true if 


1 1 ) 
ey 0 
(<a Laie’ — 


te: ere Se (iii) 


Hence from relation (i), we have in 
neutrosophic goal geometric programming 
problem, acceptance tolerance tp;*“° should be 
greater than indeterminacy tolerance t,;'"@ 


Again from the relation 1;(Z,;) = 0;(Z5;) and 
Mi(Zoi) 2 O;(Zoi) 


Zoj(x)—-C Zoj(x)—-C : 
we have, ie eer = rT (iv) 
Oi fo 
Zoi(X)—Coi Zoi(X)—Coi 
and 1- pace = 1 tyr (v) 


Adding the above inequalities (iv) and (v) , we 
get- 


Zoi(x)—Coj (Zoi (X)—Coj) 1 
Les ty 20° Z = + 2 C rej t Tad) 
Ol Ol 


(vi) 
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Now from (3.5) using the relation 
Mi(Zoi) 2 Vi(Zoi) = 0 and 
Hi(Zoi) + Vi(Zoi) + F1(Zoi) S 3 
we get, 0;(Zo;) < 3 


Zoi(X)—-Coj 


Or, 


or, Z,;(x)—Co; = —2t);°"" 


1 1 =e 
OT Z,{(%)—Coj < ~ Qty (vil) 
Hence from Uj (Zo; ) + 0; (Z5;) + 0;(Z5;) < 3 
using (vi) and (vii) — 


1 
= + 
2 2 








Zoi Cov ( 1 il ) + Foe rot 


rej ind rej 
toi’ ~— toy toi’ °/ 


1 = Zoi(*)—Coi < 3 


ind 


Z gives to;"°! > 2t),'". 
Thus from the above relation it is clear that in 
neutrosophic goal geometric programming 
problem half of the rejection tolerance 
to;”°/ should be greater than the indeterminacy 
tolerance t,'"4. 

Theorem 3.1: x* is a pareto optimal solution to 
NGGPP (3.1) iff x* is a pareto optimal solution 
to fuzzy goal geometric programming problem 
(FGGPP) which is of the form 


Minimize (Z91(), Zo2(X), «. ,Zox¢(X)) 


Subject to, Z,(x) < b,, r= 1,2,...,1 


Proof: 


Definition: x” is said to be a pareto optimal 
solution to the neutrosophic goal geometric 
programming problem (2.1) iff there does not 
exist another x such that p;(Z,;(x)) = 


Mi (Zoi (x")) ’ Di(Zoi(X)) S Vi(Zoi )) and 
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0;(Z5;(X)) = 0;(Z,;(x*)) for all i= 1,2,...,k 
with strict inequality holds for at least one 1. 


If x* be a pareto optimal solution of the FGGPP 
(2.10) then there does not exist any x such that 
Zoi(X) SZoj(x*) for all i=1,2,...,.k. and 
Zoi(x*) # Zoi(X) for at least one i. 


Then we have for all X = (%4,Xo,.. +. Be ee 
Zoi(x) S Zoi(x") ..+. (A) 
with strict inequality hold for at least one 1. 
le.  Zoi(%) — Coy S Zoi (X") — Co; 


Zoi(X)—-Coi Z Zoi(x"*)—Coj 
boi” — bane 


or, 


Or, 


Lj (Zoi (X)) = Mi (Zoi (X")). 


Zoi(X)—Coj Zoi(x")—Coj 


-_ ace implies 
OL 


Similarly from (A) we have 


Zoi(X)—-Coi Zoi(X")—Coi oa: ; 
rl — an 7 which implies 


toi 


Di(Zoi(X)) S Vi(Zoi* )) 


Zoj(xX)—-Co; Zoj(x*)—Co; 
andalso “—<  t 
i toi 
Znj(x)—Coj Z nj (x*)—-Co; 
Or, 1 — oi ) OL > 1 = iC ) OL 


ind ind 
toi toi 


or, 0;(Z5;(x)) = 0;(Z5;(x*)) . Hence from the 
definition of pereto optimal solution to the 
NGGPP , we have x* is the pareto optimal 
solution of (2.1). 


Conversely, let x* is a pareto optimal solution 
to NGGPP (2.1), then from the expression of 
membership function given in (2.2) we get 


ies Zoi(x)—Coi ee Zoi(X")—-Coi 
toe = to 


1.e.Z5;(X) S Zoi (x"). 


Again using (3.3) we have 


Sahidul Islam, Tanmay Kundu: Neutrosophic Goal Geometric Programming Problem based on Geometric 


Mean Method and its Application 


86 


Zoi(x)—-Coj < Zoi(x")—Coi which 


ind ind implies 


toi toi 


Zoi(X) < Zoi(x"). 
Similarly, using (3.4) , 


Zoji(X)—-Co; Zoilx")—Coi_ Cit 
1 _ oil ls OL > 1 _ oil ae Ol gives 
toi toi 
Zoi(X) < Zoi(X"). 


Thus we have Z,;(x) < Z,;(x*) with strict 
inequality hold for at least one i, i € {1,2,..., k} 


and which shows that x* is a pareto optimal 
solution of (2.10). 


3. Numerical Example: 


3.1. Bridge network Model [ 16] : 





Fig (2): A five-component complex bridge 
network system 


Here a bridge network system as shown in 
the figure(3) has been considered, each 
having a component reliability Rj ,j = 1,2,...,5. 


Based on the simple probability theorem 
Pr(X UY) = Pr(X) + Pr(Y) —Pr(XnNY) (3.1) 


the system reliability Rg(R) of the bridge 
network system is given by as follows: 


Now to use equation (3.1) , it is required to 
found all possible paths from the input node 
to output node. The system will operate if the 
components in any one the following sets 


{Ry »R2 ie {R3 »R4 1% {Ry Rs , Ra} and {R3 Rs 
, Ro } operate. 
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Thus the system reliability is given by 


Rg(R) = Pr ( {Ry »R2 } U {R3 Rg } U{Ry Rs , Ry} U 
{Rs Rs , Rz }) 


Since all the 
independently , thus- 


components operate 


Pr ({R, ,R2})=RyiR2, 

Pr ({R3,R4}) =Rs3Ry, 

Pr ({Ry,Rs5,R4}) = RiRsRy, 
Pr ({R3,Rs5,Rz }) =R3RsRz - 
Now using equation (3.1), 


Pr ({R; ,Rz } U {R3 ,Ry }) 


Pr ({Ry,Rz})+Pr ({R3 Rg }) - Pr (11,239 (3,45) 


R,R> + R3Ry4 car R,R2R3Ry, 
Similarly 
Pr ({Rz,R2}U {R3 ,Rq } U{R, Rs, Ra}) = 


R,R, + R3R, = R,R,R3R, + R,RsRy 4 R,R,Rs5Ry 
—R,R3R5Ry, + R,R,R3R5R, ° 


Pr ( {Ri »R2 } U {R3 »R4 } U{R, Rs , Ra} U {R3 Rs , R2 }) 
= RRs RR, + Ry ReRa te ReReER > 
R,R,R3R,— R,R>RsR, — R,R3RsRy — 

R,R3R-R, —R,R3R-R, + 2R,R2R3ReR, 


Thus the multi- objective reliability 


optimization model becomes 


Maximize Rc(R) = R1Rz +R3R, + R,RsRy + 
R3ReRy — Ry R>R3R,— R,RoReRy — 
R,R3ReR, — Ry R3RsRz —R2R3RsR, + 
2R,R>R3RsRy 


Minimize Cs(R) = YL, CR; 
0<R <1,0<5Rs $1,j=1,2,..,5. (3.2) 


Where C<.(R) denote the cost of the system 


and C);,, is the available cost of the system. 


Sahidul Islam, Tanmay Kundu: Neutrosophic Goal Geometric Programming Problem based on Geometric 


Mean Method and its Application 


Neutrosophic Sets and Systems, Vol. 19, 2018 


3.1. Application of Neutrosophic Goal 
Geometric Programming on_ Bridge 
Network Reliability Model: 


To solve the above multi-objective problem 
using geometric programming approach , the 
problem should be in minimization form. 
Thus , the suitable form of optimization 
model is taken as 


Minimize Rs'(R) = —R,R> — R3R, — 
R,ReR, — R3RsRo + R,RyR3Ry + RoRsRy + 
R,R3ReR, + RyR3RsRz + RoR3RsRy — 
2R,R>R3RsRy 


satisfying target achievement value Ry with 
acceptance tolerance tp%°, rejection tolerance 
tp’) and indeterminacy tolerance tp’. 

Also. , we Minimize Cs(R) = YL, C:Ri™ 
satisfying target achievement value Cy with 
acceptance tolerance t,%°, rejection tolerance 
tc’) and indeterminacy tolerance t,'"4. Now , 
construct the truth membership function , falsity 
membership function and _ indeterminacy 
membership function as follows — 








1 . Ry, (R) < Ro; 
= Rs'—Ro ! acc 
Hp (R) = 1 ~~ nee, ,Ro < Rs (R) < Ro + Cp K 
0 ; R,'(R) = Ro + ta"; 
0) A R,'(R) < Ro; 
_ ) Rs’ —Ro ! rej 
Dpg (R) = 4 Se, Ry SRsl(R) S Ro + te” 
Lg. ORs (R) = Rota; 
1 " R,'(R) < Ro; 
-_ Rs'—Ro ! ind 
Op,'(R) =< 1 — tind »Ro < Rs (R) < Ro + tp 
O  , Rs (R) = Rotter’; 
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1 , Cs(R) < Co; 


Uc,(R) =41- = C2 CR) SG se 








0 , C(R)2 Cyt te™ 
O , Cs(R) S Co; 
Ic,(R)=4 Sa Co S Cs(R) <Co + te"! 


L 46(RY Se Cp te: 





1 , (CsR)= Go: 
Oc,(R) =<1- Sd » CoS Cs(R) S$ Co +tc'? 


0 P Cs(R) = Co i Pe , 


Now using (2.5), the above model (3.2) reduces 
to the following form — 

Maximize Mp. Maximize Uc, 
Maximize OR.’ Maximize dc, 
Minimize 0? Rs Minimize Uc, 


<3 


Subjectto, O< Mp + DR. 1 Ops =O 


OS Uc, too, + Ue, <3, 


Sp 20 , Be, 20 

Hp, ZUR» Ucs 2 VCs; 

Hp 2 OR! + Ucs = sz) 
O<R; <1; 1=1,2,...,n; aa elicl) 
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The above model (3.1.1) is equivalent to 


Maximize a, Minimize B, Maximize y where we take w= BP(1 — a)(1-y)>Oasa 
parameter. The degree of difficulty (D.D) of 
Subject to, Hp 2@, Uc, 24, (4.1.9) is (5 +2) -(54+1) =1(> 0). 
Ur’ SB, Uc, SB, Now using ( 2.9) , the above model (3.1.3) can 
be solved by geometric programming technique 
On, 2Y %s ZY > after finding its dual. 
Os at+Pt+ys3,az=p,azy, 4 Numerical Example 
O< a, PB, y<l1 Meath OAi2) Here we consider the bridge network reliability 
optimization model for the numerical exposure. 
Using geometric mean method (4.1.8) becomes- Thus the model (4.1) becomes- 
Minimize w Maximize Rg(R) = R,R> + R3R,+R,ReRy + 
Sipiectios RgRsR2 — Ri RoRgR4— RiRoRsRq — RyR3RsRq — 


R,R3R;R> a R,R3R5Ry + 2R,RzR3R5Ry 
—R,R2— R3R4—-R,RsR4—R3Rs5R2 +RyR2R3R4+R2R5R4+ 
R1R3Rs5R4+R1R3Rs5R2+R2R3Rs5R4—2RyR2R3Rs5Ryq < 1 : 7 2 
Ro taoj2© Xa" ei Xap jiM4 xw = ? Minimize C,(R) = dja, GR; 


Dien CR” . OS 1 OS Rea nates. a) 


Cotagi*®’Xagj"’JXagi'™4xw ~~” 


On RS I 11 Dds. Heh) 


Table (1) : The input data for the neutrosophic goal geometric programming problem (5.1) is given as 


follows — 


Cy | Cp | Cy | Cy {Cs | Cy | tc | tc"! | tind | te® | te! | tei | j,i | Ro 





12] 10] 15] 18] 16/100; 8 |14 |6 103 [0521025 | 015 | 0.2_ 


Table (2): Comparison of optimal solutions of (4.1) by NGGPP method with fuzzy goal geometric 
programming problem (FGGPP) approach and intuitionistic fuzzy goal geometric programming 
(IFGGPP) approach: 


FGGPP | 0.905917 | 0.905923 | 0.896927 | 0.796213 | 0.948311 | 0.970147 | 69.702 


IFGGPP | 0.812514 | 0.992162 | 0.992359 | 0.992842 | 0.892531 | 0.998364 | 70.313 
NGGPP | 0.967124 | 0.992981 | 0.993162 | 0.965927 | 0.985742 | 0.999519 | 70.786 





Sahidul Islam, Tanmay Kundu: Neutrosophic Goal Geometric Programming Problem based on Geometric 
Mean Method and its Application 


Neutrosophic Sets and Systems, Vol. 19, 2018 


The above table describes the comparison of 
results of objective functions for primal problem 
of the proposed neutrosophic goal geometric 
programming approach with the FGGPP and 
IFGGPP approach. It is clear from the above 
table (2) that NGGPP approach gives better 
result than the IFGGPP approach in perspective 
of system reliability. But in view of system cost 
the proposed approach gives a little bit higher 
value than the IFGGPP and FGGPP method. 


5. Conclusion and future work: 


A new concept to non-linear multi-objective 
optimization problem  in__ neutrosophic 
environment is discussed in this paper. In this 
work we have introduced NGGPP technique to 
find the best optimal solution of the multi- 
objective bridge network reliability model in 
which system reliability and system cost are 
chosen as two objective function. Finally an 
illustrative numerical example is provided by 
comparing the result obtained in NGGPP 
technique with IFGGPP and FGGPP approach to 
demonstrate the efficiency of the proposed 
method. Thus the proposed method is an 
efficient and modified optimization technique 
and can construct a highly reliable system than 
the other existing method. The method presented 
here is quite general and can be applied to the 
typical problems in other areas of Operation 
Research and Engineering Sciences, like 
Transportation problems, Inventory problems, 
Structural optimization, etc. 
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Abstract: In this paper we desire to extend the neutrosophic topological spaces into 
N-neutrosophic topological spaces. Also we show that this theory can be deduced to 
N-intuitionistic and N-fuzzy topological spaces etc. Further we develop not only the concept 
of classical generalized closed sets into N-neutrosophic topological spaces but also obtain its 
basic properties. Finally we investigate its continuous function and generalized continuous 
function. 
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1 Introduction 


Set theory is the fundamental concept in mathematics developed by a Russian 
Mathematician George Cantor in 1877. He showed that the points on two dimensional 
square has a one to one correspondent with points on different line segment leading to the 
development of dimensional theory. Frechet and Hausdorff along with others studied general 
topology. Hausdorff, the German mathematician, following the footsteps of Cantor devel- 
oped set theory. Set theory enabled us to study various precise concepts in mathematics. 
But in real life situation we do come across many imprecise concepts or uncertain situation. 
If a class has fifty students say, to distinguish the taller/stronger students we are left with 
some short of uncertainty or vagueness. We can overcome the vagueness by fixing the per- 
centage of membership namely the percentage of membership enables us to find out the level 
of inexactness. ‘This theory is known as fuzzy theory. 

The concepts of fuzzy set was established by Zadeh.A [12]. This is an essential tool 
to analyse imprecise mathematical information. Since 1965, this theory has been greatly 
acknowledged by the community of mathematicians, scientists, engineers and social sci- 
entists [4,9,10,11]. The idea of fuzzy topological space was introduced by Chang.C.L [3]. 
Atanassov.K introduced the seed of intuitionistic fuzzy set |1] and his colleagues [2] developed 
it further. Smarandache extended it to a neutrosophic set|7,8]. The notion of neutrosophic 
crisp sets and topological spaces were the contribution of Salama.A.A and Alblowi.S.A [6]. 
The geometric existence of N-topology was given by Lellis Thivagar et al. [5| which is a 
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nonempty set equipped with N-arbitrary topologies. 


In this paper, we explore the possibility of expanding the classical neutrosophic topo- 
logical spaces into N-neutrosophic topological spaces and also try to deduce N-intuitionistic 
and N-fuzzy topological spaces etc. Further we develop the concept of classical general- 
ized closed sets into N-neutrosophic topological spaces and verify its properties. Finally, we 
investigate the related continuous function and generalized continuous function. 


2 Preliminaries 


In this section, we discuss some basic definitions and properties of N-topological 
spaces as well as fuzzy, intuitionistic and neutrosophic topological spaces which are useful in 
sequel. 


Definition 2.1 [5] Let X be a non empty set, then 71, 72, ...., Ty be N-arbitrary topologies 
defined on X and the collection Nr = {8 CX: S = (U3, Ai) U (NL, Bi), Ai, Bi € 7} is 
called a N-topology on X if the following axioms are satisfied: 


(i) X,@ € Nr. 
(Gi) Uj, 5; € Nr for all {S;}8, € Nr. 
(iii) (),_, 5; € Nv for all {S;}?., € Nr. 


Then (X, NT) is called a N-topological space on X. The elements of Nv are known as 
Nr-open sets on X and its complement is called as N7r-closed on X. 


Definition 2.2 [12] Let X be a non empty set. A fuzzy set A is an object having the form 
A = {(a,ua(x)) : «© © X}, where 0 < pa(x) < 1 represents the degree of membership of 
each x € X to the set A. 





Definition 2.3 [1,2) Let X be a non empty set. An intuitionistic set A is of the form 
A= {(x, wa(), ya(x)) : & © X}, where a(x) and y,4(x) represent the degree of membership 
and non membership function respectively of each x € X to the set A and 0 < pa(x) + 
ya(x) <1 for alla Ee X. 





Definition 2.4 [7] Let X be a non empty set. A neutrosophic set A having the form 
A= {(x, a(x), o4(@), ya(%)) > « © X}, where wa(x),o,4(x) and y4(x) represent the degree 
of membership function (namely 4(x)), the degree of indeterminacy (namely o,(x)) and 
the degree of non membership (namely y,4(a)) respectively of each x € X to the set A. Also 
~0 < pa(z) + o,4(x) + a(x) < 37 for all e € X. 











Remark 2.5 The following definitions can be deduced into fuzzy if the percentages of in- 
determinacy and non membership are not taken into consideration so also for intuitionistic 
case the percentage of indeterminacy is not considered. 
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Definition 2.6 |7| Let X be a non empty neutrosophic set. if A = {(2, a(x), o,4(2), 
ya(x)): a2 € X} and B = {(2, wa(x),oB(2), yB(x)) : x € X} are two neutrosophic sets in 
X, then the following statements hold: 


(i) AC B if and only if a(x) < pup(x), o4(2) < p(x) and a(x) > p(x) for all x € X. 
(ii) A= Bifandonly if AC Band BCA. 

(iii) AC = {(a,ya(x), o4(2), pa(x)) : a € X} [Complement of Al. 

(iv) AN B= {(a, min{ya(x), we(x)}, min{oa(x),oB(x)}, max{ya(r), ye(x)}) sv © Xf. 
(v) AUB = {(z,max{wa(z), ua(r)},max{oa(x),oR(x)}, min{ya(x), ye(x)}) : ev © Xf. 


Remark 2.7 Let X be a non empty neutrosophic set. We consider the neutrosophic empty 
st 0 as 0 = {(xz,0,0,1) : a2 € X} and the neutrosophic whole set 1 as 
Lea 1 LO) ae Xe 


Remark 2.8 By the notion k-set we mean any one of the following sets: fuzzy set, intu- 
itionistic set, neutrosophic set. 


Definition 2.9 [6,7] Let X be a non empty set. A k-topology on X is a family ;,7 of k-sets 
in X satisfying the following axioms: 


(i) the sets 1 and 0 belong to the family ;7. 
(ii) an arbitrary union of sets of the family ,7 belong to 7. 
(iii) the finite intersection of sets of the family ,7 belong to 47. 


Then the ordered pair (X, ,7) (simply X) is called k-topological space on X. The elements 
of ;7 are known as k-open sets on X and its complement is called as k-closed on X. 


Definition 2.10 [6] The interior and closure of a k-set A of a k-topological space 
(X, ,7) are respectively defined as 


(i) pint(A) = U{G: GCA and G is k-open in X}. 
(ii) ,cl(A) =A{F: AC F and F is k-closed in X }. 
Corollary 2.11 [7] If A,B,C and D are k-sets in X, then the followings are true: 
Gi) ACBandCCDSANCCBNDand AUCC BUD. 
Gi) {AC BandACC,thn ACBNC. IfACCand BCC,then AUBCC. 
(iii) FAC Band BCCSACC. 
(iv) (AN B)& = ACUBS, (AU B)® = ASN Bo and (AC) =A. If AC BS BSCA®. 
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tv )) 15 O-emnd 07 1. 


Now, we introduce the notions of image and pre-image of neutrosophic sets. Let us 
consider X and Y as two non empty sets and f : X — Y be a function. 


Definition 2.12 [6] Let X and Y be two non empty sets, A = {(x, w(x), 04(%), ya(2)) : 
x € X} be a neutrosophic set in X and B = eee Bly), yB(y)) : y € Y} bea 
neutrosophic set in Y. Then 


(i) the pre-image of B under f, denoted by f~'(B), is the neutrosophic set in X defined 
by f~"(B) = {(x, f" (ua) (2), Fon) (2), fF (ys) (2) 2 & € Xf. 


(ii) the image of A under f, denoted by f(A), is the neutrosophic set in Y defined by 
fA) ={y, flualy), f(ga)(y), 1 — Ff — ya))(y)) : y © Y$, where 


otherwise 


f(a)(y) = suecs-vgtale) if f(y) A 


otherwise 


floayy) = { emecrrwrale) IW) 


a f= aa)yty) =F Meerrorae) HF TW) 20 


1 otherwise 


For the sake of simplicity, let us use the symbol f_(y,4) for (1 — f(1 — ya)). 


Corollary 2.13 [6] Let Ajcz, Bicz be k-sets in X and Y respectively and f: X > Y a 
function. Then 


(a) Ay € Ap => f(A1) © f(Ay). 
(b) By C By => f7!(B1) C f71(By). 


) 
(c) Aies © f*(f(Aies)) { If f is injective, then Ajey = f7'(f(Aies))}- 
(d) f(f*(Bies)) © Bies { If f is surjective, then f(f~"(Bies)) = Bies}. 
(e) f-*(UB;) = Uf (Bi). 

(f) f-(NB;) =Nf-*(Bi). 
(g) f(UA:) = Uf (Ai). 
(h) f(NA;) C f(A,) { If f is injective, then f(NA;) = f(A,)}. 
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=], if f is surjective. 


(f(Aies))° C fl AS;), if f is surjective. 
(f~ (Bies))° = f"(Bies)- 


3 N;,-Topological Spaces 


In this section, we introduce N-fuzzy, N-intuitionistic and N-neutrosophic topo- 
logical spaces and discuss their properties. Henceforth in this paper by the notion N;7 we 
mean N-fuzzy topology (if k = f), N-intuitionistic topology (if k = 7) and N-neutrosophic 
topology ( if k =n). 


Definition 3.1 Let _X be anon empty set, then ;7), 472, .... , xTN be N-arbitrary k topologies 
defined on X and the collection N;7 = {GC X:G= (Ui, A;) U (N~, B;), Ai, By € pT} is 
called N;,-topology on X if the following axioms are satisfied: 


(i) 1,0 € Ngr. 
(ii) Le G; € N,7 for all {Gi}%, E Nz T. 
(iii) C= G; € N,7 for all (Gay E N,T. 





Then (X,Nz7) is called N,-topological space on X. The elements of N;7 are known as 
N;z-open sets on X and its complement is called N;-closed sets on X. 


Example 3.2 Let N = 3, X = {a,b,c}. Define the neutrosophic sets A = {(a, ({, 2 oe 
(5 Tee lor o7))t and B = (Xz, Gaoeinee (5 7 9) Gs 70) )} in A, Then 
AUB={({(a, Gea, Ce a oe ANB {(z, Gauci Gn »Q? 1B) (a7) gee 


b ok b 

10? ai 1 0.7? 
Considering ,7,O(X) (0,1, A}, oO ) {0,1, B} and ,730(X) = {0,1}, w 
3,7TO(X) = {0,1,A,B,AU B,ANM B} which is a tri-neutrosophic topology on X. pe 
pair (X,3,7) is called a tri-neutrosophic topological space on X. 


Remark 3.3 Considering N = 2 in definition 3.1 we get the required definition of bi- 
neutrosophic topology on X. The pair (X,2,7) is called a bi-neutrosophic topological space 


on X. 
Example 3.4 Let N = 2, X = {a,b,c}. Define the neutrosophic set A = {(x, (4,4, 5), 
(ae ee + £))} in X. If ,mO(X) = 10,1, A} and ,7%20(X) = {0. 1} are two 


neutrosophic topologies then we get 2,7TO(X ) = {0,1, A} which is a bi-neutrosophic topology 
on X. 
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Definition 3.5 Let (X,N;,7) be a N;,-topological space on X and A be a k-set on X then 
the N,int(A) and Nzcl(A) are respectively defined as 


(i) N,int(A) =U{G:G CA and G is a N;-open set in X}. 
(ii) N,cl(A) =A{F': A C F and F is a N;-closed set in X}. 


Proposition 3.6 Let (X,N;,7) be any N;-topological space. If A and B are any two k-sets 
in (X,N;,7), then the N;-closure operator satisfy the following properties: 


(i) AC Nyel(A). 

(ii) Nint(A) C A. 
(iii) AC B= Nycl(A) C Ngcl(B). 
(iv) AC B= N,int(A) C Nzint(B). 


(vi) N,int(ANn B) = Nzint(A) Nn Npint(B). 
(vii) (Npcl(A))° = N,int(A)S. 
(vili) (Npint(A))° = Nzcl(A)°®. 
Proof 
(i) Npcl(A) =N{G: G is a N;z-closed set in X and AC G}. Thus, A C Nycl(A). 


) 
) 
) 
(v) Nycl(A UB) = Ngcl(A) U Nyel(B). 
) 
) 
) 


(ii) N,int(A) = U{G : G is a N;,-open set in X and G C A}. Thus, Nzint(A) C A. 


(iii) N,cl(B) =A{G: G is a N;z-closed set in X and BC G} DN{G: G is a N;-closed set 
in X and A CG} D Nycl(A). Thus, Npcl(A) C Neel (B). 


(iv) N,int(B) = U{G: G is a N,-open set in X and B D> G} D U{G: G is a N,-open set 
in X and AD G} > N,int(A). Thus, Npint(A) C N,int(B). 


(v) Npcl(AU B) = M{G: G is a N,-closed set in X and AU BCG} =(MG:Gisa 
N,-closed set in X and A C G}) U(N{G: G is a N,-closed set in X and B C G}) = 
N,cl(A) U Nzpcl(B). Thus, N,cl(A U B) = Nzcl(A) U Nzcl(B). 


(vi) Npint( An B) = U{G: G is a N;-open set in X and ANB DG} = (U{G: Gisa 
N;-open set in X and A D G}) N(U{G: G is a N;-open set in X and B D G}) = 
N,int(A) 0 Nzpint(B). Thus, Npint(An B) = N,int( A) Nzint(B). 


(vii) N,cl(A) = N{G: G is a N,z-closed set in X and A C G}, (Nzcl(A))° = ULG*S: Go is a 
N;,-open set in X and A° > G°} = N;,int(A)°. Thus, (Nzcl(A))° = Npint(A)°. 


(viii) N,int(A) = U{G: G is a N,-open set in X and A D G}, (Npint(A))* = N{G*°: Go isa 
N,-closed set in X and A° D> G°} = Nyzcl(A)°. Thus, (N,int(A))° = Nzcl(A)°®. 
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4 Generalized Closed Sets in N;-topology 


We introduce here the generalized closed sets in N;-topological spaces and investigate 
their properties. 


Definition 4.1 Let (X, N;7) be a Nz-topological space. A k-set A in (X,N;7) is said to be 
a N,-generalized closed set if N,cl(A) C G, whenever A C G and G is a N,-open set. The 
complement of a N;-generalized closed set is called a N;-generalized open set. 


Definition 4.2 Let (X,N;,7) be a N;,-topological space and A be a k-set in X. Then the 
N;-generalized closure and N;-generalized interior of A are defined as: 





(i) N,Gel(A) =M{G: G is a N;-generalized closed set in X and A C G} 
(ii) N,Gint(A) = U{G : G is a N;-generalized open set in X and G C A}. 


Proposition 4.3 Let (X,N;,7) be any N;-topological space. If A and B are any two k-sets 
in (X,N;,7), then the N;-generalized closure operator satisfies the following properties: 


(i) AC N,Gel(A). 
(ii) NyGint(A) C A. 
(iii) AC B= N,Gel(A) C N,Gel(B). 
(iv) AC B= N,Gint(A) C N,Gint(B). 
(v) N,Gel(A U B) = NyGel(A) U N,Gel(B). 
(vi) N,Gint(AN B) = N,Gint(A) Nn N,Gint(B). 
(vii) (N,Gel(A))¢ = NyGint(A)-. 
(viii) (NgGint(A))° = N,Gel(A)°. 


Proof ‘The proof is analogous to Proposition 3.6. 


Proposition 4.4 Let (X,N;7) be a N,-topological space. If B is a Nz-generalized closed 
set and BC A C N,cl(B), then A is a N;- generalized closed set. 

Proof. Let G be a N,-open set in (X,N;7) such that A C G. Since B C A,B CG. 
Now, B is a Nz-generalized closed set and Nzcl(B) C G. But Nzcl(A) C Nzcl(B). Since 
N,cl(A) C Nzcl(B) C G, Nzcl(A) C G. Hence, A is a N;,-generalized closed set. 


Proposition 4.5 Let (X,N;7) be a N;-topological space. Then A is a N;,-generalized open 
set if and only if B C N,int(A), whenever B is an N;,-closed set and B C A. 
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Proof. Let A be a N;-generalized open set and B a N;,-closed set such that BC A. Now, 
BCAsz= A‘ C Band since A° is a Nz-generalized closed set, then Nzcl(A°) C B°. This 
means that B = (B°)* C (Npgcl(AS))°. But (Nzcl(A°))° = Nzpint(A). Hence, B C Nzint(A). 
Conversely, suppose that A is a k-set such that B C N;,int(A), whenever B is a N;-closed 
set and B C A. Now, A° C B > B° CA. Hence by assumption, B® C Nzint(A). That is, 
(N,int(A))° C B. But (N,int(A))* = Nzcl(A)®. Hence, N,cl(A)° C B. This means that A 
is a N;,-generalized closed set. ‘Therefore, A is a N;-generalized open set. 


Proposition 4.6 If N,int(A) C B C A and A is a N,-generalized open set, then B is also 
a N;-generalized open set. 

Proof. Now, A° C B® C (Nzint(A))° = Necl(A)*. Since A is a Nz-generalized open set, 
then A° is a N;,-generalized closed set. By Proposition 3.6, B® is a N;-generalized closed set. 
That is, B is a N;-generalized open set. 


5 Continuous Functions in N;-'Topology 


In this section, we generalize continuous functions in N-neutrosophic topological spaces 
and also establish its relationship with other existing continuous functions. 


Definition 5.1 Let (X,N,7)) and (Y,Nzo) be any two N,-topological spaces. A map 
f : (X,NzT) — (Y, Nz) is said to be N;-continuous if the inverse image of every N;,- 
closed set in (Y, Nya) is a Nz-closed set in (X,N;z7). Equivalently if the inverse image of 
every N;-open set in (Y, Nz) is a Nz-open set in (X, Nz7). 


Remark 5.2 By considering N = 2 in definition 5.1 we obtain bi-neutrosophic continuous 
function. 





The following properties can be extended to N-fuzzy and N-intuitionistic topological spaces 
too. 


Proposition 5.3 Let (X,Nz7)) and (Y, Nza) be any two N;,-topological spaces. Let f : 
(X, Nz7) + (Y, Npo) be a Nz- continuous function. Then for every k-set A in X, f(Npcl(A)) C 
N,cl( f(A)). 


Proof. Let A be a k-set in (X, Nz7). Since Nzcl(f(A)) is a N;,-closed set and f is a Nz- 
continuous function, f~'(Nzcl(f(A)) is a Nz-closed set and f~'(Nzel(f(A))) D A. Now, 
Nz cl(A) C f~*(Npel(f(A))). Therefore, f(Npcl(A)) C Nzel(f(A)). 


Proposition 5.4 Let (X,N,7) and (Y,Nza) be any two N;-topological spaces. 
Let f : (X,NpT) > ue N,ao) be a Nz-continuous function. Then for every N;,-set A in 
Y, Necl(f~(A)) © Ff (Neel(A)). 


Proof. Let A be a N,-set in (Y, No). Let B = f~'(A). Then, f(B ) = ff (A) Ge 
Proposition 5.3, f(Npel(f~'(A))) C Neel(f(f7*(A))). Thus, Necl(f~*(A)) © fo (Np 7 
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Definition 5.5 Let (X, N;7)) and (Y, Na) be any two N;,-topological spaces. A map f : 
(X, Nut) > (Y, Neo) is said to be Nz-generalized continuous if the inverse image of every 
N,-closed set in (Y,Nzo) is a Nz-generalized closed set in (X,N;z7). Equivalently if the 
inverse image of every N;-open set in (Y, Niza) is a Nz-generalized open set in (X, NzT). 





Remark 5.6 For N = 2 in the above definition we aquire the needed definition of bi- 
generalized neutrosophic continuous function. 


Proposition 5.7 Let (X,Nz7)) and (Y, Nia) be any two N;,-topological spaces. Let f : 
(X, Nit) + (Y, Nyo) be a Nz-generalized continuous function. Then for every N;-set A in 
X, f(NeGal(A)) © Neel(f(A)) 


Proof. Let A be a N;-set in (X,N;7). Since Nzcl(f(A)) is a Nz-closed set and f is a Nz- 
continuous function, f~'(Nzcl(f(A)) is a Nz-generalized closed set and f~'(Nzel(f(A))) D 
A. Now, NgGcl(A) C f7*(Npel(f(A))). Therefore, f(N,Gcl(A)) C Nzel(f(A)). 


Proposition 5.8 Let (X,N;7) and (Y,Nzo) be any two N;,-topological spaces. Let f : 
(X, NT) > (Y, Neo) be a Nz-generalized continuous function. Then for every N,-set A in 
Y, NeGel(f™(A)) © Ff (Necl(A)). 

Proof. Let A be a N,-set in (Y,N,o). Let B = f-'(A). Then, f(B) = f(f7'(A)) 
A. By Proposition 5.7, f(N,gGel(f~'(A))) C Npel(f(f7'(A))). Thus, NpGel(f~*(A)) 
f-* (Neel(A)). 

Proposition 5.9 Let (X,N,z7) and (Y,Nza) be any two N;,-topological spaces. If f : 
(X,NpT) > (Y, Neo) is a Nz-continuous function, then it is a N;,-generalized continuous 
function. 


OIA 


Proof. Let A be a N;-open set in (Y, Nya). Since f is a N;z-continuous function, f~*(A) is 
a N,-open set in (X,.N;,7). Every N;-open set is a Nz-generalized open set. Now, f~'(A) is 
a N;,-generalized open set in (X,N;7). Hence, f is a Nz-generalized continuous function. 
‘The converse of Proposition 5.9 need not be true as it is shown in the following example. 


Example 5.10 Let N = 2, X = {a,b,c} and Y = {p,q,r}. Define the neutrosophic sets 
A, =. Aes Gavoaton) Cay cee) in X and B = {(% (da. a5>a8)) 
(Fo odes oe) (5, 5 a) } in Y. Considering ,7,O(X) = {0,1, A} and ,720(X) = {0,1} we 
get 2,7O(X) = 05 , A}. Also by considering ,0,O(Y) = {0,1} and ,o2.0(Y) = {0,1, B} 
we get 2,00(Y) = {0, 1,B}. Thus, (X,2,7) and (Y,2,0) are bi-neutrosophic topological 
space on X and Y, respectively. Define f : X > Y as f(a) =4q, f(b) =p, f(c) =r. Then f 
is bi-generalized neutrosophic continuous but not bi-neutrosophic continuous. 


Conclusion 

Neutrosophic topology is well equipped to deal with imprecise data. By employing 
neutrosophic set in spacial data models, we can express the vagueness of the object as 
expected. ‘his paper has gone a step forward in extending the theory to N-neutrosophic 
topology that can be used to determine the uncertain situation effectively. Further we also 
extended the same to N-Fuzzy and N-Intuitionistic topologies and discussed not only the 
relations but also its properties. 
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Abstract. In this paper, we define projection and 
bidirectional projection measures between interval rough 
neutrosophic sets and prove their basic properties. Then 
two new multi attribute decision making strategies are 
proposed based on interval rough neutrosophic projection 


and bidirectional projection measures respectively. Then 
the proposed methods are applied for solving multi 
attribute decision making problems. Finally, a numerical 
example is solved to show the feasibility, applicability 
and effectiveness of the proposed _ strategies. 


Keywords: Projection measure, Bidirectional projection measure, Interval rough neutrosophic set, MADM problem. 


1 Introduction 


The concept of neutrosophic set[1, 2, 3, 4, 5] introduced by 
Smarandache is a generalization of crisp set[6], fuzzy 
set[7] and intuitionistic fuzzy set[8]. To use neutrosophic 
set in real fields, Wang et al. extended it to single valued 
neutrosophic set[9]. 

Broumi et al. introduced rough neutrosophic set[10, 11] by 
combining the concept of rough set[12] and neutrosophic 
set. 

Broumi and Smarandache defined interval rough 
neutrosophic set[13] by combining the concept of rough 
set and interval neutrosophic set theory[14]. 

Projection measure is a very useful for solving decision 
making problems because it takes into account the distance 
as well as the included angle between points. Yue [15] 
studied projection based MADM problem in crisp 
environment.Yue also[16] presented a projection method 
to obtain weights of the experts in a group decision making 
problem. Xu and Da [17] and Xu [18] studied projection 
method for decision making in uncertain environment with 
preference information. Yang et al. [19] develop projection 
method for material selection in fuzzy environment. Xu 
and Hu [20] developed two projection based models for 
MADM in intuitionistic fuzzy and interval valued 
intuitionistic fuzzy environment. Zeng et al. [21] provided 
weighted projection algorithm for intuitionistic fuzzy 


MADM problems and interval-valued intuitionistic fuzzy 
MADM problems. Chen and Ye [22] developed the 
projection based model for solving MADM problem and 
applied it to select clay-bricks in construction field. 

To overcome the shortcomings of the general projection 
measure Ye [23] introduced a bidirectional projection 
measure between single valued neutrosophic numbers and 
developed MADM method for selecting problems of 
mechanical design schemes under a _ single valued 
neutrosophic environment. Ye [24] also presented the 
bidirectional projection method for multiple attribute group 
decision making with neutrosophic numbers. Dey et al. 
[25] defined weighted projection measure with interval 
neutrosophic environment and applied it to solve MADM 
problems with interval valued neutrosophic information. 
Yue [26] proposed a projection based approach for partner 
selection in a group decision making problem with 
linguistic value and intuitionistic fuzzy information.Dey et 
al. [27] defined projection, bidirectional projection and 
hybrid projection measures between bipolar neutrosophic 
sets and presented bipolar neutrosophic projection based 
models for MADM problems. Pramanik et al. [28] defined 
projection and bidirectional projection measure between 
rough neutrosophic sets and proposed the decision making 
methods based on them. 
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Research gap MADM strategy using projection and 
bidirectional projection measures under interval rough 
neutrosophic environment. 
Research questions 

(i) Is it possible to define two new projection and 


bidirectional projection measure between 
interval rough neutrosophic sets? 

(ii) Is it possible to develop two new MADM 
strategies based on the proposed measures in 
interval rough neutrosophic environment? 


The objectives of the paper are 
(i) To define two new projection and bidirectional 


projection measure between interval rough 
neutrosophic sets. 

(41) To develop two new MADM strategies based on 
the proposed measures in interval rough 
neutrosophic environment. 


Contributions 
(i) In this paper, 
bidirectional 


we propose projection and 
projection measures’ under 
interval rough neutrosophic environment. 

(ii) In this paper, we develop two new MADM 
strategies based on the proposed measures in 
interval rough neutrosophic environment. 

(111) We also present numerical example to show the 

applicability of the 


effectiveness and 


proposed measures. 


Rest of the paper is organized as follows: Section 2 
describes preliminaries of neutrosophic number, SVNS, 
RNS and IRNS. Section 3 presents definitions and 
properties of proposed projection and _ bidirectional 
projection measure between IRNSs. Section 4 describes 
the MADM methods based on projection and bidirectional 
projection measures of IRNSs. In section 5 we describe a 
numerical example. Finally, section 6 presents the 
conclusion. 


2 Preliminaries 


In this Section, we provide some basic definitions 
regarding SVNSs, IRNSs which are useful in the paper. 


2.1 Neutrosophic set: 
In 1999, Smarandache gave the following definition of 
neutrosophic set(NS) [1]. 
Definition 2.1.1. Let X be a space of points (objects) with 
generic element in X denoted by x. A NS A in X 1s 
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characterized by a truth-membership function Ta, an 
indeterminacy membership function I, and a falsity 
membership function Fa. The functions Ta , I, and Fa are 
real standard or non-standard subsets of (0,1") that is 
Ta:X—> (0, 1°), Ia:X > (0, 1°) and Fa:X > (0, 1°). It 
should be noted that there is no restriction on the sum of 
T A(X) I A(X) and iE A(X) 1.¢. 
(OST (X)+1, (X)+F, (8) < 3° 

Definition 2.1.2: (complement) 

The complement of a neutrosophic set A is denoted by 
C(A) and is defined by Ta)(X) a {17-Ta(x),Tccay(x)={17}- 
Ta(X),Fecay(x)= {1°} -Fa(x). 

Definition 2.1.3: (Containment) 

A neutrosophic set A is contained 
neutrosophic set B, denoted by AC B iff 
inf T(x) <inf T, (x),supT, (x) < sup T, (x), 
infl (x) 2 infl, (x),supI, (x) 2 supI, (x), 
infF (x) 2 infF, (x),supF, (x) 2 supF, (x) Vx eX 


Definition 2.1.4: (Single-valued neutrosophic set). 
Let X be a universal space of points (objects) with a 
generic element of X denoted by x. A single valued 
neutrosophic set A is characterized by a truth membership 
function Ta(x) , a falsity membership function Fa(x) and 
indeterminacy function I(x) with . 

T, (x), 1, (x) and F, (x) €[0,1] Vxin X 
When X is continuous, a SNVS S can be written as follows 
A=J<T,(x),F, (%),1, (x) >/xVx € X 


in the other 


and when X is discrete, a SVNS S can be written as 
follows 
A=) <T, (x), F(x), 1, (x) > /xVx € X 


For a SVNS S, O<supT a(x) + supIa(x) + supFa(x) <3. 
Definition2.1.5: 

The complement of a single valued neutrosophic set A is 
denoted by c(A) and is defined by Toa)(x) = Fa(x), Iccay(x) 
= 1-Ia(x), Focay(x) = Tax). 

Definition 2.1.6: A SVNS A is contained in the other 
SVNS B, denoted as A CB iff, 


T, (x) ST, (%),L, (&) 21, (x) 
and F (x)2F (x)VxexX. 


2.2Rough neutrosophic set 


Rough neutrosophic sets [10, 11] are the generalization of 
rough fuzzy sets [29, 30] and rough intuitionistic fuzzy sets 
[31]. 

Definition 2.2.1: 

Let Y be a non-null set and R be an equivalence relation 
on Y. Let P be neutrosophic set in Y with the membership 
function Tp , indeterminacy function Ip and _ non- 
membership function Fp . The lower and the upper 
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approximations of P in the approximation (Y, R) denoted 
by are respectively defined as: 





N(P) =Keo x Typ) COL) OO) Fi ® =) 
ye[x],.xe Y> 
and 
N(P) Zs 
ye[x],.xeY> 
ae 
Tun = 7 xh Ty 
Iu 0) =AZE 1X], 1,(¥), 
FeO Az €[x], F.(Y) 


as 
p(X) =vze[X]_T,(¥), 
em =vze[x], L(Y), . 


N(P) 
ai (x) =vze[x], F(Y) 
a8 
< The (x)+ Le) (x) + Fw (x) <3 
and 


oo | F < 
0 ap + am) + = (x) <3 


GG 


Here V and A denote “max” and “min” operators 
respectively,Tp(y),Ip(y) and Fp(y) are the membership , 
indeterminacy and non-membership of Y with respect to 
P. 

Thus NS mapping , 


N, N: N(Y) > N(Y) are, respectively, referred to as the 
lower and upper rough NS approximation operators, and 
the pair (N(P), N(P)) is called the rough neutrosophic set 


in (Y, R). 
Definition 2.2.2 If N(P)=(N(P), N(P)) 


is a rough neutrosophic set in (Y, R) , the rough 
complement of N(P) is the rough neutrosophic set denoted 
by 

~N(P)=((N(P))",(N@))*) 

,where 

(N(P))" and (N(P))° 


are the complements of neutrosophic sets N(P) and 














N(P) respectively. 

2.3 Interval rough neutrosophic set 

Interval neutrosophic rough set is the hybrid structure of 
rough sets and interval neutrosophic sets. According to 
Broumi and Smarandache interval neutrosophic roughset 
is the generalizations of interval valued intuitionistic fuzzy 
rough set. 
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Definition 2.3.1 

Let R be an equivalence relation on the universal set 
U.Then the pair (U, R) is called a Pawlak 
approximationspace. An equivalence class of R containing 
x will bedenoted by [x]r for X € U, the lower and upper 
approximationof X with respect to (U, R) are denoted by 
respectively, 

RX and RX and are defined by 

RX = {xe U:[x]lrc X}, 

RX ={xe U: [x]rf) X#@}. 

Now if RX = RX , then X is called definable; otherwise 
Xis called a rough set. 

Definition 2.3.2 

Let U be a universe and X, a rough set in U. An 
intuitionistic fuzzy rough set A in U 1s characterized by a 
membership function »A:U— [0, 1] and non-membership 
functionva: U— [0, 1] such that ua(RX)=land va(RX) = 0 
ie, [Ha (X),va (x)]=[1,0] if xe (RX) and pa(U- K X)= 0, 
va(U- R X)=1 

1e, 

O< p,(RX-RX) +v, (RX—-RX) <1 

Definition 2.3.3 

Assume that, (U, R) be a Pawlak approximation space, for 
an interval neutrosophic set 

A= {<x, [Ta'(x),Ta%(x)], [Ta°@9), 1A"), [Fa"(x), Fa) ]> 
>xeU} 

The lower approximation Ar and the upper approximation 
Arof A in the Pawlak approximation space (U, R) are 
expressed as follows: 


Ae I Oo ay (he O) 
[Vvery, UD y gy 1, OH) 

[Vyen, FAOEY, 9 ( OEP: x €U} 
Ar ={x [vo {KO} yo (1, OH 


[Aveo LODE y pq 1, OOH 
[Avcua, LLODA, gy {F, HP: x €U} 


The symbols A and V_ indicate “min” and “max” 


operators respectively. R denotes an equivalence relation 
for interval neutrosophic set A. Here [x]r is the 
equivalence class of the element x. It is obvious that 


[Ava tT, DEA, py (Ty OEIC (0.1), 


tv. ae (le (YiV ng UM c [0,1], 
[Vv ep LO}EY “EF, (y)¢] [0,1]. 
cid 0 de Te 6} +V sq LOE +V sepq, FO} S3 


Then Ag is an interval neutrosophic set (INS) 
Similarly, we have 
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[Mycpq, {TED Yyepq, {TL DHT 10.1] 

[Ave OAs, LOH <10,1, 

[Acq FLO As gy FLO CION 

and 

0< Vig TED} +A gq, LEO} 
{FY (y)}]S3 


yetxl, 


Then Ap is an interval neutrosophic set. 
If Ak = Ar then A is a definable set, otherwise A is an 


interval valued neutrosophic rough set. Here, Ar and Ar 
are called the lower and upper approximations of interval 
neutrosophic set with respect to approximation space (U,R) 


respectively. Ar and A R are simply denoted by A and A 
respectively. 

3 Projection and Bidirectional projection measure 
of interval rough neutrosophic sets : 

Existing projection and bidirectional projection measure 
does not deal with interval rough neutrosophic set(IRNS)s. 
Therefore, a new projection and bidirectional projection 
measure between IRNSs is proposed. 

Assume that there are two IRNSs 


= {<x (7,7. be, 1 MF: Fi] 


i og bk (oil ben) 


iM? iM 
and 
Neto e Leal 


Nd iN’ IN 


it; ieee LIF, .Fi]>:i=12.....0} 


Then the inner product of M and N denoted by M.N can be 
defined as 


MN=SIT,, Ty +TTS tll tHE 

















ai ee ja +E pears oe (+77. 

+11, +1 +E FB +E EF] 

The modulus of M can be defined as 

es y cd. y + (Tig y CL y 
y HE y H(i y ue i ay 


+, oy +) +(F., iy +(Fe) 
















(Ti, y+(Ty +1 aay s 
» HE, ' +(Et y ate Paty 
HE. ye veo, +(F, y +(F.) 









Definition4.1.The projection of M on N can be defined as 


Neutrosophic Sets and Systems, Vol. 19, 2018 


l 
Proj(M). =7—— MLN. 
IN 
Definition4.2.The bidirectional projection measure 
between the RNSs M and N is_ defined as 
1 

B Proj(M, N) = —————_—_——_ 

1+{[M||—|N|[M.N 

| MIIIIN| 


MINI + |M|=|N |] MN 
Here also the bidirectional projection measure satisfies 
the following properties : 
(1) BProj(M,N) = BProj(N,M); 


(2) 0 < BProj(M,N) <1; 
(3) BProj(M,N) = 1, iff M =N. 
Proof: 
(i) 
B Pr oj(M, N) 
I 


14 IM[-INIMN 





N.M 

= B Proj(N, M) 

(ii)As 

eee See, 
1+{[M|—|N|]M.N 


and 
1 


—_————_——— < 
1+ ||MI|—|N|] MN 


so, 0 < BProj(M, N) <1; 
(iii) If M=N then 
B Pr oj(M, N) 
= B Proj(M, M) 
1 


~ 1+ ][M]=[Mj]Mm 


4. Projection And Bidirectional Projection Based 
Decision Making Methods For MADM Problems 
With Interval Rough Neutrosophic Information 

In this section, we develop projection and bidirectional 
projection based decision making models to solve MADM 
problems with interval rough neutrosophic information. 
Consider C={Ci, Cin} be the set of attributes and 
A={Aj,......, An} be a set of alternatives. Now we provide 
two algorithms for MADM problems involving interval 
rough neutrosophic information. 

4.1. Algorithm 1.(see Fig 1) 

Step 1. The value of alternative Aj(i=1,......n) for the 
attribute C\(j=1 ,m) 1s evaluated by the decision maker 


eooccey 


ge eee 
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in terms of IRNSs and the interval rough neutrosophic 
decision matrix 1s constructed as: 


Tor ese 


LT, : ae iF ll. ’ I iF [F ’ Pe ])> 


with 
OSVyenq, {Ta I+ Avery, TAM }+A yang, (Fa MHS 3 


Step 2. Calculate the weighted alternative decision matrix 
For the attribute C; (=l,...... sm) the weight vector of 
attribute is considered as : W = (wi, W2, ... , Wm) with 
Ww >0 and 2, W, =| 

i=l 
On calculating 


s =<([wT wT |f[wl 

















[w Fw FE. L[w,T, wT. ], 











[w J wT iow Fw Fy D> 


iM ? 

for i=l, 2, ...., n and j=l, 2, ...., m , we obtain the 

weighted alternative decision matrix 
Bois a ceeeaes ae 
BS sheaeacte Sn 

S=<S,> = - 

y= nx 

iS pnts Ss 


Step 3. Determine the ideal solution S”. 
For benefit type attribute, 


S = {(min, I max. I,,max, Fi), (max, T.,min, I,,min, Fs 


For cost type attribute, 
ee (max, T,,min, I,,min, F.),(min, T,,max,I,,,max, F.)} 


Step 4. Compute the projection measure between S” and Z; 
= <Zij>nxm for alli=1,.....,n andj =1,....., m. 

Step 5. Ranking of alternatives is prepared based on the 
values of projection measure. The highest value reflects the 
best alternatives. 

Step 6. End. 
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Set the criteria (in terms of IRNSs) 


Construct the decision matrices 
Obtain the weighted decision matrices 


Determine the ideal alternative 


Calculate the projection measure 
between the alternatives and the 





ideal alternative 


Rank the alternative 
Fig 1. A flowchart of the 


propusca decision making 





method 


4.2. Algorithm 2.(see Fig 2) 

Step 1. The value of alternative Aj(i=l,......n) for the 
attribute C\(j=1,...... 5m) 1s evaluated by the decision maker 
in terms of IRNSs and the interval rough neutrosophic 
decision matrix 1s constructed as: 


9) 2o9 tte Zon 
D=< Zz. >. = ~ 
Vj nxm 
ee bas 
where 
= + — + — + 
<i _ 0h es a | ee ea | Fae ab 
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02 Os ag LO) 
Ries AE 0) ae 


Step 2. Calculate the weighted alternative decision matrix 
For the attribute C; (=l....... sm) the weight vector of 
attribute is considered as : W = (wi, W2, ... , Wm) with 





Set the criteria (in terms of IRNSs) 
Ww >0O and dW, =) 
Construct the decision matrices 
On calculating 


Soe <([w Tow Ty bw di W ib 


wR, Fu btw ine W ae hea Obtain the weighted decision matrices 


[w T,,.W I, blw, F.,.w, Fe 1)> 











for i=l, 2, ...., n and j=l, 2, ...., m , we obtain the 
weighted alternative decision matrix 
Determine the ideal alternative 
S 4 Spaceue S 
Sa eee Ss, 
S=< S. Pit ae 
Calculate the bidirectional 
se eee ar projection measure between 


the alternatives and the ideal 
alternative 


Step 3. Determine the ideal solution S”. 
For benefit type attribute, 





S = {(min, I, max. [,,max, Fi), (max, T.,min, I,,min, Fs 


For cost type attribute, 
S= {(max, T,,min, I,,,min, F.),(min, T,,max, I,,max, F.)} Rank the alternative 


Step 4. Compute the bidirectional projection measure 
between S* and Zj= <Zij>nxm for all i= 1, ....., n andj = 1, 
Seca ds 

Step 5. Ranking of alternatives is prepared based on the 
values of bidirectional projection measure. The highest 
value reflects the best alternatives. 


Step 6. End. 5. A Numerical Example: 


Assume that a decision maker intends to select the most 
suitable laptop for random use from the three initially 
chosen laptops (Ai, Az, A3) by considering four attributes 
namely: features C;, reasonable price C2, customer care C3, 
risk factor C4. Based on the proposed approach discussed 
in section 5, the considered problem is solved by the 
following steps: 

Stepl: Construct the decision matrix with interval rough 
neutrosophic number 

The decision maker construct the decision matrix with 
respect to the three alternatives and four attributes in terms 
of interval rough neutrosophic number. 


End 


Fig 2. A flowchart of the proposed decision making 
method 
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(1.65. 37h oy 513 /|' SUE Ss are oe 4k. || SC. 201s ete 234. (| CS,. OL os 24. 


3, .4]), (8, 91, 
[.1, 3], [.l, .2))> 


[.1, .2]), (7, 91, 
[.3, 5], [.3, 4))> 


4, .6]), (1.7, 8], 
(220411 3. Als 


5, .6]), ([.7, 8], 
[.3, 5], [.3, S])> 


ArT Bie le |) Ge te Pe | Sloe 2s 1 es 


[.0, .2]), (7, -91, 
eee Bie) = 


[.0, .2]), ([.6, .7], 
[.1, 3], £-1, 3)> 


[.1, .2]), ({.6, .9], 
[.3, 5], [.2 .4]))> 


[.1, .3]), ([.5, .7], 
[.5, 6], [.2, .3])> 


<([.6, .7], [.3, 4], | <(.5, .7], [.2, 4], | <([.6, .8], [.2, 4], | <(.4, .7], [.2, 4], 


0, .3]), ([.6, .9], 
id D1 01)s 


2, .4]), ([.6, -8), 
e232 De 


Step 2: The weight vectors considered by the decision 
maker are 0.35, 0.25, 0.25 and 0.15 respectively. The 
weighted decision matrix 1s: 


<({0.21,0.245], <({0.125,0.175], 


3, .4]), ([.6, 8], 
[.2, .5], [.3, .5])> 





<([0.125,0.15], 


.4, .5]), ([.5, -8], 
2 510.215 


<([0.12,0.135], 


[0.105,0.175], 
[0.105,0.14]), 
([0.28,0.315], 
[0.035,0.105], 
[0.035,0.07])> 
<([0.245,0.28], 
[0.07,0.105], 
[0.0,0.07]), 
({0.245,0.315], 
[0.035,0.07], 
[0.035,0.07])> 
<([0.21,0.245], 
[0.105,0.14], 
[0.0,0.105]), 
([0.21,0.315], 
[0.035,0.7], 
[0.035,0.7])> 


[0.075,0.1], 
[0.025,0.05]), 
({0.175,0.225], 
[0.075,0.125], 
[0.075,0.1])> 
<([0.15,0.175], 
[0.025,0.05], 
[0.0,0.05]), 
([0.15,0.175], 
[0.025,0.075], 
[0.025,0.075])> 


<({0.125,0.175], 


[0.05,0.1], 
[0.05,0.1]), 
([0.15,0.2], 
[0.025,0.075], 
[0.025,0.05])> 


[0.1,0.125], 
[0.1,0.15]), 


[0.05,0.1], 


[0.05,0.1], 


([0.15,0.2], 





Step3: Determine the benefit type attribute and cost type 
attribute 

Here three benefit type attributes C;, Co, C3 and one cost 
type attribute C4. We calculate the ideal alternative as 
follows: 

S’ = {< ([.21,.245],[.07,.175],[.105,.14]), 

({.28,.315],[.035, .07],[.035,.07]) >, 


< ([.15,.175],[.075,.1],[.05,-1}), 
({.175,.225],[.025, .075],[.025,.05]) >, 


<([.15,.19), [21.4]. 1.1); 
({.175,.225],[.075,.125],[.075,.125]) >, 
< ([.12,.135],[.03,.06],[.015,.045]), 
([.075,.105],[.075,.09],[.045,.075]) >) >} 
Step4:Calculate the projection and bidirectional projection 
measure of the alternatives 


S| = 0.918273, 
S, | = 0.829533, 











[0.045,0.06], 
[0.075,0.09]), 
([0.175,0.2], ([0.105,0.12], 
[0.045,0.075], 
[0.075,0.1])> [0.045,0.75])> 
<({0.125,0.175], <([0.105,0.12], 
[0.05,0.075], [0.045,0.75], 
[0.025,0.05]), [0.015,0.045]), 
([0.15,0.225], ([0.075,0.105], 
[0.075,0.125], [0.075,0.09], 
[0.05,0.1])> [0.03,0.045])> 
<([0.15,0.2], <([0.06,0.105], 
[0.03,0.06], 
[0.075,0.1}), [0.06,0.075]), 
([0.075,0.12], 
[0.05,0.125], [0.03,0.075], 
[0.075,0.125])> [0.0,0.03])> 
S, | = 0.832331. 
S*|| = 0.818175. 














S S’ = 0.815425, 
s,s = 0.563137, 
s,s = (0.7337. 


Pr oj(S,).. =0.99663886, 
Proj(S, Ds =(0.68828490, 

Pr oj(S,).. =0.89675192. 

= Pr oj(S,).. > Pr oj(S,).. > Proj(S, ) 
BProj(S,,S )=0.92453705, 
BProj(S,,S )= 0.99364454, 
BProj(S, ,S )=0.98972051. 

= BProj(S,,S°) > BProj(S,,S°) > BProj(S,,S). 

Step5: Rank the alternatives 

Ranking of alternatives is prepared based on_ the 
descending order of projection and bidirectional measures. 
The highest value reflects the best alternatives. 

Hence, according to the projection measure, the laptop A 
is the best alternative and according to the bidirectional 


ae 
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projection measure, the laptop Az 1s the best alternative. As 
bidirectional projection measure gives better result than 
projection measure, so Az is the best laptop for random 
use. 

6. Comparative study and discussions: 

Mondal and Pramanik study the MADM method in 
interval rough neutrosophic environment using cosine, dice 
and Jaccard similarity measure [32]. We take the same 
problem and solve the problem using projection and 
bidirectional projection measure based decision making 
method. In the existing methods, S2 is the best 
alternatives. But in new method S; 1s the best alternative. 
7. Conclusion: 

In this paper, we have defined projection measure, 
weighted projection measure, bidirectional projection 
measure, weighted bidirectional projection measure 
between interval rough neutrosophic sets. We have also 
proved their basic properties. We have developed two new 
MADM strategies based on the proposed projection and 
bidirectional projection measures respectively. Finally, we 
have solved a numerical example to demonstrate the 
feasiblity, applicability and effectiveness of the proposed 
strategies. The proposed strategies can be applied to solve 
different MADM problems such as teacher selection [33, 
34, 35], school selection [36], weaver selection [37, 38, 
39], brick field selection [40, 41], logistics center location 
selection [42, 43], data mining [44] etc. The proposed 
strategies can also be extended for MAGDM in interval 
rough neutrosophic environment. 
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Abstract. In this paper, the sine, cosine and cotangent similarity 
measures of interval rough neutrosophic sets is proposed. Some 
properties of the proposed measures are discussed. We have 


proposed multi attribute decision making approaches based on 
proposed similarity measures. To demonstrate the applicability, a 


numerical example is solved. 


Keywords: sine hamming similarity measure, cosine hamming similarity measure, cotangent hamming similarity measure, interval 


rough neutrosophic set. 


1 Introduction 


The basic concept of neutrosophic set grounded by 
Smarandache [1, 2, 3, 4, 5] is a generalization of classical 
set or crisp set [6], fuzzy set [7], intuitionistic fuzzy set [8]. 
Wang et al.[9] extended the concept of neutrosophic set to 
single valued neutrosophic sets (SVNSs). Broumi et al. 
[10, 11] proposed new hybrid intelligent structure namely, 
rough neutrosophic set combing the concept of rough set 
theory [12] and the concept of neutrosophic set theory to 
deal with uncertainty and incomplete information. Rough 
neutrosophic set is the generalization of rough fuzzy sets 
[13, 14] and rough intuitionistic fuzzy sets [15]. Several 
studies of rough neutrosophic sets have been reported in 
the literature. Mondal and Pramanik [16] applied the 
concept of rough neutrosophic set in multi-attribute 
decision making based on grey relational analysis. 
Pramanik and Mondal [17] presented cosine similarity 
measure of rough neutrosophic sets and its application in 
medical diagnosis. Pramanik and Mondal [18] also 
proposed some rough neutrosophic similarity measures 
namely Dice and Jaccard similarity measures of rough 
neutrosophic environment. Mondal and Pramanik [19] 
proposed rough neutrosophic multi attribute decision 
making based on rough score accuracy function. Pramanik 


and Mondal [20] presented cotangent similarity measure of 
rough neutrosophic sets and its application to medical 
diagnosis. Pramanik and Mondal [21] presented 
trigonometric Hamming similarity measure of rough 
neutrosophic sets. Pramanik et al. [22] proposed rough 
neutrosophic multi attribute decision making based on 
correlation coefficient. Pramanik et al. [23] also proposed 
rough neutrosophic projection and bidirectional projection 
measures. Mondal et al. [24] presented multi attribute 
decision making based on rough neutrosophic variational 
coefficient similarity measures. Mondal at al. [25] also 
presented rough neutrosophic TOPSIS for multi attribute 
group decision making. Mondal and Pramanik [26] 
presented tri-complex rough neutrosophic — similarity 
measure and its application in multi-attribute decision 
making. In 2015, Broumi and Smarandache [27] 
combined the concept of rough set theory [12] and interval 
neutrosophic set theory [28] and defined interval rough 
neutrosophic set. Pramanik et al. [29] presented multi 
attribute decision making based on projection and 
bidirectional projection measures under interval rough 
neutrosophic environment. 
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Multi-attribute decision making using trigonometric 
Hamming similarity measures under interval rough 
neutrosophic environment is not addressed in the literature. 


Research gap MADM strategy using sine, cosine and 
cotangent similarity measures under interval rough 
neutrosophic environment. 

Research questions 


(1) Is it possible to define sine, cosine and cotangent 
similarity measures between interval rough 
neutrosophic sets? 

(11) Is it possible to develop new MADM strategies 
based on the proposed measures in interval 
rough neutrosophic environment? 


The objectives of the paper are 


1. to define sine, cosine and cotangent similarity 
measures between interval rough neutrosophic 
sets. 

ll. to prove the basic properties of sine, cosine and 


cotangent similarity measures of interval rough 
neutrosophic sets. 


il. to develop new MADM strategies based on the 
proposed measures in interval rough neutrosophic 
environment. 


Contributions 


(i) In this paper, we propose sine, cosine and 
cotangent similarity measures under interval 
rough neutrosophic environment. 

(41) We develop new MADM strategy based on the 


proposed measures in interval rough 


neutrosophic environment. 

(111) We also present numerical example to show the 
feasibility and applicability of the proposed 
measures. 


Rest of the paper is organized in the following way. 
Section 2 describes preliminaries of neutrosophic sets and 
rough neutrosophic sets and interval rough neutrosophic 
sets. Section 3, Section 4 and Section 5 presents definitions 
and propositions of the proposed measures. Section 6 
presents multi attribute decision-making strategies based 
on the similarity measures. Section 7 provides a numerical 
example. Section 8 presents the conclusion and future 
scopes of research. 
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2 Preliminaries 


In this Section, we provide some basic definitions 
regarding SVNSs, IRNSs which are useful in the paper. 


In 1999, Smarandache presented the following definition 
of neutrosophic set (NS) [1]. 


Definition 2.1.1. Let X be a space of points (objects) with 
generic element in X denoted by x. A NS A in X is 
characterized by a truth-membership function Ta, an 
indeterminacy membership function I, and a falsity 
membership function Fa. The functions T, , I, and Fa are 
real standard or non-standard subsets of (0,1") that is 
Ta:X > (0, 1°), Ia:X—> (0, 1°) and Fa:X > (0, 1°). It 
should be noted that there is no restriction on the sum of 
T A(X) : I A(X) and F A(X) eee 
(OST (X) +1, (XY) +F (X) <r 


Definition 2.1.2: (Single-valued neutrosophic set) [9]. Let 
X be a universal space of points (objects) with a generic 
element of X denoted by x. A single valued neutrosophic 
set A is characterized by a truth membership function 74(x) 
, a falsity membership function F'4(x) and indeterminacy 
function J4(x) with 


T, (x), (x) and F(x) ¢€ [0,1] VxinX 


When X is continuous, a SNVS S can be written as 
follows 
A=J<T,(x),F, (x), 1, (x) >/Vx eX 


and when X is discrete, a SVNS S can be written as 
follows 
A=)<T, (x), F, (&), 1, (x) >/Vx eX 


Fora SVNS S, 0 < supT a(x) + supIa(x) + supFa(x) < 3. 


2.2 Rough neutrosophic set 


Rough neutrosophic sets [10, 11] are the generalization of 
rough fuzzy sets [13, 14] and rough intuitionistic fuzzy sets 
[15]. 


Definition 2.2.1: Let Y be a non-null set and R be an 
equivalence relation on Y. Let P be neutrosophic set in Y 
with the membership function Tp , indeterminacy function 
Ip and non-membership function Fp . The lower and the 
upper approximations of P in the approximation (Y, R) 
denoted by are respectively defined as: 








N(P) =<, des (x), Ls (x), Fy (x) >/ye[x],, 
xeY> _ _ _ 

and 

N(P) =<< ae A (x) >/y [x], 
xeEY> 

where, 
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Typ) =Aze[x], T(Y),1 
F(X) =AzZ E[X], F.(Y) 


N(P) 


i 8) = AZ EX] L(Y), 


and 
IT (x)=vze[x], T,(Y),1 
fon (x) =vzel[x], F.(Y) 
SO, 
O< ees (x)+ A ei (x)+ Fs (x) <3 





N(P) 


(x) =vze[x],1,(¥), 


and 
SSMS 2s [__ F < 
0 ae (x)+ wa (x)+ = (x) <3 


Here vand”Adenote “max” and “min” operators 
respectively,T p(y), Ip(y) and Fre(y) are the membership , 
indeterminacy and non-membership of Y with respect to 
P. 

Thus NS mapping, 

N, N: N(Y) > N(Y) are, respectively, referred to as the 
lower and upper rough NS approximation operators, and 


the pair (N(P), N(P)) is called the rough neutrosophic set 


in (Y, R). 
2.3 Interval rough neutrosophic set 





Interval rough neutrosophic set (IRNS) [22] is the hybrid 
structure of rough sets and interval neutrosophic sets. 
According to Broumi and Smarandache, IRNS is the 
generalizations of interval valued intuitionistic fuzzy rough 
set. 


Definition 2.3.1 


Let R be an equivalence relation on the universal set 
U.Then the pair (U, R) is called a Pawlak 
approximationspace. An equivalence class of R containing 


x will bedenoted by [x]r for X € U, the lower and upper 


approximationof X with respect to (U, R) are denoted by 
respectively 


RX and RX and are defined by 

RX = {xe U:[x]rc X}, 

RX ={xe U: [x]af) X#Q}. 

Now if RX = RX , then X 1s called definable; otherwise 
Xis called a rough set. 


Definition 2.3.2 


Let U be a universe and X, a rough set in U. An 
intuitionistic fuzzy rough set A in U is characterized by a 
membership function nwA:U— [0, 1] and non-membership 
functionva: U— [0, 1] such that wa(RX)=land va(RX) = 0 

ie, [a (va (X)I=[1,0] if xe (RX) and pa(U-R X)= 0, 


va(U— R X)=1 
1e, 
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O< pw, (RX-RX) +v, (RX-RX) <1 


Definition 2.3.3 


Assume that, (U, R) be a Pawlak approximation space, for 
an interval neutrosophic set 

A = {<x, [Ta'(x), Tat (x)], Ha'(x), T° @)], [Fa'(x), 
Fa¥(x)]|> >xeU} 

The lower approximation Ar and the upper approximation 


Ar of A in the Pawlak approximation space (U, R) are 
expressed as follows: 


AS lh COs ag (ho) 
ee Os. 5, OL 
[Vya, OLY, (FOP: x €U} 
Ar ={xX [vo (KO) pq (1, OH 
Aa Os egg OL 
[Avy Fe ObA, y (OP: x €U} 


The symbols «A and v indicate “min” and “max” 


operators respectively. R denotes an equivalence relation 
for interval neutrosophic set A. Here [x]r is_ the 
equivalence class of the element x. It is obvious that 


Ava TL ODEA, gy (T, HCI 

Va Ey ODbY, gq GEODICIO1 
[Vs (Fy OY, gq (FONTS 10,11 
and 0 < vehi, {T, (y)} + V3 {I (y)}+ 
Yen, FO 3 


Then Ap is an interval neutrosophic set (INS) 
Similarly, we have 


[Vey TLD, oy {Ty DHS 11 
[Ava FEOEA, gq EHC 1OU 
[Aca FLORA,  F, OHCIO1 
0< Vo ATO}HA, ay OH4 


and 


ye[x 


U 
Asem, FLO 3 
Then Ap is an interval neutrosophic set. 
If Ak = Ap then A is a definable set, otherwise A is an 


interval valued neutrosophic rough set. Here, Ag and Ar 
are called the lower and upper approximations of interval 
neutrosophic set with respect to approximation space (U,R) 


respectively. Ap and A are simply denoted by A and 
A respectively. 
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2.4 Hamming distance 


Hamming distance between two neutrosophic sets 
M= (Tu (x), Iu (x), Fu (x)) and N= (Thy (x), In (x), Fu (x)) 1s 
defined as 


H(M,N)= 
5 (x1) = Ty (%)| + lan i) = Liv i) 


es Fu (x;)- Fy (x;))). 


3. Cosine Hamming Similarity Measure of IRNS 


Assume that 


=1<X, ([T,, iM’ seal [I all [Fa Fi 
Sear or ace n} 

and 

N={<x,[T, Ty bU, Uy blEy Ei) 

[I> TIL LFF] > =1,2,...,n} 

in X = {xX}, X2, ..., Xn}be any two IRNSs. A cosine 


Hamming similarity operator between IRNS M and N is 
defined as follows: 





cos(M, N)= = 3 cos(— (AT, (x,)- AT (x, ) + 
nN i=! 
Al, (x,)-Al, (x,)| if AF, (x,)- AF. (x, ))). 





Cab ne +1) 


AT (x. -— 
mM) 4 
(I ow aa ee +1 is 
Al (x. = 
wu (X;) ri 
(F +E +F +F*) 
AF (x. == 
u (X) 1 
(Ed oe 1 =) 
AT (x. -— 
ni ? / 
Or ie Oe ee 
Al (x. -$ = 
y &X) ji 
(fer +F +F*) 
AF (x,) = =>. 
y &X;) Fi 
Properties 3.1 


The defined rough neutrosophic cosine hamming similarity 
operator cos(M, N) between IRNSs M and N satisfies the 
following properties: 
1. O<cos(M,N) <1. 


2. cos(M,N) = 1 if and only if M =N. 
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3. cos(M,N) = cos(N,M). 
Proof: 


1. Since the functions 

AT yy (X), Aly (X), AF iy (x), ATy (x), Aly (x) and AF (x) 
the value of the cosine function are within [0, 1], the 
similarity measure based on interval rough neutrosophic 
cosine Hamming similarity function also lies within [ 0, 1]. 
Hence 0<cos(M,N) <1. 


This completes the proof. 
2. For any two RNSs M and N, if M = N, then the 
following relations hold 


AT y (%;) = ATy (%;), Alay (%)) = Aly), 
AFy (x;) = AF y (3%). 
Hence, 
AT yy (x;) — ATy (x;) = 0, 
|AFy (x;) - AF y (x;)| = 0 
Thus cos(M,N) = 1 





Aly (%) — ATy (%;) = 0, 


Conversely, 

If cos(M,N) = 1, then 
|ATyy (x;)-ATy (x;) = 0, 
JAF (x;) — AF y (x;) =0 
Since cos(0) = 1. So we can write 

AT y (%;) = ATy (%}), Alyy (%;) = Aly (0), 
AF y (%;) = AF y (3; )- 

Hence M=N. 

3. As 





Aly (%;) — ADy 2%) = 0, 


cos(M, N)= - Y cos (41, (x,)— AT, (x,)| ¥ 
N i=l 
JAI, (x,)— AI, (,)] +|4F, (x,) — AF, (x, ))) 


23 cosll ar, (x.)-AT (x, d+ 
AL, (x,)- Al, (x,)|+|4F, (x,)- AF, (x,))) 
= cos(N, M) 


This completes the proof. 


4. Sine Hamming Similarity Measure of IRNS 


Assume that 
M={<x (Toh Lisl Lhe. Ful 


[T. ,T* L[.,.1 MIF. .Ft,]>:i=1,2,....n} 


iM’? iM iM’ 
and 
Nex Tel EE | 
ie 1a 


iN? iN iN? iN iN’ >1=1,2,.. Ns 
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in X = {X1, X2, ..., Xn}be any two IRNSs. A sine Hamming 
similarity operator between IRNS M and N 1s defined as 
follows: 


sin(M, N)=1- [—Ssin( (ar, (x,)- AT (x, d+ 
AL, (x,)— AI, (x,)| +/4F,, (x,)- AE, (x,)))} 





Here, 

TE Eyes Ee ED 
ATy (%;) = —— 
ay p= Ti), 
Ah) = Cie Ble Fin * Fi) 
sty(5) = 2TH, 
nig) = GE Ta i 
sg (ap = Gt FF) 
Properties 4.1 


The defined rough neutrosophic sine hamming similarity 
operator sin (M, NV) between IRNSs M and N satisfies the 
following properties: 

1. 0<sin(M,N) <1. 

2. sin (M,N) = 1 if and only if M =N. 

3. sin (M,N) = sin (N,M). 

Proof: 


1.Since the functions 

AT y (x), AD iy (X), AF iy (x), AT y (Xx), Aly (x) and AFy (x) 
the value of the sine function are within [0,1], the 
similarity measure based on interval rough neutrosophic 
cosine Hamming similarity function also lies within [ 0,1]. 
Hence 0 <sin(M,N) <1. 

This completes the proved. 

2.For any two RNSs M and N, if M = N, then the 
following relations hold 

AT y (%;) = ATy (%)), Aly (%;) = Aly (2%), 

AFy (x;) = AF y (3%). 


Hence, 
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AT yy (x;)-ATy (x;) = 0, 
JAFy (x;) — AF y (x;) =0 
Thus sin(M,N) = 1 





AT yy (x;) — AD y (%)| =, 


Conversely, 

If sin(M,N) = 1, then 
|ATyy (x;)-ATy (x;) = 0, 
JAFy (x;) — AF y (x;) =0 
Since sin(0) = 1. So we can write 

AT y (%;) = ATy (%;), Aly (4;) = Aly (2%), 
AF y (x;) = AF y (3;)- 

Hence M=N. 

3. AS 





Aly (%;) — ADy %)| = 0, 


sin(M, N)=1- [—S sin Har, (x,)- AT. (x, d+ 
a (x,)— AL, (x,)] +|AE, (x,) — AF (x,)))] 
1 $sindl an, (x,)- AT, (x, J+ 


ie (x,)- AI, (x,)|+|4F, (x,)— AF, (x,) 
= = sin(N, M). 
This completes the proof. 





| 


5. Cotangent Hamming Similarity Measure of 
IRNS 


Assume that 
Mts ge Uy bas ine Be Pan 
el ilet Dlisk loet= lene} 
“ 

= {<x,,[T,Ty blige blFys Eq h 


iN’ 


pero eyH ieee cee ae see eer 

in X = {x1, X2, ..., Xn}be any two IRNSs. A cosine 
Hamming similarity operator between IRNS M and N is 
defined as follows: 





cot(M, N)= 


* Scot + (AT, (x,)- AT. (x, J+ 
AL, (x,)- Al, (x,)|+]4F,, (x,)— AF (x, 





Here, 
coat. i. a) 
AT (x.)  —->+———_ 
M 1 4 
aia ie, ie 
Al (x.) ——-__, 
M 1 4 
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(FO +F* + F- + F*) 
iM _iM 1M iM 


AR, (x)= 
N 1 4 —_ 
(+I +1 +I) ) 
N 1 4 = _ 
(FY +R + Fy +R) 
N 1 4 
Properties 5.1 


The defined rough neutrosophic cosine hamming similarity 
operator cot(M, NV) between IRNSs M and N satisfies the 
following properties: 


1. cot(M, N) = 1 if and only ifM=N. 
2. cot(M, N) = cot(N, M). 
Proof: 


1.For any two RNSs M and N, if M = N, then the 

following relations hold 

AT yy (%;) = AT y (%}), Aly (%)) = Aly (3%), ), AF (4) = AF y (5). 
Hence, 

AT (x;) —ATy (x;) = 0, 
JAFy (x;) — AFy (x;) = 0. 
Thus cot(M,N) = 1 





Aly (%;) — ALy %)| = 0, 


Conversely, 

If cot(M,N) = 1, then 
AT (x;) - AT y (x;) = 0, 
JAFy (x;) — AF y (x;) ae 





Aly (%;) — ADy %)| = 0, 


Since cot( =) =I. So we can write 
AT y (%;) = ATy (%;), Aly (4;) = Aly (4), 
AFy (x;) = AF y (3%). 
Hence M=N. 
2. AS, 
soe De | 
cot(M, N)=— >. cot(— + — (AT. (x.)-— AT. (x. )} + 
(M,N)=—¥ cot += (AT, («,)— AT, 
|AI,, (x,) — AL, (x,)| +|4F, (x,) — AF, (x, ))) 


lo Hl 
— Loot + 5 (aT, (x,)- AT, (x,)|+ 
Al, (x,)- Al, (x,)| x JAF, (x,)— AF, (x,))) 
= cot(N, M). 

This completes the proof. 
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6. Decision making under trigonometric interval 
rough neutrosophic Hamming similarity 
measures 


In this section, we apply interval rough cosine, sine and 
cotangent Hamming similarity measures between IRNSs to 
the multi-attribute decision making problem. Consider 
C={C1,C2, ... ,Cn} be the set of attributes and A= {A7,Az, ... 
, An} be a set of alternatives. Now we provide an algorithm 
for MADM problems’ involving interval rough 
neutrosophic information. 

Algorithm 1. (see Fig 1) 


Step 1: Construction of the decision matrix with interval 
rough neutrosophic number 


Decision maker considers the decision matrix with respect 
to m alternatives and n attributes in 
terms of interval rough neutrosophic numbers as follows: 


Table1l: Interval Rough neutrosophic decision matrix 


LY SOON Z 

11 12 lm 

Lie Deck eats es Z 

21 22 2m 
D=<Zij>nxm= 

A As 

nl n2 nm 
Where 


yf ae a ae Wem FU bea ee cope ce 
eel ae ae 
O5Vyerap (Ta W+A yetarp TA OU +A yep {Fa OI] $3 


Step 2: Determination of the ideal alternative 
Generally, the evaluation attribute can be categorized into 
two types: benefit type attribute and cost type attribute. We 
define an ideal alternative S’ . 

For benefit type attribute, 

S*= 
(min, 7; 


a 4 ies 





with 


max; /;,,max; F;;),(max; T;,, 


pls min; /;;,min; Fj; )}. 


i*ij? 
For cost type attribute, 
S*= 


(max; Tj, 


min; /;,,min; F;;),(min; 7;,, max; /;;, max; F;;)}. 





Step 3: Determination of the interval rough trigonometric 

neutrosophic Hamming similarity function of the 

alternatives 

We compute interval rough trigonometric neutrosophic 

similarity measure between the ideal alternative S* and 

each alternative Zj= <Zij>nxm for alli=1,.....,n andj =1, 
., M. 

Step 4: Ranking the alternatives 
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Using the interval rough trigonometric neutrosophic 
similarity measure between each alternative and the ideal 
alternative, the ranking order of all alternatives can be 
determined and the best alternative is selected with the 
highest similarity value. 

Step 5: End. 









Set the attributes(in terms of IRNSs) 


Construct the decion matrices 
Determine the ideal alternative 


Calculate the interval rough trigonometric 
neutrosophic Hamming similarity 
measures 


Rank the alternative 








Fig 1. A flowchart of the proposed decision making 
method 


7. Numerical example 


Assume that a decision maker intends to select the most 
suitable laptop for random use from the three initially 
chosen laptops (Si, S2, S3) by considering four attributes 
namely: features C;, reasonable price C2, customer care C3, 
risk factor C4. Based on the proposed approach discussed 
in section 5, the considered problem is solved by the 
following steps: 


Stepl: Construct the decision matrix with interval rough 
neutrosophic number 


The decision maker construct the decision matrix with 
respect to the three alternatives and four attributes in terms 
of interval rough neutrosophic number. 
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Step 2: Determine the benefit type attribute and cost type 
attribute 
Here three benefit type attributes C;, Co, C3 and one cost 
type attribute C4. We calculate the ideal alternative as 
follows: 


v= 
{< ([.6,.7],[.3,.5],[.3,.4]),([.8,.9],[.1,.2],[.1,.2]) >, 

< ([.5,.7],[.3,.4],[.2,.4]),([.7,.9],[.1,.3],[.1,.2]) >, 

< ([.5,.6],[.4,.5],[.4,.6]),([.7,-9],[.2,.4],[.2,.4]) >, 

< ([.8,.9],[.2,.4],[.1,.3]),([.5,.7],[.5,.6],[.3,.5]) >) >} 

Step3: Calculate the interval rough trigonometric 
neutrosophic Hamming similarity measure of _ the 
alternatives 


cos(S,S") = 0.999998923, 
cos(S_,S") = 0.999997135, 
cos(S_,S") = 0.999998505, 


sin(S, ,S’) = 0.999531651, 
sin(S, ,S’) = 0.997658256, 
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sin(S ,S°) = 0.998343644, 
cot(S ,S°) = 70.25049621, 
cot(S, ,S°) = 67.22363275, 
cot(S, ,S') = 68.81008448. 


Step 4: Rank the alternatives 


Ranking of alternatives is prepared based on_ the 
descending order of similarity measures. The highest value 
reflects the best alternatives. 

Here, 

cos(S,, S*)> cos(S,, S*)> cos(S,, S*). 

sin(S,, S*)> sin(S,, S*)> sin(S,, S*). 

cot(S, S*)> cot(S,, S*)> cot(S,, S*). 


Hence, the laptop S: is the best alternative for random use. 


8. Conclusions 


In this paper, we have proposed interval rough 
trigonometric Hamming similarity measures and proved 
We have developed three MADM 
strategies base on sine, cosine and cotangent similarity 


their properties. 


measures under interval rough neutrosophic environment. 
Then we solved an illustrative numerical example to 
demonstrate the feasibility, applicability of the developed 
strategies. The concept presented in this paper can be 
applied other multiple attribute decision making problems 
such as teacher selection [30, 31, 32], school selection 
[33], weaver selection [34, 35, 36], brick field selection 
[37, 38], logistics center location selection [39, 40], data 
under interval rough neutrosophic 


mining [41] etc. 


environment. 
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1 Introduction 


In 1995, neutrosophic logic and set theory was introduced by 
Smarandache [22, 23]. The neutrosophic sets are characterized 
by a truth membership function(t), a falsity membership func- 
tion (f) and an indeterminacy membership function(i) respec- 
tively, which lies between the nonstandard unit interval |0, 1]*. 
Unlike intuitionistic fuzzy sets, here the uncertainties present 1.e. 
the indeterminacy factor, is independent of truth and falsity val- 
ues. Hence Neutrosophic sets are more general than intuitionis- 
tic fuzzy set [6] and draw a special attraction to the researchers. 
Later on Wang et al. [25] introduced a special type of neutro- 
sophic set say single valued neutrosophic set (SVNS). They also 
introduced the interval valued neutrosophic set (IVNS) in [26]. 
The SVN set is a generalization of classical set, fuzzy set [27], 
intuitionistic fuzzy set [6] etc. To see the practical application of 
the neutrosophic sets and SVN sets, one may see [1, 2, 3, 4, 7, 8] 
etc. 


On the other hand, nowadays graphs and digraphs are widely 
used by the researchers to solve many pratical problems. The 
graphs are used as a tool for solving combinatorial problems 
in algebra, analysis, geometry etc. Many works on fuzzy 
graph theory, fuzzy digraph theory, intuitionistic fuzzy graphs, 
soft digraphs etc. are carried out by a number of researchers 
[12, 13, 15, 16, 17, 21]. Four main categories of neutrosophic 
graphs have been defined by Samarandache in the paper [24]. 
However the concept of single valued neutrosophic graphs was 
introduced by Broumi et al. [9, 10, 11]. 


In this paper we have introduced the notion of SVN digraphs 
for the first time. In section 2, some preliminaries regarding neu- 
trosophic sets, graph theory, SVN sets etc. are discussed. In sec- 
tion 3, we have defined the SVN digraph and some terminologies 
regarding SVN digraphs with examples. We have solved a real 
life problem by using SVN digraph in Section 4. In Section 5, 
we have defined the volume of a SVN digraph and also the sim- 
ilarity measure between two SVN digraphs by using the volume 
of each SVN digraph. Finally in this section, we have computed 


shown and some of the important properties of SVN digraphs are 
investigated. Finally SVN digraphs are applied in solving a multi- 
criterion decision making problems. 


the similarity measure of the digraphs of Section 4 and compared 
the results. Section 6 concludes the paper. 


2 Preliminaries 


In this section, we will discuss some definitions and terminolo- 
gies regarding neutrosophic sets which will be used in the rest of 
the paper. However, for details on the neutrosophic sets, one can 
see [20]. 


Definition 1 /20] Let X be a universal set. A neutrosophic set 
A on X is characterized by a truth membership function t 4, an 
indeterminacy membership function 1,4 and a falsity membership 
function f4, where ta,ia,fa : X — [0,1], are functions and 
Va Ee X,x = x(ta(a),t4(x), fa(xv)) € Ais a single valued 
neutrosophic element of A. 

A single valued neutrosophic set (SVNS) A over a finite uni- 
verse X = {%1,%2,...,X%n} is represented as below: 


Lj 


A=) Ela taed ae 


Definition 2 [20] The complement of aSVNS A is denoted by A° 
and is defined by tac(x) = fa(x),iac(x) = 1—-i4(x), fac(x) = 
t a(x) Vue xX. 


Definition 3 [20] A SVNS A is contained in the other SVNS B, 
denoted as A C B, if and only ift4(x) < tp(x),t4(x) <ip(x) 
and fa(x) > fp(x) Va € X. Two sets will be equal if A C B 
and BC A. 


Definition 4 [20] Suppose N(X) be the collection of all SVN 
sets on X and A, B € N(X). A similarity measure between two 
SVN sets A and B is a function S : N(X) x N(X) > [0,1] 
which satisfies the following condition: 


i) 0S 5(A,B) <1, 
(ii) S(A, B) = 1 ifand only if A = B. 
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iii) S(A, B) = S(B, A) 
(iv) If A C B CC, then S(A,C) < S(A, B) and S(A,C) < 
S(B,C) forall A,B,C € N(X). 


Note that here (1)-(111) are essential for any similarity measure and 
(iv) 1s a desirable property although not mandatory. 


Definition 5 /20] The entropy of SVNS A is defined as a function 
E: N(X) = [0,1] which satisfies the following axioms: 


(i) E(A) = O7fA is a crisp set. 


(ii) E(A) = 1 if (ta(x),ia(a), fa(x)) = (0.5, 0.5, 0.5) Va € 
xX 


(iii) F(A) > E(B) if A is more uncertain than B i.e. ta(x) + 
fa(z) < ta(x) + fala) and jia(x) — tac(x)| S ta(e) — 
ipe(x)|VaEeX A,BEX. 


(iv) F(A) = E(A‘) VA € N(X), where N(X) is the collection 
of all SVNS over X. 


Example 6 An entropy measure of an element x1 of aSVNS A 
can be calculated as follows: 


F\(%1) =1— (ta(ai) + fa(@1)) X [ta(@1) — tae(21)|. 


Graph and digraphs played an important role in many applica- 
tions of mathematics like Chinese post-man problems, shortest 
path problems etc. For graph theoretic terminologies, one can 
see any standard reference, e.g. [14] or [19]. 





3 SVN Digraph 


In this section, we will define SVN _ digraph D 
for the first time corresponding to a SVNS Vp = 
{(Vi5 (EVp (Vi), WV (Ui); Fp (Vi ))), 4 — I tena git, over a fi- 
nite universal set X. For sake of implicity henceforth we will 
denote Vp by Vp = {v}1, v2,.-.-, Un} in the rest of paper. 


Definition 7 4 SVN digraph D is of the form D = (Vp, Ap) 


where, 
Gi) Vp = {v1,V2,U3,.-.,Un} such that the functions ty, : 
Vp > (0, 1], ive : Vp > 0, 1], IVa : Vp > (0, 1] 


denote the truth-membership function, a indeterminacy- 
membership function and falsity-membership function of the 
element v; € Vp respectively and0 < ty, (vi) tiv, (vi) + 
Tye) = 9, V0 € Vogt = 1 2a 


(ii) Ap = {(u:, v;); (vs, v7) € Vo x Vo} provided0 < E(u)— 
E(vu;) < 0.5 , the functions ta, : Ap — [0,1],¢4, : 
Ap — [0,1], fa, : Ap — [0,1] are defined by 


tap ({vi, vj}) < minltyp (vi), tvp (v5 )I, 
tAp({Vi, Vj }) = Mazlivy (vi), tvp (vy)], 


fap ({ui, vj}) = maz|fyp (vi), fur (v;))] 


Neutrosophic Sets and Systems, Vol. 19, 2018 


where t4,,1Ap,fAp denotes the truth-membership func- 
tion, a indeterminacy-membership function and _falsity- 
membership function of the arc (v;,v;) € Ap respectively 
Where V. =. tAg (0,0) ) 4 1A, O07) = FAR On 7) 3. 
V (03405) EAp,1,j€ a pref) 


We call Vp as the vertex set of D, Ap as the arc set of D where 
E(v) is the entropy of the vertex v. Please note that if E(v;) = 
E(u;), then {(vi, 05), (vj, vs) } € Ap. Since for a vertex v € Vp 
ofa SVN digraph D we have E(v) = E(v), thus every vertex of a 
SVN digraph D contains a loop (v,v) at v. On the other hand, if 
E(u;) — E(v;) > 0.5, we define that there exists no arc between 
the vertices v; and v;. A SVN digraph D = (Vp, Ap) is said to 
be symmetric if (u,v) € Ap implies (v,u) € Ap. On the other 
hand, D is asymmetric if (u,v) € Ap implies (v,u) € Ap. 


Remark 8 Here, we are trying to represent a SVN set by a SVN 
digraph. For this reason, we have taken a SVN set Vp and have 
considered the set Vp as the vertex set of the SVN Digraph D. 

Thus we are only considering the entropy of the vertex set Vp of 
the SVN digraph D. However we have seen that the arc set Ap 

of D forms a new SVN set and we have the following corollary. 


Corollary 9 The arc set Ap of a SVN digraph D = 
forms a neutrosophic set on X x X. 


(Vp, Ap) 


Example 10 Consider the SVN digraph D, = (Vp,,Ap,) 
in Figure I with vertex set Vp, =  {v1,V2,U3,v4} 
and arc set Ap, = { (v2, U1), (V1, U3), (va, V3), 
(v2, U4), (v3, U4), (V4, U1)} with one loop at each vertex as 


follows: 


U1 V2 U3 VA 

tv, 04 04 0.5 0.2 

ivy, O1 03 02 0.5 

fv, 0.2 0.1 0.5 0.3 

FE 0.52 0.8 04 1 
(v2,U1) (v2,u3) (v4,v1) (v1, U3) (va, v2) 
ta, 0.3 0.2 0.1 0.4 0.2 
LAs 0.4 0.3 0.5 0.3 U5 
fap 0.2 0.6 0.3 0.4 0.4 


v1(0.4,0.1,0.2) —_v9(0.4,0.3, 0.1) 


v4(0.2,0.5,0.3)  v3(0.5, 0.2, 0.5) 


Figure 1: The SVN Digraph D, 


Remark 11 (i) Ina SVN digraph D, if x = (v;,v;) is an arc, 
we say that x is incident with v; and v;; v; 18 adjacent to 
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v;; and vu; 1s adjacent from v;. It is customary to repre- 
sent a digraph by a diagram with nodes representing the ver- 
tices and directed line segments (arcs) representing the arcs 
of the digraph. Every vertex of any SVN digraph contains 
loops by definition. For the sake of simplicity, we define 
(tA (U0) 1 An (UO) fapl0,0)) = (0,1,.1) tor each are 
(v,v) € Ap ofa SVN digraph D. 





(ii) The order of D, denoted by |D], is the number of vertices 
of D. The size of aSVN digraph D, is the number of arcs of 
D i.e. |Ap|. For example, the order and size of the digraph 


Dy, in Figure 1 is 4 and 9 respectively. 


Definition 12 4 SVN-subdigraph H = (Vy,Ap) of a SVN- 
digraph D = (Vp, Ap) is a SVN-digraph such that 


(i) Va © Vp where ty, (vi) < tvp (Vi), IV (Vi) S tp (vi), 
I Viz (vi) = IV (v;) Vu; © Va. 


(i) Ag GC Ap where tan U7, 07) S bAp VAY; Ag Un 7) S 
Ap (Vi, Uj), fan (Vi, 3) 2 fap (vi, ¥j) Vi, 05) © An. 


Example 13 Consider the SVN digraph Dz = (Vp,,Ap,) in 
Figure 2 with vertex set Vp, = {V1, V2, v3} and arc set Ap, = 
{ (V2, V1), (V1, U3), (V2, v3) } with one loop at each vertex as fol- 


lows: 
U1 V2 U3 

tv, O04 O4 0.5 

typ O11 O08 0.2 

fy, 0.2 0.1 0.5 

E 0.52 0.8 0.4 

(v2,V1) (v2,u3) (v1, U3) 
CAn 0.3 0.2 0.4 
tens 0.4 0.3 0.3 
hee OZ 0.6 0.4 


It is clear that the SVN digraph Dz in Figure 2 is a SVN subdi- 


U1 


Figure 2: The SVN Digraph D2 
graph of D, in Figure 1. 


Definition 14 4 SVN-digraph K = (VK,Ak) is a spanning 
SVN-subdigraph of a SVN-digraph D = (Vp, Ap) if 


i) Vk = Vp where ty, (ui) = typ (Vi), tVe (Ui) = tp (Vi), 
fx (vi) = Fv (vi) Voi © Vx. 

(i) Agr GAp Where tal0;,.0;)) =TAgU6 0), 142 04 o)) = 
tAp (Vi, Uj), FA (Vis 05) = fap (vi, vj) V(vi, vj) € AK. 
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Definition 15 For vertices u,v in a SVN digraph D, a u-v SVN 
path P = (Vp, Ap) is a SVN subdigraph of D whose distinct 
vertices and arcs can be written in an alternating sequence: 


V1 (U1, V2)V2(V2, V3)U3 ° ++ UR—1(UR—-1, VE)UR; 


where v1 = U,vE = v and ta, (Vi, Vig1) > O,ta(vi, Vig) > 
0, favs, Viti) > 0,0 < Ely) — B(vigi) < 0.5, VI <i <k. 
Further, if (v, wu) is an arc in D, then the subdigraph P together 
with (v,u) is a SVN cycle of length k or a k-SVN cycle in D. 
For convenience, we denote the cycle as C' = |v1,v2,...Ux]. A 
SVN digraph having no cycle of length greater than I is said to 
be acyclic. A 1-cycle consists of a vertex v and a loop at v. 


Definition 16 A SVN digraph D is said to be connected if the 
simple SVN graph G associated to D (i.e., the graph with vertex 
set Vp and edge set {{u,v} : (u,v) €Ap,u # v}) is con- 
nected. The SVN digraph D is said to be strongly connected if 
for every pair (u,v) of vertices, D contains a u-v SVN path and 
a v-u SVN path both. The maximal connected (resp. strongly 
connected) SVN subdigraphs of D are called components (resp. 
strong components) of SVN D. 


Definition 17 Let D = (Vp, Ap) be a SVN digraph. Then the 
outdegree (resp. indegree) of any vertex v is sum of degree of 
truth-membership, sum of degree of indeterminacy-membership 
and sum of degree of falsity-membership of all those arcs which 
are adjacent from (resp. to) vertex v denoted by Og(v) = 


O(ds(v), di(v),dg(v)) and Ia(v) = I(de(v),di(v), d¢(v)), 


where, 

av) = - > ta, (u,v) denotes the degree of truth membership 

Ao; = >» 1Ap(Uu,v) denotes the degree of indeterminacy member: 
dr(v) = - >» fap (u,v) denotes the degree of falsity membership, 


where n is the number of arcs adjacent from (resp. to) vertex v. 


Example 18 Consider the SVN digraph D, in Figure 1. Here we 
have, the outdegree and indegree of each vertex as follows: 


Oa(v1) = (0.8, 0.86, 0.88), Og(v2) = (0.05, 0.73, 0.7), 
Oa(v3) = (0,1, 1), Oa(v4) = (0.05, 0.83, 0.78), 

Ia(v1) = (0.07, 0.82, 0.75), Ia(v2) = (0.04, 0.90, 0.88), 
Ia(v3) = (0.1, 0.76, 0.83), Ia(va) = (0, 1,1). 


Remark 19 The set of in-degrees (out-degrees) of the vertices of 
an SVN digraph forms a neutrosophic set on Vp (i.e. on X ). 


Definition 20 4 SVN digraph D = (Vp, Ap) is called k-regular 
SVN digraph if the sum of outdegree and indegree of each vertex 
v is k. That is, d(v) = > \{Oa(v) + la(v)} = (&,k, k) for all 
v € Vp. 
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Definition 21 4 SVN digraph D = (Vp, Ap) is called strong 
SVN digraph if 


tAp (vi, v;) — min|tvp (vi), tVp (v;)], 
tAp (Vis Vj) = Maalivy (Vi); Ivp (v4); 
fap (vi, 07) = marl fi (Vi), Fo (vj) 
for all (vj, 05) € Ap 
Example 22 Consider the SVN digraph D3 = (Vp,,Ap,) in 


Figure 3 with vertex set Vp, = {v1,V2,U3,v4} and arc set 


Ap; = { (va, v1), (v1, U3), (v2, U3), (v2, VA), (v3, VA), (v4, v1)} 
with one loop at each vertex as follows: 


UI U2 U3 V4 


tv, 0.9 01 0.5 0.2 

iv, 0.3 06 0.1 0.6 

fv, 08 O01 0.5 0.1 

BE 0.3 06 0.2 0.4 
(v2,U1) (v2,3) (va,u3) (v4,¥1) (1,03) (V2, V4) 
0.1 0.1 0.2 0.2 0.5 0.1 
0.6 0.6 0.6 0.6 0.3 0.6 
0.8 0.5 0.5 0.8 0.8 0.1 


v1(0.9,0.3,0.8)  v9(0.1, 0.6, 0.1) 


va(0.2,0.6,0.1) — v3(0.5, 0.1, 0.5) 


Figure 3: The SVN Digraph D3 


Definition 23 4 SVN digraph D = (Vp, Ap) corresponding to 
a SVNS Vp is called complete if the following holds: 


GQ), Vig 4 05 095 095 x15 Un 


(11) Ap = 1 (U95 U5 5 V5 D3 E Vp}, 
provided E(v;) = E(v;) Vu; € Vo. 


Example 24 Consider the SVN digraph Ds = (Vp,,Ap,) in 
Figure 4 with vertex set Vp, = {V1, V2, v3} and arc set Ap, = 
{(va, V1); ae V3), (v2, v3), (v1, v2), (us, V1); (us, v2) } with one 
loop at each vertex as follows: 


U1 UD U3 
ae 0.5 O04 £0.7 
iW O02 0.2 U2 
iG 04 0.5 #£0.5 

E(w) 0.46 0.46 0.46 | 
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Figure 4: The SVN Digraph D, 


In D4, we consider that each non-loop arc has neutrosophic value 
as (0.4, 0.2,0.5). It is clear that the SVN digraph Dy, is a com- 
plete digraph and also a k-regular digraph. 


Remark 25 (1) There does not exist any asymmetric SVN di- 
graph with a cycle of length > 3. Suppose an asym- 
metric cyclic SVN digraph D = (Vp, Ap) has vertex set 
Vp = {v1,V2,U3,---,Un}. Without loss of generality, let 
D has a cycle of length 3 say (v1, v2,v3). Then we have 
E(u) > E(v2) > E(v3) > E(v1)- which is impossible. 
Hence D does not have a cycle of length > 3. 


(i) Every SVN digraph D is self-complementary. For any SVN 
digraph having vertex set Vp and its complement set V§, 
each vertex have same entropy. Hence the result follows. 


Definition 26 Suppose D = (Vp, Ap) and H = (Vy, Az) be 
two SVN digraphs with |Vp| = |VH| = n corresponding to the 
SVNS Vp and Vz over an universal set X. Then the union of 
two SVN digraphs D and H is defined as a SVN digraph C = 
(Vc, Ac) in which the following holds; 


(i) Vo = Vp UVa, 


(il) ty, (v) = max(typ (v), Vy (v)); 
tVo(v) = max(tvy (v), tvy (v)); 
Io (v) = min( fvp (v), IH (v));V v € Vp UVa and, 


(iii) Ag = {(vi, vj); (vi, v3) € Vo x Vo} provided0 < E(v;) -— 
E(v;) < (0.5, 


Definition 27 Suppose D = (Vp, Ap) and H = (Vy, Az) be 
two SVN digraphs with |Vp| = |V| corresponding to the SVNS 
Vp and Vz over an universal set X. Then the intersection of 
two SVN digraphs D and H is defined as a SVN digraph C = 
(Vo, Ac) in which the following holds: 


(i) Vo = Vp Vu, 
(il) ty (v) = min(typ (v), tVy (v)); 
ivo(v) = min(iv, (v), ive (v)); 
Ve (v) — max(fvp (v), IVa (v));V v © Vp 2 Va and, 
) 


(iii) Ag = {(vi, v;); (vi, v;) € Vo x Vo} provided0 < E(v;) — 


Definition 28 Suppose D = (Vp, Ap) and H = (Vy, Az) be 
two SVN digraphs with |Vp| = |Vx| corresponding to the SVNS 
Vp and Vy over an universal set X. Consider Vp = Vy = 
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{U1, V2, U3,--+,Un}. The similarity measure between the neutro- 
sophic digraphs D and H can be evaluated by the function, 


|Ap a Ap| 
S(D, H) = ———_., 
( ) |Ap U Ar| 
where |Ap 1 Ay|,|Ap U Ay| denotes the number of arcs in 
Ap Ay and Ap U Ag respectively with a set theoretic point 
of view. 


It is clear that S(D, H) satisfies the properties of the Definition 4. 


4 An application using SVN Digraph 


In this section, we have applied our SVN digraph to solve 
a multi-criteria decision-making problem. To find out the 
best alternative decision set, we will use the idea of model 
set. For this purpose now, we define a model set M = 
{(.1,0, 0.05), (.1, 0, 0.04), (.1, 0, .03), (.1, 0, 0.02) }. 

The problem is based on a similar problem discussed in 
[13]. Now we assume that there exists a set of suppliers 
S = {51,S2,53,54} whose performances are examined w.r.t 
the following criteria (7), 72, 73,74), where T, the adaptation 
of new technology , 72 performance in supply , 73 the ability 
of controlling man-power and 7% quality of service. We will 
use our proposed decision making technique to select the best 
supplier. The evaluation of an supplier $;,2 = 1,2,3,4 with 
respect to a criterion 7; 7 = 1, 2,3, 4, it based on the knowledge 
of a domain expert. For example, the opinion of an expert about 
a supplier S; with respect to a criterion 7 , is as follows: the 
statement is good 1s 0.4 and the statement is poor is 0.3 and the 
degree of not sure is 0.4. For a neutrosophic point of view, it 
can be expressed as neutrosophic element v1; = {0.4, 0.3, 0.4}. 
Thus for the alternative S;, the neutrosophic set is M, = 
{ (0.4, 0.3, 0.40), (0.6, 0.3, 0.30), (0.2, 0.2, 0.5), (0.5, 0.3, 0.2) }. 
Similarly the other neutrosophic sets for the alternatives 
S2,53, 54 respectively are 








My, = {(0.4,0.4, 0.2), (0.5, 0.4, 0.30), (0.5, 0.20, 0.40), 
(0.5, 0.3, 0.1)}, 

M3; = {(0.6, 0.2, 0.2), (0.6, 0.3, 0.40), (0.5, 0.4, 0.10), 
(0.3, 0.2, 0.40)}, 

M, = {(0.6, 0.2, 0.20), (0.1, 0.4, 0.50), (0.4, 0.2, 0.60), 
(0.4, 0.1, 0.3). 


Now we first draw the SVN digraph Dj, for the model set / as 
follows: 


Now we draw simultaneously the digraphs 
Dy,,Dmu.,,Dm,,Du, m the Figure 6, Figure 7 respec- 
tively. In each case we now calculate the similarity measure of 
each of the digraphs Djyy,; 1 = 1, 2,3, 4. 


(i) S\(Du, Du,) = = 0.538 
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v1(.1, 0, 0.05) v2(.1, 0, 0.04) 


v4(.1,0, 0.02) v3(.1,0, .03) 


Figure 5: The SVN Digraph D jy 


v1(0.4, 0.4, 0.2) v2(0.5,0.4,0.3) v1 (0.4, 0.3, 0.4) v2(0.6, 0.3, 0.3) 


v4(0.5,0.3,0.1) — v3(0.5,0.2,0.4) —-v4(0-5,0.3,0.2) —_v3(0.2, 0.2, 0.5) 


Figure 6: The SVN Digraphs Dy,,, Du, 


(ii) So(Du, Du,) = 2 = 0.81 
(iii) S3(Du, Duy) = 


(iv) S4(Du, Du,) = 4% = 0.666 


a 
11 


6 _ 
& = 0.42 


= 


Therefore as per the similarity measures, the ranking order of the 
four suppliers is Sg > S4 > S; > S3. Hence, the best supplier 
is Sg. From the above example, we can observe that the pro- 
posed single valued neutrosophic multi-criteria decision-making 
method can be handled easily with the help of SVN digraphs. 
Ashraf et al. [5] have studied SVN graph where as we have tried 
SVN Digraph. In SVN graph there is no edge direction. Thus it is 
quite familiar that between any two vertices of SVN graph there 
is always an arc satisfying some required condition. In SVN di- 
graph theory, between any two vertices there may not be an arc. 
Here arcs are present depending on the entropy difference of the 
vertices. Thus these two notions of SVN graphs and digraphs are 
completely different. Also Ashraf et al. [5] have studied regu- 
lar SVN graphs which has equal degree of each vertices. But in 
SVN digraphs all vertices may or may not have same degrees. In 
future one may study the SVN regular digraphs which may be a 
completely new idea. 











v1(0.6,0.2,0.2) —-v2(0.6,0.3,0.4) v1 (0.6,0.2,0.2) ——-v2(0.1, 0.4, 0.5) 


v4(0.3,0.2,0.4) — v3(0.5,.4,0.1) v4(0.4,0.1,0.3) — v3(0.4, 0.2, 0.6) 


Figure 7: The SVN Digraphs Dy, Dw, 
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5 Similarity Measure using the Volume 
of a SVN Digraph 


In this section we introduce some new definition which are given 
below: 


Definition 29 Suppose A and B be two SVNS over X. Then A 
is said to be more uncertain than B, denoted by A < B, 


(i) ta(x) + fala) < tala) + fa(e) 
(ii) |i4(x%) —tyc(x)| < lip(a) —ipe(a)|,V EX. 


Example 30 Suppose 


A = {(0.4, 0.3, 0.3), (0.3, 0.5, 0.2), (0.5, 0.4, 0.1), (0.2, 0.2, 0.3)} 
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Example 37 Consider the SVN digraph Dy, in Figure 5 in Sec- 
tion 4. Then the volume of the digraph Dy, is 


Vol(Dy) = S_{E(v1) + E(ve) + E(vs) + E(va)} 


= 0.85 + 0.84 + 0.83 + 0.82 = 3.34. 


Definition 38 Now we define the similarity measure between two 
SVN digraph D and H as follows: 


_ 2Vol(Vp @ Viz) 
ot) TalVn) + VollViny 


It can be noted that the Definition 38 satisfies the first three pos- 


‘tulates of the Definition 4. Now we consider the SVN digraphs 


B = {(0.5, 0.1, 0.6), (0.4, 0.3, 0.4), (0.4, 0.2, 0.6), (0.4, 0.1, 0.5) } Dy,Dwu,,i=1...,4 in Figure 5,6,7 in Section 4 and calculate 


be two SVNS over an universal set X = {x1,...,24}. Then for 
all x, € X, the above definition A < B is satisfied. 


Remark 31 From Definition 5 and Example 6, it follows that 
E(A) > E(B) for any two SVNS A, B € X with A < B. 


Definition 32 Suppose A and B be two SVNS over X.. Then their 
maximum sum C = A@ B, denoted by Max(A, B) is again an 
SVNS on X which is defined as follows: 


G) t(e) = mar tals )tee) |; 
(ii) fe(%) = maxi fa(x), fa(x)}, 


(iii) 7.(2) = max{lia(x) —t,yc(a)], \tp(x) —tipe(ax)|}, Va € 
a 


Example 33 From Example 30, it follows that the SVNS 





C = {(0.5, 0.8, 0.6), (0.4, 0.4, 0.4), (0.5, 0.6, 0.6), (0.4, 0.8, 0.5)} 


is the maximum sum of two SVNS A, B over X. 


Remark 34 /t can be easily proved that A,B < A@B. So, 
E(A) > E( AQ B) and E(B) > E(A@® B). Therefore 


2E(A CD B) < E(A) + E(B). 


Definition 35 Suppose Vp and Vy are two SVNS over an uni- 
versal set X such that Vp = Vy = {V1,V2,.--,Un}. Consider 
D = (Vp, Ap) and H = (Vy, Ax) be two SVN digraph corre- 
sponding to the SVN set D and H respectively. Then the maxi- 
mum sum digraph C' of two digraphs D, H is a SVN digraphC = 
(Vc, Ac) where Vo = Vp @ Vu and Ac = {(ui, 0; ); (vi, vj) € 
Vo x Vo} provided 0 < E(u) — E(v;) < 0.5. 


Definition 36 Suppose D, = (Vp,,Ap,) be a SVN digraph 
over a set X. Then the volume of a SVN digraph Dy is defined as 


Vol(G) = Ss E(v) = E(Vp,). 


vEVpD, 


the similarity measure between them by using the Definition 38. 
Here we the following result obtained by the Definition 38: 





(i) S;(Du, Du,) = +& = 0.30 


) 5.96 
(ii) $2(Dyz,Dmu,) = HS = 0.34 
(iii) $3(Dw,Du,) = =& = 0.31 
(iv) S4(Dyrz,Du,) = 2 = 0.32 


According to the similarity measure followed by the Defini- 
tion 38 we have obtained the order Sy > S4 > S3 > S;. Hence 
the best supplier is So. 

Thus it can be seen that using both the techniques described in 
Section 4 and 5, we have got a similar result using SVN digraphs. 


6 Conclusion 


Although Fuzzy digraph theory is very successful in handling un- 
certainties arising from vagueness or partial belongingness of an 
element in a set, 1t cannot model all sorts of uncertainties pre- 
vailing in different real physical problems such as problems in- 
volving incomplete information. Hence further generalizations 
of fuzzy and intuitionistic fuzzy digraphs are required. So there 
are also scopes of evolution of new theories which will have more 
powers of handling different kinds of uncertainties. Unlike in in- 
tuitionistic fuzzy digraphs, where the incorporated uncertainty 
is dependent of the degree of belongingness and degree of non- 
belongingness, here the uncertainty present, 1.e. indeterminacy 
factor, is independent of truth and falsity values. Single valued 
neutrosophic digraphs were motivated from the practical point of 
view and that can be used in real scientific and engineering ap- 
plications. The single valued neutrosophic digraph theory 1s a 
generalization of fuzzy digraph theory, intuitionistic digraph the- 
Ory. 

SVN digraph theory is based on the entropy differences of the 
vertices of SVN digraph. It represents a SVN neutrosophic Set 
which is used as the vertices of the SVN digraph. In fuzzy di- 
graph theory or Intuitionistic Fuzzy digraph theory, arcs of these 
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digraphs arises depending on the binary relations of the vertices. 
In SVN digraphs, every vertices have loop it it where as in other 
theories it may not be possible. Thus the recently proposed 
notion of SVN digraph theory is a general formal framework 
for studying uncertainties arising due to ’indeterminacy’ factors. 
Also single valued neutrosophic digraph theory can be used in 
modeling real scientific and engineering problems. It is also pos- 
sible to combine neutrosophic digraphs with other digraphs such 
as soft digraphs etc. to generate different hybrid graphical struc- 
ture. Therefore the study of neutrosophic digraph theory and its 
properties have a considerable significance in the sense of appli- 
cations as well as in understanding the fundamentals of uncer- 
tainty. This new topic is very sophisticated and it has immense 
possibilities which are to be explored. 

Smarandache gave the idea of a neutrosophic set to deal with 
uncertain, incomplete, and inconsistent information that exist in 
real world. It has been seen that the neutrosophic set draws a 
special attraction to the researchers than classical set, fuzzy set, 
interval valued fuzzy set, intuitionistic fuzzy set, interval valued 
intuitionistic fuzzy set etc. simply because all these sets can be 
obtained from a neutrosophic set as special cases. In this paper 
we have developed the SVN digraph theory and studied some 
of its important properties and shown its application in solving 
multi-criteria decision making problem. In future, one may fur- 
ther study the deeper properties of SVN digraphs and may apply 
it in solving many real life problems which involves uncertainty. 
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Abstract: The single valued neutrosophic set (SVNS) is a subclass 
of neutrosophic set, which can describe and handle indeterminate in- 
formation and inconsistent information. Since a SVNS is character- 
ized independently by three functions: a truth-membership function, 
an indeterminacy-membership function, and a falsity-membership 


function. This paper introduces (a, 3, y)-equalities of SVNS, which 
contains three parameters corresponding to three characteristic func- 
tions of SVNS. Then we show how various operations of single val- 
ued neutrosophic sets affect these three parameters. 


Keywords: Neutrosophic set, Single valued neutrosophic set, (a, 3, y)-equality. 


1 Introduction 


Neutrosophic sets introduced by Smarandache [17] are the 
generalization of fuzzy sets [23] and intuitionistic fuzzy sets 
[3]. A neutrosophic set is characterized independently by 
three functions: a truth-membership function, an indeterminacy- 
membership function, and a falsity-membership function. How- 
ever, since these three functions are real standard or non-standard 
subsets of ]~0,17[, it will be difficult to apply in real engi- 
neering fields [18]. Thus, Wang et.al [18] introduced the con- 
cept of single valued neutrosophic set (SVNS), which member- 
ship functions are the normal standard subsets of real unit inter- 
val [0,1]. SVNS can deal with indeterminate and inconsistent 
information and therefore have been applied to many domains 
[9, 13, 14, 19, 20, 21]. 


Pappis [16] studied the value approximation of fuzzy systems 
variables. As a generalization of the work of Pappis, Hong and 
Hwang [10] discussed the value similarity of fuzzy system vari- 
ables. Further, Cai introduced the so-called 6-equalities of fuzzy 
sets and applied them to discuss robustness of fuzzy reasoning. 
Georgescu [7, 8] generalized 6-equalities of fuzzy sets to (6, H)- 
equality of fuzzy sets based on triangular norms. Dai et al. [6] 
and Jin et al. [11] discussed robustness of fuzzy reasoning based 
on (0, H)-equality of fuzzy sets. Zhang et al. [22] studied the 6- 
equalities of complex fuzzy sets and applied the new concept in 
a signal processing application. Ngan and Ali [15] studied the 6- 
equalities of intuitionistic fuzzy sets and applied the new concept 
the application of medical diagnosis. Ali et al. [2] studied the 0- 
equalities of neutrosophic sets. Moreover, Ali and Smarandache 
[1] studied the d-equalities of complex neutrosophic sets. 


However, the concepts in [4, 5, 15, 22, 1, 2] are based on dis- 
tance measures. Only one parameter is used to measure the de- 
gree of equality of fuzzy sets and their extensions. As we know, 
a SVNS is characterized independently by three functions. For 
example, from [2] we have A = (0.2)B and A = (0.2)C for 
A = (1,0,0), B = (1,0,0.8) and C = (0.2, 0.8, 0.8), ie., B 


S. Dai: (a, 3, y)-Equalities of single valued neutrosophic sets 


and C' satisfy the same d-equality with respect to A for 6 = 0.2. 
But B and C' are quite different. Based on the above analysis, 
we find out that the only parameter given in [2] is a little rough 
to some extent. In view of this, it is more suitable to use three 
parameters to measure the degree of equality in these three func- 
tions respectively. 

This paper investigates the concept of (a, 3, y)-equalities be- 
tween single valued neutrosophic sets by following the work of 
Smarandache [17], Wang et.al [18] and Cai [4, 5]. Different from 
the distance based concepts in [1, 4, 5, 22], the new concept uses 
three parameters to measure the equality degree of three charac- 
teristic functions independently. 

The rest of this paper is organized as follows: In section 2 
,we first briefly recall the concept of single valued neutrosophic 
set and its operations. In section 3, we introduce the concept 
of (a, 3, y)-equalities of single valued neutrosophic sets and its 
basic properties. Section 4 discusses (a, 3, y)-equalities with re- 
spect to operations of single valued neutrosophic sets. Finally, 
conclusions are stated in section 6. 


2 Preliminaries 


Definition 1. //S/] Suppose X is a universe containing all related 
objects. A SVNS A in X is characterized by three functions, i.e., 
a truth-membership function T4 : X — |0,1|, an indeterminacy- 
membership function [4 : X —> |0,1], and a falsity-membership 
function F'4 : X — |0,1]. Then, a SVNS A can be defined as 
follows 

A= 1a; Lae. T,(x), Fa(x)|x € Xx}, 


where T4(x), [4(x), Fa(ax) € [0,1] for each x € X. 


We use the notation SV V(X) to denote the set of all single 
valued neutrosophic sets of X. 

Suppose A and B are two single valued neutrosophic sets of 
X , then the following relations and operations are defined as fol- 
lows [18, 21]. 
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(i) A C B if and only if Ty4(a) 


Ip(x), Fa(x) = F p(x), Vie xX. 


< Tp(x),la(z) 2 


(ii) A= BifandonlyifAC B,BCA. 
(iii) AS = 4s dA Le LAD) LAG) a € Xx}. 


(iv) AUB = {a,Ta(x) V Tpa(x),la(x) A Ip(a2), Fa(x) A 
Fa(a)|x € X}. 


WO) AND = 4aTile) Nip alate) Vile) face) Vv 
Fp(a)|a € X}. 


(vi) B — {x,Ta(x) + Tp(x) —- 


+ 
£)T p(x), [a(x)I p(x), a(x) Fp(ax)|2 € X}. 


Xx B = 12, T', (x) + Tp (x) a 
Ta(x)Tp(a), La(x)I p(x), Fa(x)Fp(x)\a € X}. 


(viii) AA = {2,1-(1—-Ta(x)), 4 (a), 


(ix) A* = {x,T4(x),1—(1—Ia(x))* 
X}$,A>0. 


A 

T'a( 
(vii) A 
F4(x)\2 € X},A > 0. 


,1—(1—Fa(a))*|e € 


To facilitate future discussion, we review the following two 
lemmas. 


Lemma 2. [10] Let f and g be bounded, real valued functions 
ona set X. Then 


(i) | Lae V IMs VF @) — 9@) 
(ii) | eg A aes Vi Ft) — a(2)| 


Lemma 3. [12] Let a,b € [0,1] and X > 0. Then 


(i) If0 <A <1, then |a* — b*| < |a — | 





(ii) If > 1, then ja* — b*| > |a — db). 


3 (a, (,y)-equalities of single valued 
neutrosophic sets 
Definition 4. /2] Suppose A and B are two neutrosophic sets 


and 6 € [0,1], then A and B are said to be 6-equal, if and only 
if, the following properties hold 


VV |Za(z) - |) <1-6 
HEX. 
VV Lea) (x)| <1 =, 
PEX 
VV |Fa(a) - ))< 1-6 
rE X 
It is denoted by A = (6)B. 


Definition 5. Suppose A and B are two single valued neutro- 
sophic sets and a, 3,7 € |0,1|, then A and B are said to be 
(a, 8, y)-equal, if and only if, the following properties hold 


VV [T4(x) B(x)| <1 ay (1) 
LEX 
\V a(x) (x)| <1-8, (2) 

LEX 
Vv |F'4(x) — Fp(2)| <1-¥%. (3) 
LEX 

It is denoted by A = (a, 8, y)B. 

Remark 6. 


(i) In Definition 4, if two single valued neutrosophic sets A and 
B are 1-equal, then A = B holds and vice versa, i.e., A = 
(1)B iff A = B. However, when we consider the case A = 
(6)B for 6 4 1. See the example in the Introduction section, 
let A = (1,0,0), B = (1,0,0.8) and C = (0.2, 0.8, 0.8), 
then it follows from [2] that B and C' satisfy the same 0- 
equality with respect to A for 6 = 0.2. Note that B and 
C' are quite different. Using Definition 5, we have A = 
(1,1,0.2)B, and A = (0.2,0.2,0.2)C. These are consistent 
with the fact that B is close to A while C' is far from A. 

(1) The new concept is a generalization of the existing concepts 

in [2, 4, 15]. We note that A = (a, 6,y)B => A = (6)B, 

where 6 = min(a,,7). When A and B are two intu- 

itionistic fuzzy sets, i.e, T4(a) + T4(a) + Fa(x) = 1 and 

Tp(x) +1p(a) + Fe(x) =1 forall x € X, then it follows 

from [15] that A and B are 6-equal for 6 = min(a,7). 

When A and B are two fuzzy sets, i.e, T4(x) + F'4(x) = 1 

and Tp(x) + Fp(x) = 1 forall x € X, then we have 

a=vy7,8 =1from A= (a, ,7)B, it follows from [4] that 

A and B are 6-equal for 6 = a. 


Example 7. Let X = {21,22} and two single valued neutro- 
sophic sets defined as 


Ast e200 200 Sx 950.102 10), 
Bey £40 230:2, 01S a0 e O10 1, 


It is easy to know that A = (0.9, 0.9,0.1)B. 

If we consider the degree of equality based on the single val- 
ued neutrosophic distance measure, we only obtain one value for 
the degree of equality between single valued neutrosophic sets. 
For instance, if we use the following distance of single valued 
neutrosophic sets 


d(A, B) = max { VV \Ta(x) — Ta(2)|, 
V [La(@) = Ia(2)|, VV |Fa(e) - Fa(a)|} 


S. Dai: (a, 2, y)-Equalities of single valued neutrosophic sets 
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then we have d(A, B) = 0.9 = 1 — 0.1. However, 0.1 is not 
a rational estimation of degree of equality for truth-membership 
function and indeterminacy-membership function in this exam- 
ple. We note that A = (6)B = d(A,B) < 1-6. Based on 
an overall consideration of three characteristic functions, there 
parameters have been used accordingly. 

And it is easy to know that A = (a, 8,7)B implies d(A, B) < 
l—-aNANBay. 


Theorem 8. Suppose A, B and C are single valued neutrosophic 
sets, then the following hold 


(i) A= (0,0,0)B; 
(ii) A = (1,1,1)B ifand only if A= B; 
(iii) A = (a, 8, y)B if and only if B= (a, 8,y)A 
(iv) A = (aj, 81,71)B and ag < a1, Bz < 8, and y2 < V1, 
then A = (a2, G2,72)B 


(v) IfA a (a1, 81,71) B and B = (a2, B2, y2)C, then A = 


(ay * Q2, By * 82,91 * Y2)C, 
where a*b = (a+6—1) V0 for any a,b € [0,1] 


Proof. Properties (i)(iv) can be proved easily. We only prove (v). 


Since A = (a1, By, 11)B, then 
VV \Ta(x) — Te(x)| < 1-1, (5) 
LEX 
VV |Za(2) - In(@)| <1- At, (6) 
LEX 
VV |Fa(z) - Fa(a)| <1 -—m. (7) 
LEX 
From B = (a2, G2,72)C, we obtain 
VV |@p(«) — To(x)| <1- a2, (8) 
LEX 
\V |Ip(2) - Ic(2)| <1- Ba, (9) 
LEX 
VV |Fa(e) — Fo(a)| $ 1-1. (10) 
LEX 
Then from (5) and (8), 
VV |Za(x) — To(2)| 
LEX 
= \V |Ta(z) - Ta(2) + T(x) - To(x)| 
LEX 
< VY |Ta(x) -Ta(2)|+ VV |Ta(x) -— Te(2)| 
LEX LEX 
=. SSO e009 


= 1 — (ay + a2 — 1). 


S. Dai: (a, 8, y)-Equalities of single valued neutrosophic sets 
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And from the definition 1, 1 — (a, + ag —1) € 
Vex ta@) 16) Ss 1ai4 ao. 
Similarly, we can get \.- |La(2) — Ic(x)| < 1 — 61 * Bs 
from (6) and (9), and \/.¢ |F'a(x) — Fo(x)| < 1-71 *y2 from 
(7) and (10). Thus, A = (a1 * a9, By * Bo, 71 *V2)C. Oo 


[0,1]. Thus, 


4 (a,(,7)-equalities with respect to op- 


erations 
Theorem 9. Jf A = (a, 2,7)B, then AS = (7, 6,a)B 
Proof. Since 
VV |Zac(x) — Tae(x)| = \V |Fa(x) -— Fa(a)| < 1-7, 
rex LEX 
\V |Fac(2) - Fae(x)| = \V |Ta(e) - Ta(a)| < 1-2, 
rex LEX 
and 
VV |fac(x) —Ine(x)| = \f [1-Ia(e)- 1 - In(2))| 
rEX LEX 
= V [Za(2) - Ia(2)| 
LEX 
< 1-8. 
Then, A° = (7, 6, a)B°. OJ 
Remark 10. In [2], we have A = (6)B & AS = (6)B*. 
However, by using Definition 5 we have A = (a,6,y)B © 


= (y, 2,a)B°, where (a, 8,7) 4 (y, 8, a). It is consistent 
with the fact that A(z) = (Ta(x),I4(x), Fa(x)) > A°(x) = 


(F4(x), T,(x), TA), 
Example 11. Let A, B be two single valued neutrosophic sets 
defined in Example 1, then 


Ao = 4 °< G1 ,0:9,0:8, 01. >.< %9,1.0/08,01 > 1, 
Bras <6 i0150 38,02 Se 75.0,1,0:9,0:1 >. 


It is easy to know that A° = (0.1,0.9,0.9)B°, whereas A = 
(0.9, 0.9, 0.1) B. 

However, if we use the distance defined in (4), we obtain 
d(A°,B°) = d(A,B) = 09 = 1-—0.1. Thus we have 
A = (0.1)B and A® = (0.1)B° from Definition 4. This is dif- 
ficult to know the changes of single valued neutrosophic sets by 
using the complement operation. 


Theorem 12. If Ay = (a1, By, 71) By and Apo = (Qa, Bo, 72)Ba, 


then 
A; U Ag = (ay A aa, 81 A 82,91 A Y2)Bi U Ba, (11) 
A, M Ag = (a1 A aa, 81 A Bo, 91 A 2) Bi Bo, (12) 
A, + Ag = (a1 * Q2, G1 * 82,71 * 72) Bi + Bo, (13) 
A, X Ag = (a1 * 2, 81 * 82,71 * ¥2)Bi x Bo. (14) 
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Proof. We only give the proof of (11). From lemma 1, we obtain Theorem 14. Let A,B be two single valued neutrosophic sets, 











the following properties hold 


\y IT AU Ap (x) a TB, UBy (x)| 
TEX 
-_ V IT, (2) )V TA ie dB, (x) V 1B, (x) ’ w) a 7 ePa)2 EME Seen 
TEX A= (a’, 8’, y')AB (19) 
<< max { VV IT, (2) — Tz, (x) |, VV aa) — Tp, (z)|} Xr = (a’ Ce 7). B? (20) 
LEX LEX i 
= (een) Vl op) where a’ = 1—(1—a), 8’ = 1-(1-8) andy’! = 1-(1-7). 
< 1 — QA1 /\ M92. 
(ii) IfAA = (a, 8, y)AB for some > 1, then 
VV DAU Ap (x) oa IB,UBs (x)| A = (G3 77 8 (21) 
cEX 
ae eee (oe 1/X P see, SS G S 1/X 
_ \/ La, (2) eee es ern) A Ip,(x)| as a a ele de ( B) and 
crEX oe Le (1 7 7) ‘ 
< max{ V/ |I4,(#) -Jz,(2)|, \V |Z4.(x) - In, (2)|} 
rex LEX 
< (1-61) V (1 — Bo) (iii) If A* = (a, 8, y)B* for some > 1, then 
< — : 
S, b= Bilyp2 A = (a’,8',7/)B (22) 
and 
where a = 1 (ava), 6 = 1s (1-8) and a 
VV \FayUAs (x) a FB,UBe (x) | 1— (1 7 ae 
cEX 
= PAD) NEA Fp, (xv) A FB, (£ 
Vv | Aa() — Fey (2) Bal ) Proof. We only give the proof of (1). From lemma | and lemma 
2(1), we obtain 
< max { VV |E'a, (2) — Fp (a ey. |E'a, (2) — Fp, (x)|} 
eX EX VV |Taa(2) - Taa(2)| 
= eg) aD) nex 
< 1m An. = V [l-G-Talm -(-(.-Ta@))| 
cEX 
Thus, A; U Az = (a1 A a2, 1 A Bo,71 AY2)BiU Bo. =O 
= \V |d-Ta@yY-(-Ta(e))| 
Corollary 13. [f Ay = (ax, Be, Ye) Be and k = 1,2,...,n, then a ‘ 
; : < VY |G-Ta@)) - (0 -Ta(a)) 
cEX 
L) Ax = (a, 8,9) ® Br, (15) d 
k=1 k=1 = VV Ae) — Tp(2)| 
n n rex 
() Ar = (a, 8,7) (} Be, (16) 2 Ga Stay 
k=1 k=1 
S Are (659) > Bes (17) 
k=1 k=1 
. . VV |fsa(2) - Dya(2)| 
[| 4c = (0', 6,7) |] Be. (18) rex 
a k=1 = yy \Za(a)* — Ip(x)*| 
n n n LEX 
where a = (\y_, On B = Ay_1 Be Y= Api Ye Oo = O1 * d 
QQ *++** An, B’ = By * Bo *-+-+* By andy’ = 91 * 72 * ++ * Ine < VV |Za(a) - | 
LEX 
Proof. It can be proven from Theorem 12. LJ < (1- B)* =1-(1-(1- Bir), 
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and 


VV |Fy(x) = Fy p(2)| 


— \y |F'4(x)* — Fp(x)*| 
< \V |Fa(e) — Fa(2)|" 


< (l-y)*=1-(1-(1-7)”). 


Thus, AA = (a’, 8’,7)AB, where a’ = 1 — (1-0), f’ = 
1— (1-8) andy’ =1-(1-7)?. 0 


5 Conclusions 


Since a SVNS is characterized by three functions independently, 
this paper introduced (a, 3,y)-equalities corresponding to char- 
acteristic functions of SVNS. The new concept is more com- 
prehensive than the traditional method based distance measure. 
Firstly, three parameters in the new concept can measure the de- 
gree of equality for different characteristic functions (See Exam- 
ple 1). Secondly, the new concept describe the changes of de- 
gree of equality with respect to operations more accurate and de- 
tailed (See Example 2). Thirdly, since A = (a, 3,7)B implies 
d(A,B) <1—aA£ 14, we can obtain the traditional distance- 
based parameter by 0 =a A 6A +7. 

As future work , we can consider the soundness of neutro- 
sophic logic systems and the reliability of neutrosophic fault di- 
agnosis. 
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Abstract The concept of neutrosophic can provide a generaliza- 
tion of fuzzy set and intuitionistic fuzzy set that make it is the 
best fit in representing indeterminacy and uncertainty. Single 
Valued Triangular Numbers (SVTrN-numbers) is a special case 
of neutrosophic set that can handle ill-known quantity very diffi- 
cult problems. This work intended to introduce a framework with 
two types of ranking methods. The results indicated that each 
ranking method has its own advantage. In this perspective, the 
weighted value and ambiguity based method gives more attention 
to uncertainty in ranking and evaluating ISQ as well as it takes 
into account cut sets of SVTrN numbers that can reflect the in- 
formation on Truth-membership-membership degree, false mem- 
bership-membership degree and Indeterminacy-membership de- 
gree. The value index and ambiguity index method can reflect the 
decision maker's subjectivity attitude to the SVTrN- numbers. 


Key words: Single Valued Triangular Neutrosophic Num- 
ber (SVTYrN), Single-Valued Trapezoidal Neutrosophic 
Number (SVTN number), Information Systems Quality 
(SQ), Multi-Criteria Decision Making (MCDM). 


1. Introduction 
The neutrosophic concept became a key research topic. 
Neutrosophic theory involves philosophy viewpoint which 
addresses nature and scope of neutralities, as well as their 
interactions with different ideational spectra [9]. Neutro- 
sophic includes neutrosophic set, neutrosophic probability, 
neutrosophic statistics and neutrosophic logic that it can be 
applied in many fields in order to solve problems related to 
indeterminacy [26, 23]. Neutrosophic not only considers 
the truth-membership and falsity- membership but also in- 
determinacy. Neutrosophic can provide is a generalization 
of classical set, fuzzy set and intuitionistic fuzzy set [22, 
25, 23]. The neutrosophic set can handle many applica- 
tions in information systems and decision support systems 
such as relational database systems, semantic web ser- 
vices, and financial data set detection [28]. Neutrosophic 
sets can represent inconsistent and incomplete information 
about real world problems [27, 24]. The neutrosophic set 
theory can be used to handle the uncertainty that related to 


ambiguity in a manner analogous to human thought [22]. 
In the neutrosophic set, the membership function inde- 
pendently indicates: Truth-membership-membership de- 
gree, false membership-membership degree, and Indeter- 
minacy-membership degree. According to [24] neutro- 
sophic set can exemplify ambiguous and conflicting in- 
formation about real world. SVTrN-number is a special 
case of neutrosophic set that can handle ill-known quantity 
very difficult problem in Multi-Criteria Decision Making 
(MCDM) MCDM involves a process of solving the prob- 
lem and achieving goals under asset of constraints, and it 
can be very difficult in some cases because of incomplete 
and imprecise information [1]. Also, in a MCDM problem 
the process of ranking alternatives with neutrosophic 
numbers is very difficult because neutrosophic numbers 
are not ranked by ordinary methods as real numbers. How- 
ever, it is possible with score functions, aggregation opera- 
tors, distance measures, and so on. Ye [14] introduced the 
notations of simplified neutrosophic sets and developed a 
ranking method. Then, he introduced some aggregation 
operators. Biswas et al. [35] developed a new approach for 
multi-attribute group decision making problems by extend- 
ing the technique for order preference by similarity to ide- 
al solution under single-valued neutrosophic environment. 
In [32] introduced combination of a neutrosophic set and a 
soft set that can be applied to problems that contain uncer- 
tainty. In [38] a new cross entropy measure under interval 
neutrosophic set (INS) environment was defined and can 
call IN-cross entropy measure and prove its basic proper- 
ties. De and Das [20] developed a ranking method for 
trapezoidal intuitionistic fuzzy numbers and presented the 
values and ambiguities of the membership degree and the 
non-membership degree. Pramanik et al. [37] developed a 
new multi attribute group decision making (MAGDM) 
strategy for ranking of the alternatives based on the 
weighted SN-cross entropy measure between each alterna- 
tive and the ideal alternative. Mitchell [2] proposed a rank- 
ing method to order triangular intuitionistic fuzzy numbers 
by accepting a statistical viewpoint and interpreting each 
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IFN as ensemble of ordinary fuzzy numbers. In [33] the 
notion of the interval valued neutrosophic soft set (ivn-soft 
sets) and generalized the concept of the soft set, fuzzy soft 
set, interval valued fuzzy soft set, intuitionistic fuzzy soft 
set, interval valued intuitionistic fuzzy soft set and neutro- 
sophic soft set. Prakash et al [21] introduced a ranking 
method for both trapezoidal intuitionistic fuzzy numbers 
and triangular intuitionistic fuzzy numbers using the cen- 
troid concept and showed the proposed method is flexible 
and effective. Pramanik et al. [39] introduced new vector 
similarity measures of single valued and interval neutro- 
sophic sets by hybridizing the concepts of Dice and cosine 
similarity measures and presented their applications in 
multi attribute decision making under neutrosophic envi- 
ronment. Peng et al [13] introduced the concept of multi- 
valued neutrosophic set, gave two multi-valued neutro- 
sophic power aggregation operators. In [11, 29] the score 
based method can provide a simple method to rank the 
Single-Valued Trapezoidal Neutrosophic Number (SVTN 
number). Li [4] provides ratio ranking method for TIFNs 
and cut sets of intuitionistic trapezoidal fuzzy numbers. 
The existing methods of ranking fuzzy numbers and intui- 
tionistic fuzzy number may be extended to SVN-numbers 
[10]. In [34] triangular fuzzy number neutrosophic 
weighted arithmetic averaging operator and triangular 
fuzzy number neutrosophic weighted geometric averaging 
operator are defined to aggregate triangular fuzzy number 
neutrosophic sets. Li et al. [5] introduced a ranking meth- 
od of triangular intuitionistic fuzzy numbers and defined 
the notation of cut sets of intuitionistic fuzzy numbers and 
their values and ambiguities of membership and non- 
membership functions. The main advantage of this method 
that it pays more attention to the impact of uncertainty and 
takes into account 0-weighted value of intuitionistic fuzzy 
numbers by using the concepts of cut sets of intuitionistic 
fuzzy numbers. Biswas et al. [36] developed a ranking 
method based on value and ambiguity index based of sin- 
gle-valued trapezoidal neutrosophic numbers. According 
to [3] there are many ranking methods. However, there is 
no unique best method exists. This paper intended to in- 
troduce a framework with two types of ranking methods. 
This paper is organized as the follows: the first section 
presents the introduction for this work; the second section 
provides basic definitions; the third section describes the 
proposed framework with two ranking methods of SVTrN- 
numbers with the scale based approach for evaluating ISQ; 
the fourth section describes a case study; the fifth section 
gives conclusion and future work; the final section pro- 
vides references. 


2. Basic Definitions 
Fuzzy theory is an important and interesting research topic 
in decision-making theory and science. However, fuzzy set 
is characterized only by its membership function between 
0 and 1, but not a non-membership function [12]. To over- 
come the insufficient of fuzzy set, Atanassov [19] extend- 
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ed fuzzy set and introduced intuitionistic fuzzy set by add- 
ing an additional non-membership degree, which may ex- 
press more flexible information as compared with the 
fuzzy set. Intuitionistic fuzzy set can be defined as the fol- 
lows: 


Definition 1. According to [18], let E be a universe. An in- 
tuitionistic fuzzy set K over E is defined by: K = {<x, 
U(X), Yk (x) >: x € E} where tx: E[0, 1] and yx: E [0, 1] 
such that O<, u(x) + yx (x) =1 for any x € E. For eachx € 
E, the values, Ux (x) and yx (x) are degree of membership 
function and non-membership function of x, respectively. 


Smarandache [7] introduced the concept of neutrosophic 
set, which is differentiated by truth-membership function, 
indeterminacy-membership function and falsity member- 
ship function. The concept of neutrosophic set came from 
a philosophical point of view to express indeterminate and 
inconsistent information Neutrosophic set can be defined 
as the follows: 


Definition 2. . According to [8], let E be a universe. Neu- 
trosophic sets A over E is defined by: A = {<x, (Ta(x), 
Ta(x), Fa (x)) >: xE E} where Ta(x), I(x), and Fa (x) are 
called truth-membership function, indeterminacy- 
membership function and falsity membership function, re- 
spectively. They are respectively defined by Ta: E]-0, 1+] 
,la: E J-0,14+[, Fa: E J-0, 1+[ Such that. O<- (Ta(x) + 
a(x) + Fa (x) >3+ 


2.1. Single Valued Triangular Neutrosophic Numbers 
Single valued triangular neutrosophic numbers (SVTrN- 
numbers) is a special case of neutrosophic set that can 
handle ill-known quantity very difficult problem in multi- 
attribute decision making and ranking. SVTrN-numbers is 
suitable for the expression of incomplete, indeterminate, 
and inconsistent information in actual applications. Spe- 
cially, it has been widely applied in many areas [16]. Ac- 
cording to [31] the SVTrN-number 4 can be defined as the 
follows: 


Definition 3. As [31] [10] pointed out, Let 4 = ((a, b, c); 
Wa, Ua ,Ya) Where is a SVTrN-number whose truth- 
membership, indeterminacy-membership and __falsity- 
membership functions can be respectively defined by : 


omit ,axtix<b 


a(x) = - 





0, otherwise 
| b-a 

: Gerba (ena) be x<c 

co 


0, otherwise 


(2.1) 
,axx<b 


(2.2) 
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(b—-xt+y3 (x—a) 


. ,asx<b 

M(@) =] SPIED yc xe 
c—-pD 

.0, otherwise 


(2.3) 
If a>0 and at least c>0, then a = ((a, b, c); Wa, Ua, ya) 1S 
called a positive SVTrN-number, denoted by a>0. Like- 
wise, If a<O and at least c<0, 4 = ((a, b, c); Wa, Us, ya) 1S 
called a negative SVTrN-number, denoted by a<0. 


Definition 4. According to [31] let 4 = ((a1, bi, C1); Wa, Ua, 
Ya), © = ((a2, b2, C2); We, Us, Ye) be two SVTrN-numbers and 
y#0 0 be any real number, then 


a + = ((ai+ ag, bit be, cit cz); min{ Wa ,we},max {Ua , Us}, 
max{ya,ye}) (2.4) 
ae= 

((a,a,b,b,, ¢,¢,), min {w; ,w,},max{u; ,u,}, max{y; ,y,} ) 


(ajc, b,b,,c,a,), min {w, ,w,}, max{u; ,u,},max{y; ,y,} ) 


((c,¢>,b,b.,a,a,),min fw; ,w,},max{u, ,u,},max{y. Yet ) (c, <0,c, <0) 
(2.5) | | 
pre Y by, yey); Ws ,Us ,¥5) (y > 0) 
¥x -\ (Cyc, by, yay); Wy ,Ug .¥5) (y< 0) 
(2.6) 


3.1.1 Concepts of Values and Ambiguities for SVTrN- 
Numbers 

Concept of cut (or level) sets, values, ambiguities, 
weighted values and weighted ambiguities of SVTrN- 
numbers have desired properties and can reflect infor- 
mation on membership degrees and non-membership de- 
grees. 


Definition 5. As [10] [4] pointed out, let a = ((a1, bi, c1); 
Wa, Ua, Ya) 18 an arbitrary SVTrN-number. Then, 


(1) a-cut set of the SVTrN-number 4a for truth- 
membership is calculated as: 


[La (a), Ra (a) ] = 


[((wa - a) at ab)/wa, ((Wa-a) c + ab)/wa] 


If f( a ) =a, where f(a) € [0, 1] and f(a ) 1s monotonic 
and non-decreasing of a € [0, wa |, the value and ambigui- 
ty of the SVTrN-number 4 can be calculated as: 


ja 2b-—a-—cja 
V,, (a) = [(a+c) + 2 ) Jada 
¥O V5 
(atecjja* (2b-a-c)a* — 
=| 2 + Sw ]| 0 7 
(at+4b+c) (ws)* 
= 6 (2.7) 
And 
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= ee (c—a)a 
A, (a) = | ((e- a) "Ja de 
le RAG" (c-a)e® 
7 ne 
(e—a) (w3)* 
= 6 (2.8) 


(2) fB-cut set of the SVTrN-number 4a for indetermi- 
. nacy membership is calculated as; 
[La (B), Ra (B)] = [(C1- B)b + ( B- ua)a)/(1- ua), ((1- B)b+( B- 
ua)c )/(1- ua)] 


If g(B) =1- B , where g(B) € [0, 1] and g(B) is monotonic 
and non-increasing of BE [us,1], the value and ambiguity 
of the SVTrN-number 4 can be calculated, respectively, as 
the follows: 


( c)(1— B) 
v,@ = [erg +O B) dp 
_ (ate) B)? (e-e-o)(1-8)*) 
= [ 2 at 3(1—u3) | U5 
(a+ 4b +c) (1-u3)* 
7 6 (2.9) 
And 
_(e—a)Q— 6) 
A,(@)= [ [(e- ala Bap 
(c-a)(1- B)? (e-a)(1~ g)° : 
=[ = + 8(1-ug) Jj us 
(e-a) (1-u3)* 


= 6 (2.10) 
(3) y- cut set of the SVTrN-number a for falsity- 
membership 1s calculated as: 


[La(y ),Ra(v )] = 
y)b+ (y - ya)e )/(1-ya)] 


[(Ul- ¥ b+ ( Y - yo )a)/(1-ya)),(C- 


If h(y )=l-y  , where h(y ) €~ [0, 1] and h(yY ) is 
monotonic and non-increasing of Y € [ya,1], the value and 


4 respectively, as; 


V, (a) = | [(at+e)+ eee (1- y)dy 


"Ya I Yi 


ambiguity of the SVTrN-number 


— (ate) (Q-y)* @b-a-e)1- ¥)" ] 1 
=| 2 3(1—y3) #4 V5 
(a+ 4b +c) (1-ys)* 
= m (2.11) 


And 
1 
a,(a)= | [(¢-@) - 
a ~=¥) 
(e—aj(i- y}* 
3(1-y3) ] 


Ca 4= yer 


(e-—a)(1- y)* 
= [ Z 2 . 
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(c—a) (1-y3)° 
= 6 (2.12) 
The function f( a ) gives different weights to elements at 
different a -cut sets and these cut sets come from values 
of Ua (x) which have a considerable amount of uncertainty. 
Therefore, V,(a) can reflect the information on member- 
ship degrees. Also, g(f$) can lessen the contribution of the 
higher £6 -cut sets come from values of v4 (x) which have a 
considerable amount of uncertainty. Therefore, V,(a) can 
reflect the information on non-membership degrees. Like- 
wise, V,(a) can reflect the information on non- 
membership degrees. 


3.1.2 The Weighted Values and Ambiguities of the 
SVTrN-numbers 
The weighted values of the SVTrN-numbers can be calcu- 
lated as follows: 


Definition 6. According to [10] let 4 = ((a1, bi, c1); Wa, Ua, 
ya) be a SVTrN-number. Then, for @€ [0, 1], the 0 - 
weighted value of the SVTrN-number 4 can be defined as: 


Vo (a) = (a+ 4b +.c)/6 [Owea2 + (1-0) (1-ug) 2+ (1-0) (1-ya) 2] 
(2.13) 


The 9 - weighted ambiguity of SVTrN-number a are de- 
fined as: 


Ao (a) = (c-a) /6 [Owa 2+ (1-6) (1-us) 2+ (1-6) (1-ya) 2] 
(2.14) 


Definition 7. Let a = ((a1, bi, C1); Wa, Ua, Ya) be a SVTrN- 
number. Based on [10]; [20] [4] the values index and am- 
biguities index can generalized to the SVTrN-numbers and 


they can be respectively calculated for 4 © [0, 1] as fol- 
lows: 
V (a, A) = (at4btc)/6 [Awa * (1- A)(1-ua) 2+ (1- A)(1-ya) 7] 
(2.15) 

= V,, (a) A + Vy (a) (1- A) + Va (8) C1- A) (2.16) 
And 
A (a, 4) = (c-a)/6 [ Awa 7+ (1- A)(1-us) 24+ (1- A) (1-ya) 7] 
(2.17) 

= Ay (a) A + Ay (€) (1- A) + Ay (€)(1- A) (2.18) 
Where i € [0, 1] and A is a weight which represents the 
decision maker's preference information. A € [0,1/2] 
shows that the decision maker prefers pessimistic or nega- 
tive feeling; A € [1/2,1] shows that the decision maker 
prefers optimistic or positive feeling; A = 1/2 shows that 
the decision maker 1s indifferent between positive feeling 
and negative feeling. 


V (a, 1/2) = Vy (a) 1/2 + Vo (A) (1-1/2) + Vi.) (1-1/2) 
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= V, (a) 1/2+ V, (a) 1/2+ V; (a) 1/2 
=A(V (2) + Vy (&) + Vi.(@) (2.19) 


And 
A(a, 1/2) = Ay (4) 1/2 + Ay (&) )(1-1/2 )+ Ay (a)(1-1/2 ) 


= A, (a) 1/2+ Ay (a) 1/2+ Ay (a) 1/2 
= Vy (Ay (a) + Ay (a) + Ay (€)) (2.20) 
Definition 8. Let 4 and é be two SVTrN-numbers and 0€ 
[0, 1]. For weighted values and ambiguities of the SVTrN- 
numbers a4 and é, the ranking order of a and é can be de- 
fined as; 
(1) If Vo (a) > Vo(é), then a is bigger than é 
(2) If Vo (a) < Vo(é), then a is smaller than é 
(3) If Vo (a) = Vo (é), then 
(1) If Ao (4) = Ao (€), then then a is equal to é 
(11) If Ag (a) > Ao (€), then a is bigger than é 
(111) If Ag (a) < Ao (€), then a is smaller than é 


3. The Proposed Framework with Two Ranking 
Methods for Evaluating Information Systems 
Quality 
The proposed framework aims to introduce the scale based 
approach with SVTrN-numbers for evaluating ISQ. The 
proposed framework consists of four phases as the follows: 


Phase 1: Using Single Valued Triangular Neutrosophic 
Numbers with scale based approach 

The first phase aims to enable the IS evaluator to give eve- 
ry quality attribute one of the scale categories. The scale 
ranging 1s designed from 0 to | on which the value of eve- 
ry attribute needs to be marked. The scale is divided into 
categories: Low, Not low, Very low, Completely low, 
More or less low, Fairly low, Essentially low, Neither low 
nor high, High, Not high, Very high, Completely high, 
More or less high, Fairly high, Essentially high, having 
corresponding values ((4.6; 5.5; 8.6); 0.4; 0.7; 0.2), ((4.7; 
6.9; 8.5); 0.7; 0.2; 0.6), ((6.2; 7.6; 8.2); 0.4; 0.1; 0.3), 
((7.1; 7.7; 8.3); 0.5; 0.2; 0.4), ((5.8; 6.9; 8.5); 0.6; 0.2; 
0.3), ((5.5; 6.2; 7.3); 0.8; 0.1; 0.2), ((5.3; 6.7; 9.9); 0.3; 
0.5; 0.2), ((6.2; 8.9; 9.1); 0.6; 0.3; 0.5), ((6.2; 8.9; 9.1); 
0.6; 0.3; 0.5), ((4.4; 5.9; 7.2); 0.7; 0.2; 0.3), ((6.6; 8.8; 10); 
0.6; 0.2; 0.2), ((6.3; 7.5; 8.9); 0.7; 0.4; 0.6), ((5.3; 7.3; 
8.7); 0.7; 0.2; 0.8), ((6.5; 6.9; 8.5); 0.6; 0.8; 0.1), ((7.5; 
7.9; 8.5); 0.8; 0.5; 0.4). The user according to his/her eval- 
uation of every quality attribute (in table 1) gives them one 
of the 15 defined values. 


Phase 2: Construct the SVTrN-Multi-Criteria Decision 
Matrix of Decision Maker 

The second phase aims to construct the SVTrN-Multi- 
Criteria Decision Matrix of Decision Maker as the follows: 
Let Q= (qi, q2... Gn) a Set of information systems. C= (c, 
C2... Cm) be ISQ criteria, and let [Aj] = (ai, bij, cij); Waij 
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sUaij ,Yaij) @ © Im for ISQ criteria ,j € In information sys- 
tems) be a SVTrN-number. Then decision matrix can be 
identified as the follows: 





(Ay Ayo 
Any Ap 
[Aijlmn= “*md Am. 7" 





Phase 3: Calculate the Comprehensive Values 
At the first, Compute the normalized decision-making ma- 
trix R= [rj] m*n and compute 
U= [ui] m*n as the follows: 
e Compute the normalized decision-making matrix 
R= [ri] m*n where 
Rij= ((aij/ a’, bij/ a", Cij/ a"); Waij »Uaij sVaij) 
Such that a+= max {cj. 1€Im,j € In} 
e Compute U= [uj] mnof R. Where, uj= wiry ( € Im 
for ISQ criteria ,j € In information systems), 
© = (M1, M2 ... Wm) be the weight vector of ISQ criteria, 


wheres 1el> and 2a ay 2 
Then, calculate the comprehensive values S; as: 
Sj= 


a 
a 


ri Til 
| uj = (( | OT 551 . WT; » Wits); Min Waijp Max Us; Max Vij) 


(j € In) 


Phase 4: Evaluate and Rank ISQ 

This phase aims to introduce two evaluating and ranking 
methods: (1) - weighted value and ambiguity based meth- 
od, (2) the value index and ambiguity index method to 
give more than one option for evaluating and ranking ISQ. 


(3.1) 


(1)- Weighted value and ambiguity method 

Firstly, calculate the value of  truth-membership- 
membership degree, and indeterminacy-membership, and 
falsity-membership degree for each comprehensive value 
based on “Eq. (2.7)” “Eq. (2.9)’and “Eq. (2.11)’, respec- 
tively, as the follows: 


Vi (Si) = (a + 4b + ¢) (wy)"V/6 (3.2) 
Vy (Sj) = ((a + 4b + c) (1-ty) 2/6 (3.3) 
Vi. (Sj) = ((a + 4b + c) (1-ysi) 2/6 (3.4) 


And, calculate the ambiguity of truth-membership- 
membership degree, and indeterminacy-membership, and 
falsity-membership degree for each comprehensive value 
based on “Eq. (2.8)” “Eq. (2.10)”and “Eq. (2.12)’, respec- 
tively, as the follows: 


Ay (Sj) = ((c-a) (wy) */6 (3.5) 
Ay (Si) = ((c-a) (1-uy) *)/6 (4.6) 
Aa (Sj) = ((c-a) (1-yg) *V/6 (3.7) 
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Secondly, calculate the weighted values (0 - weighted val- 
ue) for each alternative as the follows: 
the 8 -weighted value of each comprehensive value §; is 
defined as: 
Vo (Si) = Vu (Sj) 8 + Vo(S)C- 6) + V(S) (1-8) —B.8) 
The 0 - weighted ambiguity of a comprehensive value S; 
can be defined as: 
Ao (Sj) = (c-a) /6 [Ow?+ (1-0) (1-uy) 2+ (1-0) (1-ys) 4 
(3.9) 

= Ay (Sj) 8 + Ay (Sj) +(1- 8) Ax (S;) 1-8) = (3.10) 

4. Case study 

An IS evaluation committee wants to evaluate quality of 
three IS centers at three universities according eight quali- 
ty characteristics based ISO/IEC 25010: C= (c1, co, ¢3, ca, 
C5, C6, C7, Cg) be quality characteristics: functionality c1, re- 
liability c2, usability c3, efficiency c4, maintainability cs, 
portability c6, security c7, compatibility cs. The weight 
vector of the eight quality characteristics is @ = (.25, .25, 
30, .20, .25, .20, .20, and .15). 


Phase I: Using Single Valued Triangular Neutrosophic 
Numbers with scale based approach 

Apply the scale based approach to enable the IS evaluator 
to give every quality attribute one of the following catego- 
ries: Low, Not low, Very low, Completely low, More or 
less low, Fairly low, Essentially low, Neither low nor high, 
High, Not high, Very high, Completely high, More or less 
high, Fairly high, Essentially high, having corresponding 
values ((4.6; 5.5; 8.6); 0.4; 0.7; 0.2), ((4.7; 6.9; 8.5); 0.7; 
0.2; 0.6), ((6.2; 7.6; 8.2); 0.4; 0.1; 0.3), (7.1; 7.7; 8.3); 
0.5; 0.2; 0.4), ((5.8; 6.9; 8.5); 0.6; 0.2; 0.3), ((5.5; 6.2; 
7.3); 0.8; 0.1; 0.2), ((5.3; 6.7; 9.9); 0.3; 0.5; 0.2), ((6.2; 
8.9; 9.1); 0.6; 0.3; 0.5), ((6.2; 8.9; 9.1); 0.6; 0.3; 0.5), 
((4.4; 5.9; 7.2); 0.7; 0.2; 0.3), ((6.6; 8.8; 10); 0.6; 0.2; 0.2), 
((6.3; 7.5; 8.9); 0.7; 0.4; 0.6), ((5.3; 7.3; 8.7); 0.7; 0.2; 
0.8), ((6.5; 6.9; 8.5); 0.6; 0.8; 0.1), ((7.5; 7.9; 8.5); 0.8; 
0.5; 0.4). The quality attributes of the three information 
systems can be presented based on the scale based ap- 
proach as the follows: 


= The first information system 
The following table represents the quality attributes of the 
first information system based on the scale based ap- 
proach. 


Table (1): The quality attributes of the first information system 
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usability c3, efficiency c4, maintainability cs, portability ce, 
security c7, compatibility cg. Let A= [Ajj] 3*3 = ((aij, bij, cij); 
Waij ,Uaij ,Yaij) ((E Is for ISQ criteria, } € I; the three infor- 


Linguistic values 


Fairly high 


Completely Low 
Kiore or less low 
Pairly low 
Essentially Low 
Neither low nor 
Completely high 
Klore or less hich 
Essentially hich 


i] 
fm 
= 
5 
a) 
i] 
; 
at 
= 
i] 
ec; 
ni 
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46; 5.5; 8.6); 0.4; 0.7; 0.2 
(6.2; 7.6; 8.2); 0.4: 0.1; 03 
6.2; 8.9: 9.1); 0.6; 0.3: 0.5 
71; 77; 83); 0.5; 0.2; 04 
) 
) 


— 


— | 
oe | 


— 
— 


44° 3.9.7.2); 0.7; 0.2; 03 
5.8; 6.9; 8.5); 0.6; 0.2; 05 
(6.2; 7.6; 8.2); 0.4: 0.1; 03 
6.2; 7.6; 8.2); 0.4: 0.1; 03 
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= The second information system 
The following table represents the quality attributes of the 
second information system based on the scale based ap- 
proach. 


Table (2): The quality attributes of the second information system 


IsQ 
characteristics 
Not low 
Very low 
Fairly low 


Linguistic values 


Essentially low 
Completely high 


Completely low 
More or less low 











FLEET | [ee 





= The third information system 
The following table represents the quality attributes of the 
third information system based on the scale based ap- 
proach. 


Table (3): The quality attributes of the third information system 


ow 


gh 


characteristics 
Not low 
Very low 
Fairly low 
Not high 
Very high 


Linguistic values 


Essentially low 
Essentially high 


Completely low 
Neither low nor 
Completely hi 


More or less | 

















Phase 2: Construct the SVTrN-Multi-Criteria Decision 
Matrix of Decision Maker 

Let Q= (q1, q2, q3) be a set of the three IS. C= (c1, C2, c3, ca, 
C5, C6, C7, Cg) be ISQ criteria: functionality c;, reliability co, 


mation systems ) be a SVTrN-numbers. Then 


(4.6.5.5, 6): 0.4, 0.7, 0.2) 
((6.2, 7.6, 2.2): 0.4, 0.1, 0.3) 
((6.2,8.9, 9.1): 0.6, 0.3, 0.5) 
(7.1, 7.7, 8:3): 0.5, 0.2, 0.4) 
((4.4,5.9, 7.2); 0.7, 0.2,0.3) 
((5.8,6.9, 8.5); 0.6, 0.2,0.3) 
((6.2,7.6, 8.2): 0.4, 0.1, 0.3) 
((6.2, 7.6, 22); 0.4, 0.1,0.3) 


((.3, 7.3, 8.7); 0.7, 0.2,0.8) 
((6.2,9.9, 9.1); 0.6, 0.3,0.5) 
((6.5, 6.9, 2.5); 0.6,0.8,0.1) 
((5.3, 7.3, 2.7): 0.7, 0.2,0.8) 
((6.2, 89, 9.1); 0.6, 0.3,0.5) 
((44, 5.9, 7.2); 0.7, 0.2,0.3) 
((.6, 8.8, 10); 0.6, 0.2, 0.2) 
((4.7,6.9, 8.5); 0.7, 0.2,0.6) 


((7.5, 7.9, 3.5): 0.3, 0.5, 0.4) 
((6.2,8.9, 9.1): 0.6, 0.3, 0.5) 
((6.6,2.8, 10) ; 0.6, 0.2, 0.2) 
((6.3, 7.5,8.9); 0.7, 0.4, 0.6) 
((5.3, 7.3, 3.7); 0.7, 0.2, 0.8) 
((4.4,5.9, 7.2); 0.7, 0.2,0.3) 
((6.5, 6.9,8.5);0.6,0.8, 0.1) 
((6.6, 8.8, 10); 0.6, 0.2,0.2) 


Phase 2: Construct the SVTrN-Multi-Criteria Decision 
Matrix of Decision Maker 

Let Q= (q1, q2, q3) be a set of the three IS. C= (c1, C2, c3, Ca, 
C5, C6, C7, Cg) be ISQ criteria: functionality c;, reliability co, 
usability c3, efficiency c4, maintainability cs, portability ce, 
security c7, compatibility cg. Let A= [Ajj] 9*3 = ((aij, bij, cij); 
Waij ,Uaij ,Yaij) (1E Is for ISQ criteria, } € I; the three infor- 
mation systems ) be a SVTrN-numbers. Then 


((4.6, 5.5, 8.6); 0.4, 0.7, 0.2) 
((6.2, 7.6, 8.2);0.4, 0.1, 0.3) 
((6.2, 8.9, 9.1); 0.6, 0.3, 0.5) 
((7.1,7.7, 8.3); 0.5, 0.2, 0.4) 
((4.4, 5.9, 7.2);0.7, 0.2, 0.3) 
((5.8, 6.9, 8.5); 0.6, 0.2, 0.3) 
((6.2, 7.6, 8.2); 0.4, 0.1, 0.3) 
((6.2, 7.6, 8.2);0.4, 0.1, 0.3) 


((5.3, 7.3, 8.7); 0.7, 0.2, 0.8) 
((6.2, 8.9, 9.1); 0.6, 0.3, 0.5) 
((6.5, 6.9, 8.5); 0.6, 0.8, 0.1) 
((5.3, 7.3, 8.7); 0.7, 0.2, 0.8) 
((6.2, 8.9, 9.1); 0.6, 0.3, 0.5) 
((4.4, 5.9, 7.2); 0.7, 0.2, 0.3) 
((6.6, 8.8, 10); 0.6, 0.2, 0.2) 
((4.7, 6.9, 8.5);0.7, 0.2, 0.6) 


((7.5, 7.9, 8.5);0.8, 0.5, 0.4) 
((6.2, 8.9, 9.1);0.6, 0.3, 0.5) 
((6.6, 8.8, 10); 0.6, 0.2, 0.2) 
((6.3, 7.5, 8.9); 0.7, 0.4, 0.6) 
((5.3, 7.3, 8.7);0.7, 0.2, 0.8) 
((4.4, 5.9, 7.2); 0.7, 0.2, 0.3) 
((6.5, 6.9, 8.5); 0.6, 0.8, 0.1) 
((6.6, 8.8, 10); 0.6, 0.2, 0.2) 


Phase 3: Calculate the Comprehensive Values 

Before calculating the comprehensive values, Compute the 
normalized decision-making matrix R= [rj] s*3 and com- 
pute U= [ui] s*3 as the follows: 


Compute the normalized decision-making matrix R= [rj] 
m*n Where 

R= ((aj/a", bi/a, cii/A"); Waij ,Uai ,yaij), Such that a4+= Max 
{cj 1© In, j = In} 
R= 

((.46,.55,.86); 0.4, 0.7, 0.2) 
((. 62, .76, 82); 0.4, 0.1, 0.3) 


((.53,.73,.87);0.7,0.2,0.8) ((75,.79,.95);0.8, 0.5, 0.4) 
(( 62,.89,.91);0.6,0.3,0.5) ((62,.89,.91);0.6, 0.3, 0.5) 


((. 62,.89, .91); 0.6, 0.3, 0.5) 
((.71,.77,.83); 0.5, 0.2, 0.4) 
((.44, 59, .72); 0.7, 0.2, 0.3) 
((.58, 69, .85); 0.6, 0.2, 0.3) 
((.62,.76,.82); 0.4, 0.1, 0.3) 
((.62, .76,.82); 0.4, 0.1, 0.3) 


((.65,.69,.85); 0.6, 0.8, 0.1) 
((.53,.73,.87); 0.7,0.2, 0.8) 
(( 62,.89,.91); 0.6, 0.3, 0.5) 
((.44,.59,.72);0.7,0.2, 0.3) 
(66, .88, 1); 0.6, 0.2, 0.2) 
((.47, 69, 85); 0.7, 0.2, 0.6) 


(C66, .88, 1); 0.6, 0.2, 0.2) 
((63,.75,.89);0.7, 0.4, 0.6) 
((.53,.73,.87);0.7, 0.2, 0.8) 
((.44,.59,.72);0.7, 0.2, 0.3) 
((65,.69,.85); 0.6, 0.8, 0.1) 
(((.66, 88, 1); 0.6, 0.2, 0.2) 


Compute U= [uj] m+n of R. Where, uj= @irj (i= Im for ISQ 


criteria, j = I, information systems), 
wo = (.35, .25, .30, .20, .25, .20, .30, .20) be the weight vec- 


tor of ISQ criteria, where w; =[0, 1],1=In , and 
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Calculate the comprehensive values §;j as: 


FFL 
= 


i=1 


U= 

((. 161,.192, 301); 0.4,0.7, 0.2) 
((.155,.190, 205); 0.4, 0.1, 0.3) 
((. 186, .267,.273); 0.6, 0.3, 0.5) 
((.142,.154, 166); 0.5, 0.2, 0.4) 
((.110,.147,.180); 0.7, 0.2, 0.3) 
((.116, .138,.170); 0.6, 0.2, 0.3) 
((.186,.228, .246); 0.4, 0.1, 0.3) 
((.124, 152,164); 0.4, 0.1, 0.3) 


F » 4; G ef ). 


(( 185, .255,.304);0.7, 0.2, 0.8) 
(€ 155, .222,.227):0.6, 0.3, 0.5) 
(( 195, .207,.255):0.6, 0.8, 0.1) 
((.106,.146,.174);0.7, 0.2, 0.8) 
(€ 155, .222,.227):0.6, 0.3, 0.5) 
((.088,.118, .144):0.7,0.2,0.3) 
(€ 198, .264,.300):0.6, 0.2, 0.2) 
((.094, .138,.170);0.7, 0.2, 0.6) 


(( 262,.276,.297);0.8, 0.5, 0.4) 
((155,.222,.227):0.6, 0.3, 0.5) 
(€ 198,.264, 300); 0.6, 0.2, 0.2) 
((.126,.150,.178);0.7, 0.4, 0.6) 
((.132, .182,.217);0.7, 0.2, 0.8) 
((.088, .118,.144);0.7, 0.2, 0.3) 
(€195,.207,.255):0.6, 0.8, 0.1) 
(((.132, .176,.200); 0.6, 0.2, 0.2: 


Then, calculate the comprehensive values S; as: 


Sj= 


3 
a 


i=1 i=1 i= 


S)= ((1.18, 1.468, 1.705); .4, .7, .5) 
So= ((1.176, 1.572, 1.801); .6, .8, .8) 
S3= ((1.288, 1.592, 1.818); .6, .8, .8) 


w;7;;); Min w,;, Max u,;,Max y;.;) 


aij “aij! 


Phase 4: Rank ISQ 

Apply the two evaluating and ranking methods: (1) - 
weighted value and ambiguity based method, (2) the value 
index and ambiguity index method 
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1. Weighted value and ambiguity method 
Calculate the weighted value and ambiguity of truth- 
membership and indeterminacy membership, and falsity- 
membership degree for each comprehensive value 


Vu (Si) = 1.459 (.4)?= .233 
V»(S1) = 1.459 (1-.7)?= .131 
Vi. (Si) = 1.459 (1-5 = 364 


V,(S2) = 1.544 (.6)?= .555; 
Vy (S2) = 1.544 (1-.8)?= .061:; 
Vi. (S2) = 1.544 (1-.8)?= .061 


V,.(S3) =1.581 (.6)2= .569; 
Vy (S3) = 1.581 (1-.8)?= .063; 
Vi. (S3) = 1.581 (1-.8)?= .063 


Vo = .233 0+ .131(1- 8) + .364(1- 9) 
Vo =.555 0+ .061 (1- 8) + .061(1- 9) 
Vo = .569 8+ .063(1- 8) + .063(1- 9) 


Thirdly, graphically represents weighted values for evalu- 
ating and ranking quality of IS. The following figure rep- 
resents the weighted values of the S;, So and S3 


/Xx.-.- 


—@—\V0(S1) 


V6(S2) 





at V6(S3) 


Fig. 1. The weighted values of the S:, S2 and S83 


e From figure (1) for any 8 € [0, .523] the weighted 
values of the S;, S2 and S3 can ranked as the 
follows: Vo (Si) > Vo (S3) > Vo (S2). Conse- 
quently, the quality of the first information sys- 
tem > the quality of the third information sys- 
tem > the quality of the second information 
system 

e From figure (1), the weighted values of S; and S83 
have equal values at 0 = .523. The weighted 


ambiguities of S; and S83 can be calculated 
based on Eq. (3.9) as follows: 
A.523 (S1) = .0212 
A. 523 (S3) = .0198 
Therefore, S: > S3, Consequently, the quality of the first 
information system is greater than the quality of the third 
information system 
e From figure (1) for any @ € [.523, .536] the 
weighted values of the S:, S2 and S3 can ranked 
as the follows: Vo (S1) > Vo (S3) > Vo (S2). 
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Consequently, the quality of the first infor- 
mation system > the quality of the third infor- 
mation system > the quality of the second in- 


S3 >S2> S; 





8E [12,1] 


formation system 
e From figure (1), the weighted values of S; and S2 
have equal values at 0 = .536. The weighted 
ambiguities of S; and S2 can be calculated 
based on Eq. (4.9) as follows: 
Ag (Sj) = (c-a) /6 [Ow;*+ (1-0) (1-us) “+ (1-8) (-ys) 7] 
A.536 (S1) = .0210 
A. 536 (S2) = .0237 
Therefore, S2>S1, Consequently, the quality of the second 
information system is greater than the quality of the first 
information system 
e From figure (1) for any 0 € [.536, 1] the weighted 
values of the S;, S2 and S3 can ranked as the 
follows: Vo (S3) > Vo (S2) > Vo (S1). Conse- 
quently, the quality of the third information 
system > the quality of the second information 
system > the quality of the first information 
system 
This method gives more attention to uncertainty in deci- 
sion making as well as it takes into account cut sets of 
SVTrN numbers that can reflect the information on mem- 
bership degrees and non-membership degrees. However, 
the calculations and graphically representation of this 
method become complex when alternatives increase. 


1. The value index and ambiguity index method 
Apply the value index and ambiguity index method to rank 
Information Systems Quality (ISQ) as the follows: 

Vu (S1) = 1.459 (.4)? = .233 
V.(S1) = 1.459 (1-.7)? = .131 
Vi (S1) = 1.459 (1-.5)? = .364 


V,.(S2) = 1.544 (.6)?= .555; 
Vy (So) = 1.544 (1-.8)?= .061; 
V2.(S2) = 1.544 (1-.8)?= .061 


V,.(S3) =1.581 (.6)?= .569; 
Vy (S3) = 1.581 (1-.8)?= .063: 
Vi. (S3) = 1.581 (1-.8)?= .063 


V (Si, A) = .233 A+ .131(1-2) + .364(1- A) 
V (So, 4) =.555 A+ .061 (1-2) + .061(1-2) 
V (S3, A) = 5692 + .063(1- 2) + .063(1- A) 


Table (4): Ranking results based on the Weighted Values and 
Ambiguities index method of SVTrN-numbers 


aa V (S2, A) V (S83, A) Ranking results 
4) 


Se) | | ee 
3E (0.10 Se 





(1) From table (4) values: .1 and .3 where A = [0, 1/2], 
the results show when the decision maker prefers 
negative feeling, the ranking of quality of the three 
information systems is S; >S3> S2, Consequently, the 
quality of the first IS > the quality of the third IS > 
the quality of the second IS. 

(2) From table (4) where 4 = 2 shows that the decision 
maker is indifferent between positive feeling and 
negative feeling, the ranking of quality of the three 
information systems is S; >S3> S2, Consequently, the 
quality of the first IS > the quality of the third IS > 
the quality of the second IS. 


(3) From table (4) values: .7 and .8 where 4 = [1/2,1], 
the results show when the decision maker prefers 
positive feeling, evaluation and ranking of quality of 
the three information systems is S3 >S2> S;, Conse- 
quently, the quality of the third IS > the quality of 
the second IS > the quality of the first IS. 

This method focuses on value index and ambiguity index 
and it can reflect the decision maker's subjectivity attitude 
to the SVTrN- numbers. 


5. Conclusion and Future Work 

This work intended to introduce a framework with two 
ranking methods of SVTrN- numbers with the scale based 
approach for evaluating and ranking ISQ. The proposed 
framework consists of four phases. The results indicated 
that each ranking method has its own advantage that make. 
In this perspective, the weighted value and ambiguity 
based method gives more attention to uncertainty in rank- 
ing and evaluating ISQ as well as it takes into account cut 
sets of SVTrN numbers that can reflect the information on 
membership degrees and non-membership degrees. The 
value index and ambiguity index can handle indeterminacy 
and uncertainty and it can reflect the decision maker's sub- 
jectivity attitude to the SVTrN- numbers. 

For future work, SVTrN-numbers can be applied 
widely for more real practical applications with adapting 
and generalizing existing methods of ranking fuzzy num- 
bers and intuitionistic fuzzy number to give more efficient 
results. 
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